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Abstract

Stochastic particle systems far from equilibrium show a great variety of critical phenomena
already in one dimension. Their understanding is a current topic of major research, especially
for systems with several particle species which exhibit a particularly rich critical behavior.
In lack of a general theory, the basic mechanisms are studied by analyzing the stationary
measures of minimal models. In this thesis we concentrate on systems where the number of
particles is locally conserved, of which there are two basic types:
Exclusion processes and in particular the asymmetric simple exclusion processes (ASEP)
and its variants have been studied extensively as minimal models showing boundary induced
phase transitions, which can be effectively described on a macroscopic level.
The zero range process (ZRP) without exclusion interaction is a minimal model for a con-
densation transition. This has become of recent interest providing a general criterion for
phase separation in exclusion models with periodic boundary conditions.

The first part of this thesis is devoted to boundary induced phase transitions. One open
question in this context concerns an effective description of complex boundary conditions.
We derive exact expressions for the stationary measures of the ASEP on a semi-infinite lattice
coupled to a particle reservoir. For more general boundary mechanisms we establish exis-
tence and uniqueness of an effective reservoir density, by characterizing stationary product
measures with localized inhomogeneities. Another problem is the derivation of rigorous re-
sults on stationary measures with open boundaries in the presence of several particle species.
To this aim we introduce a multi-component version of the ZRP, establish the hydrodynamic
limit and solve the macroscopic system of hyperbolic conservation laws with open bound-
aries under very general conditions.

In the second part we present a rigorous analysis of the condensation transition in the
ZRP with periodic boundaries. If the particle density exceeds a critical value, the system
phase separates into a homogeneous background and a condensed phase. We prove this by
showing the equivalence of the canonical and the grand-canonical stationary measures in the
thermodynamic limit. We also show that for large systems the condensed phase typically
concentrates only on a single, randomly located site. The first result is generalized to a ZRP
with two species of particles, showing a far more complex critical behavior. Using random
walk arguments supported by Monte Carlo simulations, we also derive a coarsening scaling
law for the dynamics of the condensation. We discuss a generalization to two-component
processes, and the dependence on the symmetry of the jump probabilities and on the space
dimension.
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Zusammenfassung

Stochastische Teilchensysteme fernab vom Gleichgewicht zeigen bereits in einer Raumdi-
mension eine große Vielfalt an kritischen Phänomenen. Deren Verständnis ist Gegenstand
aktueller Forschung, vor allem für Systeme mit mehreren Teilchensorten, die ein beson-
ders reichhaltiges kritisches Verhalten aufweisen. Da eine allgemeine Theorie nicht vorliegt,
werden die grundlegenden Mechanismen anhand des stationären Verhaltens von Minimal-
modellen untersucht. In dieser Arbeit beschränken wir uns dabei auf Systeme, in denen die
Teilchenzahl lokal erhalten ist. Man unterscheidet zwei grundlegende Arten:
Exklusionsprozesse und insbesondere der asymmetrische einfache Exklusionsprozess
(ASEP) wurden ausführlich untersucht als Minimalmodelle für randinduzierte Phasenüber-
gänge, die auf makroskopischer Ebene effektiv beschrieben werden können.
Der “Zero-Range” Prozess (ZRP) ohne Ausschlusswechselwirkung ist ein Minimalmodell
für Kondensations̈uberg̈ange. Dies wurde k̈urzlich benutzt, um ein allgemeines Kriterium für
Phasenseparation in Exklusionsprozessen mit periodischen Randbedingungen aufzustellen.

Der erste Teil der Arbeit widmet sich offenen Fragen zu randinduzierten Phasenüber-
gängen, wie zum Beispiel einer effektiven Beschreibung komplexer Randbedingungen. In
diesem Zusammenhang leiten wir exakte Ausdrücke f̈ur station̈are Maße des ASEP auf
einem halbunendlichen Gitter mit Teilchenreservoir her. Für verallgemeinerte Randmecha-
nismen zeigen wir Existenz und Eindeutigkeit einer effektiven Reservoirdichte, indem wir
station̈are Produktmaße mit lokalisierten Inhomogenitäten charakterisieren. Eine weitere
Frage betrifft rigorose Ergebnisse für station̈are Maße bei offenen Randbedingungen mit
mehreren Teilchensorten. Dazu führen wir den ZRP mit mehreren Komponenten ein, zeigen
den Hydrodynamischen Limes und geben eine weitgehend allgemeine Lösung des makro-
skopischen Systems hyperbolischer Erhaltungsgleichungen mit offenen Randbedingungen.

Im zweiten Teil pr̈asentieren wir eine rigorose Untersuchung des Kondensationsüber-
ganges im ZRP mit periodischen Randbedingungen.Übersteigt die Teilchendichte einen
kritischen Wert, separiert das System in einen homogene Hintergrund und eine kondensierte
Phase. Im Beweis zeigen wir diëAquivalenz von kanonischen und großkanonischen sta-
tionären Maßen im hydrodynamischen Limes. Darüber hinaus zeigen wir, dass die konden-
sierte Phase in großen Systemen typischerweise auf nur einen zufälligen Gitterplatz konzen-
triert ist. Das erste Resultat wird auf einen ZRP mit zwei Teilchensorten verallgemeinert,
der ein wesentlich komplexeres kritisches Verhalten zeigt. Unter Benutzung von heuristi-
schen Argumenten und Monte Carlo Simulationen leiten wir ein “Coarsening” Skalengesetz
für die Zeitentwicklung der Kondensation her. Wir diskutieren eine Verallgemeinerung zu
Prozessen mit zwei Teilchensorten und die Abhängigkeit von der Symmetrie der Sprung-
wahrscheinlichkeiten und von der Raumdimension.
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Notation

Z integer numbers
Z+ = {1, 2, . . .} positive integer numbers
N = {0, 1, 2, . . .} nonnegative integer numbers
R real numbers
[a] largest integer smaller or equal toa ∈ R
δ.,. or δ(. , . ) Kronecker delta function onZ2

χA(.) indicator function of the setA
Θ(.) Heaviside step function withΘ(0) = 0 andΘ(k) = 1, k > 0

2F1 hypergeometric function (p.83)
a ∧ b minimum ofa andb ∈ R
(a)k Pochhammer symbol (p.83)
∂x = ∂

∂x
partial derivative with respect tox

|.| cardinality of a set, absolute value, Euclidean norm
∝ proportional
', ∼ asymptotically equal, asymptotically proportional (pp.39, 100)
〈w|A|v〉 scalar product in bra-ket notation with operatorA (p. 22)
τx translation withx ∈ Λ (p. 8)
(ki, ki ± 1) vector with modified componenti (p. 59)

d space dimension
n number of particle species
Λ lattice, connected subset ofZd

ΛL finite lattice of sizeLd

L length of a lattice in one space direction
x, y lattice sites
E local state space, subset ofN
ηmax maximum number of particles per site
η(x) local configuration (number of particles) at a given site
η =

(
η(x)

)
x∈Λ

configuration of the process
ηx→y configuration after a particle jumped fromx to y (p. 6)
ηx↔y configuration after exchange ofη(x) andη(y) (p. 20)
X = EΛ state space of the process onΛ
XL = EΛL state space of the process onΛL

ΣL(η) number of particles in configurationη ∈ XL (p. 9)
N fixed number of particles
XL,N canonical state space with fixed number of particles (p.9)
µL,N canonical stationary measure onXL,N (p. 9)
Z(L,N) canonical partition function (p.31)
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D[0,∞) set of right continuous paths with left limits
(ηt)t∈[0,∞) path (realization) of the process
Pη probability measure on path space with initial conditionη0 = η
Eη expectation value with respect toPη

c(x, y,η) jump rate of a particle from sitex to y given a configurationη (p. 7)
L Markov generator of the process (pp.7, 116)
Lb, Lv boundary and volume part of the generatorL = Lb + Lv (p. 8)
S(t) Markov semigroup of the process (pp.6, 115)
C(b)(X,R) set of (bounded) continuous functionsf : X → R
C0(X,R) set of cylinder functionsf : X → R (p. 7)
Ck(X,R) set ofk times continuously differentiable functionsf : X → R
L(X,R) set of Lipschitz continuous functionsf : X → R (p. 30)
P (X) set of probability measures onX
〈.〉µ expectation value with respect to a measureµ ∈ P (X)
µk k-point marginal of a measureµ ∈ P (X) (pp.21, 78)
H(µ|ν) relative entropy ofµ ∈ P (X) with respect toν ∈ P (X) (p. 118)
I set of stationary measures (p.8)
Ie set of extremal stationary measures (p.9)

ρ, ρ = (ρi)i=1...n particle density, vector forn-species systems
νρ, νρ product measure of densityρ, ρ (p. 21)
µ, µ = (µi)i=1...n chemical potential, vector forn-species systems
ν̄µ, ν̄µ product measure with chemical potentialµ, µ (p. 59)
φ, φ = (φi)i=1...n fugacityφ = exp[µ] ∈ [0,∞), vector forn-species systems
ν̄φ, ν̄φ product measure with fugacityφ, φ (p. 31)
R, R,Ri particle density as a function of fugacity or chem. potential (pp.31, 60)
M , M,Mi chemical potential as a function of particle density (p.61)
Φ, Φ, Φi fugacity as a function of particle density (pp.31, 88)
Dµ domain ofR, R as a function of chemical potential (p.60)
Dφ domain ofR, R as a function of fugacity (p.31)
Dρ range of the functionR, R (pp.31, 60)
Z(φ), Z(φ) grand canonical partition function (p.31)
Z(µ), Z(µ) grand canonical partition function (p.60)
φc radius of convergence ofZ(φ) (p. 31)
ρc, ρc, ρc,i critical density (p.31), of speciesi (p. 90)
j, J, Ji stationary current as a function of density (pp.12, 33, 61)
g, gi jump rates of the zero range process (pp.29, 58)
p, pi jump probabilities of the zero range process (pp.29, 58)
m,mk typical condensate size, size of thek-th largest condensate (p.104, 107)
CL(t) set of cluster sites as a function of time (p.101)
ML(t) total number of particles in condensates (p.101)

We use some shorthands to simplify notation concerning events and measures. Letµ be a
measure on some countable setΩ. Then we writeµ(A) :=

∑
ω∈A µ(ω) for all A ⊂ Ω, and

{f ∈ D} := {ω|f(ω) ∈ D} for measurableD ⊂ R and random variablesf : Ω → R.

vii





Chapter 1

Introduction

The stochastic particle systems we consider in this thesis consist of randomly moving par-
ticles on a lattice, whose motion is influenced by interactions between each other. They
are frequently applied in physics, biology or the social sciences as mathematical models for
various phenomena which involve a large number of identical components. A direct example
from epitaxial growth is given by diffusive motion of atoms on the surface of a crystal, cor-
responding to a lattice of about1020 sites per square meter. But applications are not limited
to systems endowed with such a lattice geometry, since continuous degrees of freedom can
often be discretized without changing the main features. So depending on the specific case,
the ‘particles’ can also be cars on a freeway, molecules in ionic channels, or prices of asset
orders in financial markets, to name just a few examples.

In principle such systems often evolve according to well-known laws, but in many cases
microscopic details of motion are not fully accessible. Due to the large system size these
influences on the dynamics can then be approximated as effective random noise with a cer-
tain postulated distribution. The actual origin of the noise, which may be related to chaotic
motion or thermal interactions, is usually ignored. On this level the statistical description
in terms of a stochastic particle system is an appropriate mathematical model. It is neither
possible nor required to keep track of every single particle. One is rather interested in pre-
dicting measurable quantities which correspond to expected values of certain observables,
such as the growth rate of the crystalline surface or the flux of cars on the freeway. Although
describing the system only on the mesoscopic level explained above, stochastic particle sys-
tems are usually referred to as microscopic models and we stick to this convention. On a
macroscopic scale, a continuum description of systems with a large number of particles is
given by coarse-grained density fields, evolving in time according to a hydrodynamic partial
differential equation. The form of this equation depends on the particular application, and
its derivation from a microscopic particle model is one of the fundamental tasks of statistical
mechanics [129].

The external conditions for real systems are usually constant or slowly varying with
respect to the system dynamics, so observations are typically available in a time stationary
situation. This is described by the invariant measures of the stochastic particle systems which
are thus of major interest in their analysis. In case of equilibrium or reversible systems, the
dynamics is governed by an energy function which also determines the stationary behavior.

1



2 Chapter 1. Introduction

The stationary process shows a time reversal symmetry and additional tools for the analysis
become available. This is only the case if the stochastic dynamics have certain symme-
try properties, but on the other hand many systems show an inherent bias in the stochastic
dynamics. Examples are freeway traffic, where cars go only in one direction, or charged par-
ticles in an electric field. For such nonequilibrium systems the stationary distribution has to
be derived from the dynamics in lack of an energy function, and they are of primary interest
in this thesis.

Of particular importance in the analysis are phase transitions, resulting from collective
behavior of particles over large distances which leads to qualitative differences in the statio-
nary properties on changing the system parameters. A fundamental task of statistical mecha-
nics is to understand the emergence of such macroscopic phenomena from the microscopic
interactions. For equilibrium systems this has been studied extensively in the physics litera-
ture [72], and there is a well established mathematical theory of phase transitions in terms
of Gibbs measures [56]. For non-reversible systems this is still a topic of major interest,
and although there has been a lot of progress in the past years, there is no systematic, gene-
ral approach comparable to equilibrium statistical mechanics. So far the notion of a phase
transition has been used in a rather phenomenological sense, by studying generic model
systems and categorizing the observed critical phenomena [107, 124]. On the other hand,
non-reversible systems have a much richer structure than their equilibrium counterparts, and
a great variety of critical phenomena can be observed already in one spatial dimension.

A decisive influence on the dynamical and stationary behavior of a stochastic particle
system is given by the presence of conservation laws. In many systems there exist quantities
which are locally conserved during time evolution and may only enter or exit the system
through boundaries, such as on and off ramps for cars on a freeway (as long as one ex-
cludes events like car accidents from the consideration). Examples with non-conserving
dynamics such as spread of infection or reaction diffusion systems [124] show a different
critical behavior and often exhibit phase transitions into absorbing states [68]. In this thesis
we concentrate on lattice gases, where the particles are locally conserved and the hydrody-
namic equation is given by a hyperbolic conservation law [26]. For such systems there are
basically two types of critical phenomena which are explained below. To understand their
basic principles, these phenomena have been studied for minimal models with limited direct
applications, but which capture the essential mechanisms of real systems.

A variety of minimal lattice gas models has been introduced in [128], for which one
can distinguish between two basic types. In exclusion processes, the maximum number of
particles on a lattice site is restricted to one, corresponding to a hard core or exclusion in-
teraction. A paradigmatic model of this class is the asymmetric simple exclusion process
(ASEP), where particles jump to (empty) nearest neighbor sites with biased rates on a one-
dimensional lattice. It was originally introduced as a model for the kinetics of protein syn-
thesis [102] and has been studied extensively in the physics literature, since it can be applied
to various phenomena such as interface growth, directed polymers [92], as well as freeway
traffic [23]. Furthermore it can be mapped on vertex models and quantum spin chains [124].
There are detailed results on the stationary properties of the ASEP which are summarized in
Part III of [100]. It is a topic of current research to extend these results to exclusion models
with more complex interactions.
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The most basic model without restrictions on the number of particles per site is the zero
range process (ZRP), where the jump rate of a particle only depends on the occupation num-
ber at its departure site, resembling an interaction of range zero. The process is defined in
arbitrary space dimension and its stationary measures have product form under very general
conditions [3]. This simple structure could be used for deducing several results for exclusion
models, in particular for disordered systems, since they can often be mapped on the ZRP. It
has also been applied to sandpile dynamics, to 1+1 dimensional interface growth by the step
flow mechanism or to structural glasses under the name backgammon model. In addition,
the process provides a minimal model for condensation transitions which can be analyzed in
detail due to the simple form of the stationary measure. For a review including applications
and results on the ZRP see [40] and references therein.

On the basis of these simplified models, there has been a lot of recent research concern-
ing the stationary behavior of driven lattice gases. In the following, we shortly describe part
of the results and some remaining open questions which are addressed in this thesis.

Unlike in equilibrium, for non-reversible systems which are in contact with particle reser-
voirs at their boundary, the stationary behavior is the result of an interplay between boundary
and bulk effects. This leads to boundary induced critical phenomena [89] which can be cap-
tured in terms of an extremal principle for the current [124], as the result of a macroscopic
analysis of the motion and stability of domain walls, separating regions of different densities.
A key ingredient in this analysis is the characterization of the boundary in terms of a single
density variable. If the system is not simply coupled to a boundary reservoir but shows a
more complex mechanism of particle injection and ejection, one expects that the latter can
be replaced by an effective density, but there are practically no rigorous results. We address
this question in Chapter3, where the ASEP is studied on a semi-infinite lattice giving an
exact expression for the stationary measure in case of reservoir coupling. For any genera-
lized boundary mechanism we establish existence and uniqueness of an effective density,
by characterizing stationary product measures for which boundary inhomogeneities remain
localized within a finite region. Our method allows an explicit calculation of the effective
density, but the approach is restricted to models with ASEP bulk dynamics. We also propose
a less explicit definition of the effective boundary density for general systems and discuss
the limitations of this concept.

Recently processes with two or more particle species have been of particular interest,
showing a much richer critical behavior than one-component systems, including for example
spontaneous symmetry breaking even in one dimension [125]. A major topic is the iden-
tification of a principle governing the selection of stationary measures for open boundary
conditions, analogous to the single species case. The first step in this direction is the deriva-
tion of the hydrodynamic behavior which has only recently been understood in some specific
cases. In this context we introduce then-component ZRP in Chapter4 and characterize sta-
tionary product measures for periodic boundary conditions. Following the derivation for
one-component systems [84], we establish the hydrodynamic limit given by a system of hy-
perbolic conservation laws. Stationary solutions of these equations take a particularly simple
form in a transformed variable and are stated explicitly. With these results, the ZRP is one
of the few examples of multi-species systems, where the selection of stationary measures on
a macroscopic level is well understood under very general conditions.
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In addition to boundary induced phenomena, multi-species systems exhibit phase sepa-
ration also on periodic lattices [125]. In this context the (one-component) ZRP recently
received attention as an effective model of domain wall dynamics for such phenomena. The
correspondence to a condensation transition in the ZRP has provided a general criterion to
determine the existence of phase separation in driven systems with conserved density [76].
Apart from this relation, the condensation in the ZRP is of interest in its own right as an
example of a phase transition in an exactly solvable model. So far this phenomenon has been
studied only non-rigorously [40]. In Chapter5 we give exact results on the condensation
transition in the context of the equivalence of ensembles. We prove that a typical stationary
configuration in large systems consists of a background phase at some critical density, and
that essentially all excess particles condense on a single, randomly located site. The first
result is generalized to a ZRP with two species of particles, showing a far more complex
critical behavior, involving simultaneous condensation.

In Chapter6 we investigate the relaxation dynamics of the condensation with uniform
initial distribution, using non-rigorous random walk arguments corroborated by Monte Carlo
simulations. The time evolution of the condensed phase shows an interesting coarsening be-
havior which is a well known phenomenon in the context of phase separation. For the ZRP
we derive a scaling law, governing the cluster growth in the condensed phase, for which there
have been only numerical results in special cases so far. We discuss the dependence on the
symmetry of the jump rates, on the space dimension and a generalization to two-component
processes. For the late stage of the dynamics we derive an effective master equation which
governs the saturation of the system towards a typical stationary configuration. Given the
correspondence to exclusion models, the results of Chapters5 and6 also provide new infor-
mation on the stability and the dynamics of domain walls in two-component systems. This
already proved to be a key ingredient in the theory of boundary induced phase transitions in
systems with one conservation law and thus may shed light on similar phenomena in two-
component systems.

The thesis is organized as follows: In the first section of Chapter2 we give a precise
mathematical definition of interacting particle systems, based on material from [99]. We
introduce the notion of a phase transition in our context and explain the basic concepts of
hydrodynamic limits. The rest of Chapter2 contains a detailed summary of previous work
on exclusion processes and the ZRP which is relevant for the subsequent presentation of
our results. As indicated above, in Chapters3 and4 we address open questions concerning
boundary induced critical phenomena and the hydrodynamic characterization of stationary
measures for open systems. Chapters5and6are devoted to a static and dynamical analysis of
the condensation transition of the ZRP on a periodic lattice. We comment on the relevance of
individual contributions at the end of each chapter, where we also discuss possible extensions
for future research. In the appendix we shortly summarize the construction of stochastic
particle systems on the basis of the Markov semigroup, properties of the relative entropy,
and coupling techniques used in Chapter3.



Chapter 2

Interacting particle systems

2.1 Definition and general properties

In this section we give a precise mathematical description of stochastic particle systems fol-
lowing the presentation in [99], and introduce the basic tools to study their critical behavior.

2.1.1 Construction of the dynamics

The Markov process

Interacting particle systems are continuous time Markov processes with a discrete state space
X = EΛ. The latticeΛ can be any countable set, but throughout this thesis we concentrate
on connected subsets ofZd. At each lattice sitex ∈ Λ the local state is denoted byη(x) ∈ E
such thatη =

(
η(x)

)
x∈Λ

∈ X gives the configuration of the system. In general the local
state spaceE can be any countable set, but to fix ideas we takeE = {0, 1, . . . , ηmax} with
ηmax ∈ Z+ and interpretη(x) as the number of particles at sitex. In particular,ηmax < ∞
implies thatE is compact and we can apply standard construction techniques. A generic
example for this are exclusion processes withE = {0, 1}, discussed in Section2.2. Modifi-
cations necessary for non-compactE can be found in Section2.3.1, where we construct the
zero range process withE = N.

Endowed with the product topology,X = EΛ is a compact metric space with measurable
structure given by theσ-algebra of Borel sets. The time evolution of the process is given by a
pathη. : [0,∞) → X, where the generic path spaceD[0,∞) is restricted to right continuous
paths with left limits.

Definition. A Markov processwith state spaceX is defined as a family of probability
measures

{
Pη
∣∣η ∈ X} onD[0,∞) with the following properties:

a) Pη
[{

ζ . ∈ D[0,∞)
∣∣ ζ0 = η

}]
= 1 for all η ∈ X, i.e. Pη is normalized on all paths

with initial configurationη0 = η.

b) The mappingη 7→ Pη[A] is measurable for everyA ∈ F .

c) Pη
[{

ηt+. ∈ A
} ∣∣Ft

]
= Pηt [A] a.s. for everyη ∈ X andA ∈ F .

5
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The Markov property c) ensures that the probability of some future event{ηt+. ∈ A} de-
pends on the pastFt only through the present configurationηt. (Ft)t≥0 is the filtration
onD[0,∞) induced by the process andF =

⋃
t≥0Ft. More precisely,Ft is the smallest

σ-algebra relative to which all mappingsη. 7→ ηs for s ≤ t are measurable.
In [128] a variety of interacting Markov processes has been introduced. Throughout this

thesis we focus on processes with local conservation of the number of particles, so-called
lattice gases, where particles move on the lattice without being created or annihilated. The
dynamics is specified by transition ratesc(x, y,η) at which a particle at sitex ∈ Λ jumps to
sitey, depending on the current configurationη. The intuitive meaning ofc is

Pη
[{

ηt = ηx→y
}]

= c(x, y,η)t+ o(t) ast↘ 0 . (2.1)

ηx→y is the configuration resulting fromη after a particle at sitex jumped to sitey, i.e.
ηx→y(z) = η(z)−δx,z +δy,z for all z ∈ Λ. Strictly speaking (2.1) is only correct ifΛ is finite,
since otherwise the probabilities on the left are typically zero fort > 0. For infinite lattices
it is often not clear if there exists a Markov process which corresponds to that description.
This question was addressed in [67], giving a direct graphical construction of the process in
space-time forΛ = Zd, limited to nearest neighbor interactions. For general interactions it is
more convenient to characterize Markov processes via the corresponding Markov semigroup
(see e.g. [79]). In the context of lattice gases this approach was first used in [71] for Λ = Z
and later generalized in [95] to arbitrary countable lattices. Since this approach is standard
by now, we only give a brief outline of the construction in the following and summarize
a precise version of the statements and definitions in the AppendixA.1. A more detailed
treatment can be found in [99], Chapter I.

Markov semigroup and generator

Let P (X) be the set of probability measures onX. C(X,R) denotes the set of continuous
functionsf : X → R and is regarded as a Banach space with‖f‖ = supη∈X |f(η)|. The rate
functionc is assumed to be nonnegative, uniformly bounded and continuous as a function of
η in the product topology onX. A one-parameter family{S(t), t ≥ 0} of bounded linear
operators onC(X,R) is called a semigroup, ifS(0) = I andS(s + t) = S(s)S(t) for all
s, t ≥ 0. It can be shown (see TheoremA.1 in the appendix), that every semigroup which
is strongly continuous, nonnegative andS(t)1 = 1 for all t ≥ 0, calledMarkov semigroup,
uniquely defines a Markov process onX via

Eη
[
f(ηt)

]
:= S(t) f(η) for all f ∈ C(X,R), η ∈ X andt ≥ 0 . (2.2)

Such a Markov process has the additional propertyS(t)f ∈ C(X,R) for all f ∈ C(X,R),
t ≥ 0, and is called aFeller process. The operatorsS(t) determine the time evolution
of functionsf ∈ C(X,R), which can be interpreted as observables. According to the
Hille-Yosida theorem (TheoremA.2) every Markov semigroup is generated by an operator
L : C0(X,R) → C(X,R) andu(t) = S(t) f ∈ C(X,R) is the unique solution to the
backward equation

d
dt
u(t) = Lu(t) , u(0) = f . (2.3)
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HereC0(X,R) ⊂ C(X,R) denotes the set of cylinder functions, which depend only on
finitely many lattice sites. TheMarkov generatorfor lattice gases is given by

Lf(η) =
∑

x,y∈Λ

c(x, y,η)
[
f(ηx→y)− f(η)

]
. (2.4)

The restriction ofL to C0(X,R) is important for convergence of the sum under natural
summability conditions onc(x, y,η).

Theorem 2.1 (Liggett) Suppose that

sup
y∈Λ

∑
x∈Λ

sup
η∈X

c(x, y,η) <∞ . (2.5)

ThenC0(X,R) is a core (see AppendixA.1) for the operatorL defined in (2.4) and the
closure ofL is the generator of a strongly continuous Markov semigroup onC(X,R) and
thus of a Feller Markov process onX.

Proof. See [99], Theorem I.3.9.

By (2.5) the total rate of particles jumping to a sitey is uniformly bounded, which guarantees
a well defined first arrival event for every configurationη. The time dependent distribution
of the process with initial distributionπ ∈ P (X) is denoted byπS(t) and uniquely defined
by 〈

f
〉

πS(t)
=
〈
S(t)f

〉
π
, f ∈ C(X,R) , (2.6)

as a consequence of the Riesz representation theorem. This is connected to the description on
path space viaPη

[
{ηt ∈ A}

]
= δηS(t)(A) for all A ⊂ X with Dirac measureδη ∈ P (X),

but for the remainder of this thesis we stick to the semigroup notation.

Jump rates and boundary conditions

Theorem2.1 is the most general result on the existence of lattice gases with compact state
space. In particular, it follows that the dynamics of processes with finite state space is well
defined. On infinite lattices one has to give extra conditions on the jump rates to ensure (2.5).
It is sufficient to assume thatc is of finite rangeR ∈ Z+, i.e.

c(x, y,η) = 0 for all x, y ∈ Λ , with |x− y| > R , (2.7)

and translation invariant. Soc(x, y,η) depends only on the differencex − y, and it can be
written as

c(x, y,η) = c̃(y − x,η) for all x, y ∈ Λ . (2.8)

Although much more restrictive than necessary, these conditions have an intuitive interpre-
tation and are fulfilled by the processes we consider in the following, so from now in we
assume (2.7) and (2.8).
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Note that (2.8) in general does not imply translation invariance in the sense

c(x, y,η) = c(x+ a, y + a, τaη) for all a, x, y ∈ Λ , (2.9)

with (τaη)(x) = η(x− a). This is only true if the underlying latticeΛ also has this property,
i.e. τaΛ = Λ. Generic choices of such translation invariant lattices areΛ = Zd or finite
lattices with periodic boundary conditions such asΛ = (Z/LZ)d that we consider in Chap-
ters4 to 6. Another typical choice are lattices with (non-periodic) boundaries which are not
translation invariant, such asΛ = {1, . . . , L} or Λ = Z+ as in Chapter3. In this case, one
would like to allow for particle creation and annihilation within a certain boundary region
∂Λ ⊂ Λ to describe, for example, the coupling to external particle reservoirs. This can be
included in the above description by adding a boundary partLb to the generator (2.4),

Lbf(η) =
∑
x∈∂Λ

(
c(b, x,η)

[
f(ηb→x)− f(η)

]
+ c(x, b,η)

[
f(ηx→b)− f(η)

])
. (2.10)

This is understood in the same way as (2.4) whereb 6∈ Λ is interpreted as a dummy boundary
site. The ratesc(b, .,η) andc(., b,η) concentrate on the boundary region∂Λ and to get well
defined dynamics they have to be uniformly bounded for allη ∈ X. analogous to (2.5).

In the following, (2.4) is called bulk or volume part of the generator, denoted byLv.
In case of translation invariantΛ or vanishing boundary rates, so-called closed boundary
conditions, no particles can enter or leave the system and it is calledclosed. Whereas for
open boundary conditions, i.e. non-vanishing boundary rates, particles can be exchanged
with the outside and the system is calledopen. To avoid complicated degeneracies we also
assume that

the jump ratec is irreducible on finite lattices, (2.11)

so that every configuration can be reached within a finite time. On closed lattices this is
understood on a state space restricted to a fixed number of particles, so that the latter is
the only conserved quantity. We come back to this point when discussing the stationary
measures in the next subsection.

2.1.2 Stationary measures

Definition. A probability measureµ ∈ P (X) is said to bestationaryor invariant if it satis-
fiesµS(t) = µ for all t > 0. The set of all invariant measures for a given process is denoted
by I. The measure is calledreversibleif

〈
f S(t) g

〉
µ

=
〈
g S(t) f

〉
µ

for all f, g ∈ C(X,R).

It is clear that every reversible measure is invariant, takingg ≡ 1 in the above definition.
The probabilistic meaning is that ifµ is stationary, the processηt with initial distributionµ
has the same joint distributions asηt+s for everys ∈ [0,∞). Therefore it can be extended to
negative times, and ifµ is also reversible, the processesηt andη−t have the same joint distri-
butions. So reversible measures can only exist if the dynamics of the process fulfills certain
symmetry relations. Analytically this corresponds to self-adjointness of the operatorsS(t),
which greatly simplifies further analysis. A discussion of this can be found in [99] Chapter II,
or [129] Chapter II.1, whereas the processes we consider are in general non-reversible.
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One central topic in the study of interacting particle systems is the characterization of the
setI of invariant measures. Some general properties are summarized in the following.

Theorem 2.2 (Liggett) Consider a Feller process on a compact state spaceX with gen-
eratorL. Then the following statements hold.

a) µ ∈ I if and only if
〈
L f
〉

µ
= 0 for all f ∈ C0(X,R).

b) I is non-empty, compact and the closed convex hull of its extreme pointsIe.
c) If the weak limitµ = limt→∞ πS(t) exists for someπ ∈ P (X), thenµ ∈ I.
d) Let µn ∈ I(Ln) be the stationary measures for processes with generators
Ln : C0(X,R) → C(X,R) and µn → µ weakly. Thenµ ∈ I(L) if there is a
coreD ⊂ C0(X,R) ofL such thatLf = limn→∞ Lnf for all f ∈ D.

Proof. See [99], Propositions I.1.8. and I.2.14.

Remarks.

i) I is convex sinceP (X) is closed under convex combinations and the stationarity con-
dition of a) is linear inµ.

ii) Due toc) the invariant measures determine the long-time behavior of the process. If
the latter is positive recurrent, the limit exists for allπ ∈ P (X). If it is also irreducible,
the limit is independent ofπ and the invariant measure is unique. Such a process is
called ergodic.

iii) d) is a consequence of the Trotter-Kurtz theorem (see TheoremA.3) that ensures the
existence of the limiting process. It can be used to find elements ofI for processes on
infinite lattices as limiting stationary measures of processes with finiteΛ. By varying
the boundary conditions, different extremal invariant measuresµ ∈ Ie can be found in
that way, but in general not all of them (see e.g. [99], Prop. I.2.14).

Canonical and grand canonical measures

On a finite latticeΛL with corresponding state spaceXL we define the number of particles

ΣL(η) =
∑
x∈ΛL

η(x) ∈ N for all η ∈ XL . (2.12)

If the system is closed it is conserved in time, i.e.ΣL(η0) = ΣL(ηt) for all t > 0, which can
formally be seen by inserting the indicator functionf = χ{ΣL=N} in (2.3). So in this case the
locally conserving dynamics leads to a (global) conservation ofΣL(η) and non-uniqueness
of the stationary measure, since the state spaceXL decomposes into non-communicating
subsetsXL,N = {η ∈ XL|ΣL(η) = N}, N ∈

{
0, 1, . . . , L ηmax

}
. By assumption (2.11)

the process is irreducible onXL,N and thus has a unique stationary measureµL,N for each
N ∈ N. These so-calledcanonical measuresare the extremal stationary measures for closed
systems,

Ie =
{
µL,N

∣∣N ∈ {0, 1, . . . , L ηmax}
}
. (2.13)
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This is in contrast with open systems, where the number of particles is not conserved as they
can enter and leave the system through the boundary. Therefore such systems are irreducible
onXL and have a unique stationary measure, i.e.|Ie| = 1.

Another standard concept for closed systems are thegrand canonical measures, given by
convex combinations

µL,φ = Z(L, φ)−1

L ηmax∑
N=0

φN Z(L,N)µL,N . (2.14)

They are normalized byZ(L, φ) =
∑L ηmax

N=0 φNZ(L,N), and sinceηmax < ∞ they are well
defined for everyφ ∈ [0,∞). For ηmax = ∞ the situation is different and is discussed in
Section2.3.2and Chapter5. In principle, the factorsZ(L,N) > 0 are arbitrary, but in many
cases a generic choice is the normalization of theµL,N with respect to a ‘natural’ stationary
weight (cf. Section2.3.2). The variableφ is calledfugacityand is often also written in terms
of thechemical potentialµ = log φ ∈ R. In contrast to the canonical measures,µL,φ does
not concentrate on one of the canonical state spacesXL,N , andΣL is a random variable on
{0, . . . , L ηmax} with exponential distributionZ(L,N)

Z(L,φ)
φN and expected value

〈ΣL〉µL,φ
= Z(L, φ)−1

L ηmax∑
N=0

N φNZ(L,N) = φ ∂φ logZ(L, φ) . (2.15)

This formula reflects the fact thatZ(L, φ) is the moment generating function ofZ(L,N).
(2.15) is a monotonic increasing function ofφ onto [0, L ηmax ]. The canonical measures are
usually more convenient to study because they are often of product form, whereasµL,N has
extra correlations introduced by the constraintΣL = N . In fact it is

µL,N = µL,φ( . |ΣL = N) for all φ > 0. (2.16)

Usually there is a law of large numbers for the sumΣL(η), so that both concepts are equiv-
alent in the limitL → ∞, which is discussed in detail in Chapter5. For periodic boundary
conditions the canonical and grand canonical measures are translation invariant due to trans-
lation invariance of the dynamics (2.8).

For infinite lattices the number of particles is in general infinite and thus not well defined
and the decomposition of the state space into irreducible subsets is not so clear. The reason
is that the local conservation law does not imply the existence of a globally conserved quan-
tity, as it was the case for finite lattices. Loosely speaking, on an infinite lattice ‘infinity’
can be a source or a sink of particles (cf. Theorem3.1 in Chapter3). The particle density
ρ(x) = 〈η(x)〉µ is a locally conserved quantity and can be used to index translation invariant
measures. One expects that for translation invariant latticesΛ = Zd, excluding for exam-
ple Λ = Z+ in Section3, Ie contains a family of translation invariant stationary measures
{µρ|ρ ∈ [0, ηmax ]}. Regarding the full range ofρ, this intuition can be false in case of a
phase transition, as we discuss in the next subsection and Chapter5. In addition, there might
also be non-translation invariant extremal measures, as we see in Section2.2.1.
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The stationary current

The local conservation of the number of particles can be written as

ηt(x)− ηs(x) +
∑
|y|≤R

J(x,x+y)

(
[s, t]

)
= 0 , (2.17)

where theintegrated currentJ(x,x+y)([s, t]) : D[0,∞) → Z is a random variable on path
space, counting the number of jumps from sitex to x + y minus the number of jumps from
x + y to x during the time interval[s, t]. Insertingf(η) = η(x) in the backward equation
(2.3) and taking the expectation with respect to some initial distributionπ ∈ P (X) we get
an averaged version of (2.17), thelattice continuity equation

∂t

〈
η(x)

〉
πS(t)

=
∑
|y|≤R

〈
c(x+ y, x, .)− c(x, x+ y, .)

〉
πS(t)

. (2.18)

The average current in an infinitesimal time interval is thus given by

Eπ
[
J(x,x+y)([t, t+ dt])

]
=
〈
c(x, x+ y, . )− c(x+ y, x, . )

〉
πS(t)

dt+O(dt2) , (2.19)

where we use the notationEπ[ . ] =
〈
Eη[ . ]

〉
π
. For π = µ ∈ I the lefthand side of (2.18)

vanishes, leading to a condition for stationarity on the righthand side. Ifµ is also reversible,
the summands on the right hand side of (2.18) vanish pairwise according to the condition of
detailed balance,

c(x, y,η)µ(η) = c
(
y, x,ηx→y

)
µ
(
ηx→y

)
for all x, y ∈ Λ andη ∈ X. (2.20)

In virtue of the situation in continuous space, discussed in Section2.1.4, one would like to
write (2.18) in conservative form, identifying a vector valued, local current
j(.,η) : Λ ⊂ Zd → Rd, such that the righthand side is given by a lattice derivative ofj.
This is possible if the particles only jump along the standard basis vectorsek, k = 1, . . . , d
of the latticeΛ ⊂ Zd. We can define the microscopic current in directionk for all x ∈ Λ
andη ∈ X as the sum of rates for jumps passing the bond(x, x + ek) in positive direction
minus the sum passing in negative direction. In particular this is always possible in one space
dimension, for which we give examples in Section2.2. We do not give further details here,
since in higher dimensions this approach only works for restricted jump rates.

In the general case, we define theparticle drift by

d(x,η) =
∑
|y|≤R

y c(x, x+ y,η) ∈ Rd for all x ∈ Λ ⊂ Zd,η ∈ X . (2.21)

Note that in general this is not a particle current, but rather the average velocity of a particle at
sitex at a given configurationη. However, its expectation value with respect to a translation
invariant measureπ ∈ P (X) can be interpreted as a current by looking at a space integrated
version of (2.18). Summing over allx in some volumeV ( Λ, all terms except for the
boundary terms vanish on the righthand side, which can thus be written as∑

x∈V,|y|≤R
x+y 6∈V

〈
c(x+ y, x, .)− c(x, x+ y, .)

〉
π

=
∑
x∈∂V

s(x) ·
〈
d(x, .)

〉
π
. (2.22)
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We use the standard notation∂V =
{
x ∈ V

∣∣ ∃y 6∈V |x − y| = 1
}

for the boundary ofV
ands(x) =

∑
z 6∈V,|z−x|=1(z − x) is the inward pointing normal boundary vector. The above

notation motivates the following definition, since it is very similar to the continuum case
discussed in (2.31). Consider a system on a finite periodic latticeΛL, for which transla-
tion invariant canonical measuresµL,[ρL] exist for all denisitiesρ ∈ [0, ηmax ] (see discussion
above). We define thecurrent-density relation, also calledfundamental diagramof the pro-
cess as

j(ρ) = lim
L→∞

〈
d(x, .)

〉
µL,[ρL]

∈ Rd for all ρ ∈ [0, ηmax ] . (2.23)

For calculations it is usually more convenient to use the expectation values with respect to the
(equivalent) grand canonical measuresµL,φ. By definition, (2.23) is a pure bulk property of
the system. But it is of great importance for open systems, since it enters the hydrodynamic
equation (see Section2.1.4) and thus, together with the boundary conditions, determines the
bulk properties of the stationary measure as discussed in Section2.2.3.

2.1.3 Phase transitions

The aim of this section is to specify the notion of a phase transition in case of non-reversible,
translation invariant lattice gases and to quickly review and put into context standard notions
from the theory of phase transitions for reversible systems. In the literature for equilibrium
statistical mechanics there are several general approaches, which are known to be equivalent
to some extent. One is the characterization of phase boundaries as regions of non-analyticity
of the large deviation functional, calledfree energy. This approach is found in many text-
books (see e.g. [72]) and is closely related to the theory of Yang and Lee [140, 94], defining
critical points as real roots of the grand canonical partition function. For nonequilibrium
systems a general quantity comparable to the free energy has not been identitied so far (for
recent work on this question see e.g. [36, 37] or [20] and references therein). Below we give
a probabilistic characterization of phase transitions connected to the structure of the setI of
stationary measures.

It is well known that equilibrium systems do not exhibit phase transitions in one dimen-
sion at non-zero temperature, provided that the interactions are short range and the local
state variable takes only a finite number of possible values. Nonequilibrium systems have
a much richer structure and a great variety of critical phenomena can be observed even in
one dimension. On the other hand, there is no general concept such as the Gibbs ensemble
for equilibrium systems, which determines the stationary measures at least in principle. For
each system they have to be derived from the dynamics, which is in general a very difficult
task. Thus the notion of a phase transition so far has been used in a rather phenomenologi-
cal sense, by studying generic model systems and trying to categorize the observed critical
phenomena (for a recent review see [107]). In contrast with equilibrium systems, there is no
canonical definition of phase transitions covering all these phenomena. The one we propose
below turns out to be a reasonable choice for the systems we consider, but should not be
taken as a general declaration. As we shortly discuss below, it also has weaknesses, and in
particular when working in a different context, there might be good reasons to use a different
definition.



2.1. Definition and general properties 13

Definition of a phase transition

We know from the previous subsection that the set of stationary measuresI is non-empty
and it is the convex hull of its extreme pointsIe, which are also calledpure phases. Since we
always assume irreducibility of the process on finite latticesΛL, the structure ofIe is clear
in this case. It is either a singleton ifΛL is open, or consists of the canonical measuresµL,N

if it is closed. So the possibility of a phase transition is only given on infinite lattices, where
Ie may be more complicated due to the infinite state space. Consider a process with local
conservation of particles on the infinite latticeΛ = Zd. Since both, the dynamics and the
lattice, are translation invariant we expect that there exists a translation invariant, extremal
stationary measureµρ for every densityρ ∈ [0, ηmax ] and that these are the only extremal
measures, i.e.

Ie =
{
µρ

∣∣ ρ ∈ [0, ηmax ]
}
. (2.24)

Definition. If (2.24) is not fulfilled, the above process is said to exhibit aphase transition.

There are different critical phenomena that can be observed in case of a phase transition,
which are introduced below in the context of the above definition. However, these notions
originate from the physics literature, where they are used to describe properties of typical
stationary configurations of large, finite systems. Although our definition is largely compati-
ble to the physics convention, there might be discrepancies especially for systems with open
boundaries, as is discussed towards the end of this section.

Spontaneous breaking of translation invariance: There are extremal measuresµ ∈ Ie

which are not translation invariant.

Phase separation: There is some densityρ ∈ [0, ηmax ] for which there is no extremal
invariant measure, but only a mixture.

Condensation: This occurs only for systems with unbounded local state spaceE, if there
are no extremal invariant measures beyond a critical densityρc <∞.

Remarks.

i) A very basic example of spontaneously broken translation invariance is given by the
so-called blocking measures (2.43) of the asymmetric simple exclusion process in Sec-
tion 2.2.1. They are reversible and can be characterized as limit measures of systems
with closed boundary conditions. The existence of such measures is quite common
for non-reversible systems. Therefore one could argue that it might be reasonable to
exclude them from the definition, but we rather prefer to have a concise statement.
This example demonstrates that for non-reversible systems the boundary conditions
have a global effect on the stationary measures already in one dimension, because the
non-zero current can transport boundary properties into the bulk. For equilibrium sys-
tems this applies only in higher dimensions, which we briefly discuss below for the
most classical equilibrium example, the stochastic Ising model.
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In general, there can be other symmetries in addition to translation invariance, and the
system is said to exhibit spontaneaous symmetry breaking whenever there are extremal
measuresµ ∈ Ie which do not reflect these symmetries. However, the presence of the
conservation law for the number of particles alone naturally breaks internal symme-
tries, such as the spin-flip symmetry for the Ising model discussed below. Thus for
the general formulation we stick to translation invariance which is not affected by the
conservation law, and below we discuss other symmetries in the context of boundary
induced critical phenomena.

ii) Consider a system on a finite, periodic latticeΛL withN = [ρL] particles. If there is no
pure phase with densityρ the limit L→∞ of the canonical measuresµL,N is usually
a mixture of two pure phases. In a typical configuration for large lattices both phases
are spatially separated in so-calleddomains. This does not have to imply symmetry
breaking, since the domain boundaries are fluctuating and the measure itself can still
be translation invariant. Phase separation in one dimensional systems with finite local
state spaceE can occur in the presence of two or more particle species with different
jump rates, as is discussed in Section2.2.4.

iii) For unbounded local state spaceE it is possible that the grand canonical measures
(2.14) are only defined up to a critical densityρc, as discussed in Section2.3.2for the
zero range process. In the setting of the previous remark withρ > ρc, the system sep-
arates into a homogeneous background phase with distributionµρc and a condensate,
which contains a non-zero fraction of the particles but concentrates only on a vanishing
fraction of the system volume. In the limitL → ∞, the canonical measures converge
to the critical background distributionµρc in a certain sense, which is shown in detail
for the zero range process in Chapter5.

There is an alternative dynamical interpretation of phase separation and condensation in
terms of the ergodic behavior of the process on the infinite latticeZd. Starting with a uniform
initial distribution with densityρ for which there is no pure phase, the spatial separation
into domains evolves dynamically. In case of phase separation these domains tend to grow
in space and show an interesting coarsening phenomenon. The best known example are
presumably the domains of different magnetization in the Ising model, which we shortly
discuss below. In case of condensation, coarsening is not a spatial phenomenon but happens
on the level of the occupancy of condensate sites, which is studied in detail in Chapter6 for
the zero range process.

The analog to (2.24) for systems without conservation law would be to require theIe is a
singleton. In one space dimension this condition can be violated for nonequilibrium systems
due to the existence of one or more absorbing states [68], as for example percolation. In
more than one dimension phase transitions can also occur in equilibrium systems such as the
Ising model, which is shortly discussed below.
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The phase diagram

The occurrence of a phase transition depends on the system parameters, summarized in the
vectorα ∈ Dα, which determine the dynamics and thus the extremal measuresIe(α) of the
process. Thephase spaceof a process with locally conserved number of particles is given
by [0, ηmax ] ×Dα, all possible tuples(ρ,α) of densities and system parameters. Thephase
diagram is a decomposition of this space into regions with qualitatively different behavior,
calledphases. This nomenclature is of course related, but should not be mixed up with the
notion of pure phasesIe. In particular, one phase of the phase diagram is the region of
extremal measures,{

(ρ,α)
∣∣ ∃µρ ∈ Ie(α)

}
, (2.25)

which is usually calledhomogeneous phase. In case of phase separation, its complement
is non-empty corresponding to the so-calledphase separated phase, which is illustrated in
Figure2.1 for the Ising model. This region is bounded above and below by the boundary of
the homogeneous phase at the critical densitiesρ+(α) andρ−(α) respectively, and the sta-
tionary measures are mixtures ofµρ−(α) andµρ+(α). In case of condensation, the condensate
phase is unbounded from above and there are no stationary measures with densityρ > ρc,
which can be seen in Figure5.1in Chapter5 for the zero range process. In general, phase di-
agrams are used in various contexts to characterize critical phenomena, which do not always
fit in the above picture for our context. In particular they can also be used to characterize
the ergodic behavior of the system, as can be seen in Figure3.1 for the asymmetric simple
exclusion process.

Phases can be characterized byorder parameters, averages of certain observables
f ∈ C(X,R), that show qualitatively different behavior depending on the phase. Generic
choices are one-point or two-point correlation functions like〈η(0)〉 or 〈η(0)η(x)〉, depending
on the model under consideration. These order parameters usually show non-analytic behav-
ior along phase boundaries, establishing the connection to the free energy approach men-
tioned in the beginning of this subsection. Depending on the degree of the non-analyticity,
phase transition are calledfirst order, if the order parameter is discontinuous, andcontinuous
otherwise. An important example is thecorrelation lengthξ defined as

ξ−1 = lim
x→∞

−1/x log
(
〈η(0)η(x)〉 − 〈η(0)〉〈η(x)〉

)
, (2.26)

giving the exponential decay rate of two-point correlation functions. At a phase boundary
it usually diverges since this decay is subexponential, characterizinglong range order. In
general, the non-analytic behavior is governed by critical exponents which are independent
of the model details and may be classified intouniversality classes(see e.g. [68, 108]).

A standard equilibrium example: The Ising model

For equilibrium models the above concept of phase transitions is well established, at least
for non-conserving dynamics (see e.g. [129]). It can be applied in great generality since
the reversible stationary measures can be characterized by the Gibbs measuresG, which is
shortly discussed below. By identifying the symmetry of the system and the nature of the
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order parameter involved in the phase transition one can usually find the universality class of
the transition and even obtain a rough idea of the possible phase diagram.

We illustrate the above concept for the stochastic Ising model, the standard example in
equilibrium statistical mechanics. For equilibrium systems in general, to each configuration
ηΛ on a finite sublatticeΛ ⊂ Zd there is an associated energyH(ηΛ|ηΛc) which determines
the interaction of the particles depending on the (fixed) outside configuration inΛc = Zd\Λ
via boundary terms. A Gibbs measureµ onX = EZd

is defined by requiring that its condi-
tional expectations are of the form

µ(ηΛ|ηΛc) = exp
[
−H(ηΛ|ηΛc)

]
/Z(Λ) , (2.27)

for all Λ andηΛc, whereZ(Λ) normalizes the right hand side to one (for details see e.g.
[56]). The energy can be connected to the jump rates of a corresponding particle system via
the condition of detailed balance (2.20). The Gibbs measures are given by the setG of all
solutions to (2.27), called DLR equations (Dobrushin, Lanford, Ruelle), under variation of
ηΛc . For systems with no conserved quantity, it can be shown under very general conditions
that for sufficiently small interaction the Gibbs measure is unique, i.e.|G| = 1 (see e.g.
Theorem II.1.8 in [129]). The interaction strengthJ is measured in some suitable norm
of the interaction potential which determines the energy. For systems exhibiting a phase
transition there exists a critical valueJc such that forJ > Jc it is |G| > 1. This is equivalent
to saying that the limitΛ → Zd of (2.27) depends on the boundary conditionsηΛc .

A standard example is the ferromagnetic Ising model, with spin variablesσx in
E = {−1, 1}, no external field and attracting nearest neighbor interactionJ > 0, i.e.

H(ηΛ|ηΛc) = J
∑
x∈Λ

∑
|y|=1

η(x) η(x+ y) (2.28)

(see [99], Chapter IV or [28], Chapter VIII). If the interaction is strong enough,J > Jc, then
for dimensiond = 2 the extremal Gibbs measuresGe consist of two translation invariant
measuresµm+ , µm− with positive and negative magnetizationm+ = −m− = 〈σx〉µm+

re-
spectively, whereas forJ < Jc it is Ge = {µ0}. This is true for (Glauber) spin-flip dynamics
without conservation. If the dynamics is such that the magnetization is locally conserved
(Kawasaki spin exchange), which is comparable to the systems in our interest,µm ∈ Ge for
everym ∈ [−1, 1] in case of weak interaction. ForJ > Jc there is no extremal Gibbs mea-
sure with magnetizationm ∈ (m−,m+), as can be seen in the phase diagram in Figure2.1.
Restricted on saym = 0, the equilibrium distribution is given by the mixture1

2
µm−+ 1

2
µm+ of

two extremal measures. As mentioned above, this measure concentrates on phase separated
configurations with domains of positive and negative magnetizations. Due to fluctuations
in form and position of these domains, the measure is still translation invariant in two di-
mensions. Ford ≥ 3 there exist also non-translation invariant extremal distributions with a
localized interface between the two domains, manifesting spontaneous symmetry breaking.
In Figure2.1we also plot the grand canonical expectation value of the magnetizationm(h)
as a function of the conjugate variableh ∈ R. This is analogous to the chemical potential
for lattice gases and can be interpreted as an external magnetic field, adjusting the average
magnetization in the system.
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Figure 2.1: Phase separation in the two-dimensional Ising model with nearest neighbor
interactionJ and conserved magnetizationm. Left: The phase diagram shows the region
of pure statesµm (shaded in red), which is bounded by the spontaneous magnetizationsm+

andm− above the critical pointJc. At m = 0 there is a pure phaseµ0 for J1 < Jc (blue) and
only a mixture atJ2 > Jc (green).Right: Magnetizationm as a function of the magnetic
field h (conjugate variable) forJ = J1 (blue) andJ = J2 (green) as given on the left.

Boundary induced phase transitions

Consider a nonequilibrium system on a finite latticeΛL = {1, . . . , L}with fixed bulk dynam-
ics and open boundary conditions with rates denoted as a vectorα ∈ Dα. We concentrate on
one space dimension for easier presentation. Due to the open boundary, the number of parti-
cles is not conserved and the process has a unique stationary measureµα

L . By Theorem2.2.d)
we know that the limitlimL→∞ τk(L)µ

α
L , shifted away from the (fixed) left boundary, is in-

variant for the process onΛ = Z for every sequencek(L) ∈ ΛL with k(L), L− k(L) →∞
for L → ∞. So the open boundary mechanism picks a stationary measure of the corre-
sponding infinite system, which is known in the physics literature assteady state selection.
Moreover, we expect that the above limit is independent of the specific sequencek(L) and is
an extremal invariant measure for the infinite process. Thus for every boundary mechanism
α it is

lim
L→∞

τk(L)µ
α
L = µρ(α) ∈ Ie , (2.29)

where the limiting bulk densityρ(α) = limL→∞〈η(k(L))〉µα
L

serves as an order parameter
and thus should be an analytic function ofα. If this picture is violated, for example the limit
in (2.29) may be non-extremal, the system exhibits aboundary induced phase transition.
Note that this is not a phase transition in the sense (2.24), which is a pure bulk property.
In fact boundary induced critical phenomena can be better understood in terms of the order
parameterρ(α). Since there is no conservation law, the appropriate phase space of the
process is justDα. Possible critical phenomena include phase separation, which is illustrated
in detail for the asymmetric simple exclusion process in Section2.2.2, and spontaneous
symmetry breaking. Systems with open boundaries are not translation invariant, but since
they do not have particle conservation either, they often exhibit other symmetries, such as
CP-invariance which can be broken for two-species models as discussed in Section2.2.4.
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Note that for boundary induced critical phenomena a general classification similar to page13
is not possible in lack of a conservation law. However, the notions can be applied to specific
systems as will be illustrated for the examples mentioned above.

Boundary induced phase transitions do not have a direct counterpart in equilibrium sys-
tems. Their origin is the non-zero current, which can transport boundary effects into the
bulk, and that for nonlinear current-density relations, the domain boundaries can be stable
and well defined objects even in one dimension, as we discuss in Section2.2.3.

2.1.4 Hydrodynamic limits

Interacting particle systems as models of real phenomena are of course always finite, but
can consist of a very large number of components, for example a fluid or a gas. In this case
one is neither interested nor able to give a precise description of the microscopic processηt.
The primary interest lies in understanding the time evolution of quantities on a macroscopic
scale. Mathematically such a situation is idealized by introducing a lattice constant of order
1/L, i.e. rescaling the space variable asx→ u = x/L. The scaleL ∼ |ΛL| is proportional to
the size of the lattice, so that in the limitL→∞ the volume of the system is some bounded
subsetV ⊂ Rd. To see the driven motion of the particles on the rescaled space one has
to look at large timest → t/L, the so-calledEulerian time scale, whereas the appropriate
time scale to see the diffusive motion in symmetric systems would bet → t/L2. In the
limit L → ∞ the stochastic fluctuations are usually averaged out and the time evolution of
macroscopic observables can be described by deterministic equations. For the processes we
consider, the hydrodynamic equation of the density profileρ(t, u) is given by

∂t ρ(t, u) +∇u · j
(
ρ(t, u)

)
= 0 , ρ(0, u) = ρ(u) , (2.30)

wherej(ρ) ∈ Rd is the current density relation defined in (2.23). This is aconservation law,
reflecting the fact that driven lattice gases locally conserve the number of particles. Using
Stokes’ theorem, this can be seen by the space integrated version of (2.30),

∂t

∫
V

ρ(t, u) du =

∫
∂V

j
(
ρ(t, u)

)
· dS(u) , (2.31)

wheredS(u) denotes a vector valued surface element of∂V . Particles can only enter or
leave a volumeV ⊂ Rd via boundary currents, and in any closed system, i.e.j|∂V = 0, the
total mass is conserved. For questions on conservation laws on the level of the differential
equation we refer the reader to [26] and references therein.

In the following we sketch a typical result on the rigorous derivation of (2.30). Con-
sider a translation invariant process onΛL = (Z/LZ)d with stationary product measuresνα,
α ∈ [0, 1] and non-zero stationary currentj. Suppose thatρ : Rd → [0,∞) is a reasonable
function and the initial distributionµ of the process is close to a product measure with site
dependent density

〈η(x)〉µ = ρ(x/L) for all x ∈ Λ , (2.32)

a so-calledlocal equilibrium measure. Then for largeL, the distributionµS(Lt) of the pro-
cess at timeLt ≥ 0 is approximately a product measure with densityρ(t, x/L), whereρ(t, u)
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is the solution of the hydrodynamic equation (2.30). This property is calledconservation of
local equilibriumand is a key point in the derivation. There has been a lot of work to rigor-
ously prove this statement mostly for attractive particle systems (see e.g. [114, 93]), which
is explained in detail in [84] (see also references therein). The first derivation in the context
of exclusion processes was given in [115].

In general, the current density relationj(ρ) is a nonlinear function and solutions to hy-
perbolic conservation laws develop discontinuities after finite time even for smooth initial
data. So they have to be understood in the sense of distributions, but such weak solutions are
not uniquely determined by the initial data (see e.g. [26], Chapter IV). However, the time
evolution of the underlying particle system is of course well defined, and one possibility to
single out the relevant solution that describes it is the entropy criterion. Define anentropy
entropy-flux pairS : R → R, F : R → Rd as a solution of thed relationsS ′j′ = F ′ for
whichS is convex. Then there is a unique weak solutionρ(t, u) of (2.30) that fulfills

∂t S
(
ρ(t, u)

)
+∇u · F

(
ρ(t, u)

)
≤ 0 . (2.33)

for all entropy entropy-flux pairs. The name of this criterion comes from the fact that−S can
be interpreted as the physical entropy of the system. Indeed, the integrated version of (2.33)
gives that the total entropy−

∫
V
S
(
ρ(t, u)

)
du of the system should increase monotonic in

time. This increase is due to discontinuities of weak solutions, for classical, differentiable
solutions of (2.30) the entropy is conserved, i.e. equality holds in (2.33). In general there can
be more than one solution to the defining relations of entropy entropy-flux pairs, which are
purely technical and are not related to the physical entropy. For equation (2.30) for example
the entropies are given by the one parameter familyS(u) = |u− c|, c ∈ R [114].

Another uniqueness criterion is obtained by adding an artificial viscosity term to the right
hand side of (2.30). This leads to the viscous equation

∂tρ(t, u) +∇u · j
(
ρ(t, u)

)
= ε

d∑
k,l=1

ak,l∂
2
uk,ul

ρ(t, u), ρ(0, u) = ρ(u) . (2.34)

This equation is parabolic and thus has a unique solutionρε(t, .) ∈ C∞(Rd, [0,∞)
)

for
all t > 0, even if the initial data do not have this property [26]. If one can show that the
limit limε→0 ρε exists in an appropriate sense, which is in general very difficult (cf. [26],
Chapter XV), it defines a unique solution of (2.30). In more than one space dimension this
depends in general on the choice of the diffusion matrix(ak,l)k,l=1,...,d, which one has to
choose properly (cf. (4.59) in Section4.4.1), to get the same solution as from the entropy
criterion. On the equivalence of both criteria see also [26], Chapters VIII and IX.

If there is more than one conserved quantity in the system (e.g. several species of parti-
cles) the corresponding macroscopic description is given by a system of conservation laws.
Up to now there is only little rigorous work on the hydrodynamic limit for systems with
more than one particle species. For references see Chapter4, where we address this question
and derive the hydrodynamics of the zero range process with several particle species. In this
case there are also very few results on existence and uniqueness of solutions of the macro-
scopic equation, in particular the equivalence of the above criteria is no longer certain. Thus
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a general result corresponding to [114] cannot be obtained in this case and we explain the
problems arising in Chapter4.

Settingε = 1/L in (2.34) it can be interpreted as the lattice constant and the viscous
term as the first order correction in the derivation of (2.30) for L→∞. If the particles have
no drift, the current vanishes,j(ρ) ≡ 0, and the second order term dominates the long time
behavior. But this can be seen only on the diffusive time scalet/L2 and the limit is given by
the parabolic heat equation (see e.g. [127], Chapter 9). For rigorous hydrodynamic limits in
this case see [84] and references therein.

2.2 Exclusion processes

In processes with exclusion interaction the maximum number of particles per site is restricted
to one, i.e.E = {0, 1}. A jump to sitey is only allowed if this site is empty, soc(x, y,η) = 0
if η(y) = 1. In the following we concentrate on simple exclusion processes, where the
particles only jump to nearest neighbor sites, i.e.c(x, y,η) = 0 if |x − y| > 1, and we
focus on one-dimensional latticesΛ ⊂ Z. We collect basic results on stationary measures
and explain the matrix product ansatz, an important technique in this context which is used
in Chapter3. We introduce the theory of boundary induced phase transitions and steady
state selection, the main topics of Chapters3 and4. Finally we summarize results on phase
separation in two-component systems which is one of the motivations for the analysis in
Chapters5 and6.

2.2.1 The asymmetric simple exclusion process

The paradigmatic model of this class is the asymmetric simple exclusion process (ASEP),
originally introduced in [102]. Particles jump to the right with ratep and to the left with rate
q, i.e.

c(x, y,η) = η(x)
(
1− η(y)

)(
p δy,x+1 + q δy,x−1

)
. (2.35)

The bulk part of the generator is given by

Lvf(η)=
∑
x∈Λ

x+1∈Λ

[
pη(x)

(
1−η(x+1)

)
+qη(x+1)

(
1−η(x)

)][
f(ηx↔x+1)−f(η)

]
. (2.36)

To ease notation we introduceηx↔y to be a symmetrized version ofηx→y, the configuration
where the occupation numbers onx andy are interchanged, i.e.

ηx↔y(z) =


η(y) , z = x
η(x) , z = y
η(z) , otherwise

. (2.37)

First we consider the ASEP on the finite, periodic latticeΛL = Z/LZ. When the number
of particles is fixed toΣL = N , one can show that all possible configurations have equal
weight [105, 29], i.e. the canonical measure defined in Section2.1.2is given by

µL,N(η) = 1
/(L

N

)
= N ! (L−N)!/L! . (2.38)
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The average number of particles per site isN/L and the corresponding grand canonical
measures are the product measuresνρ with densityρ ∈ [0, 1]. That means the one-point
marginals are independent and given by

ν1
ρ(k) = νρ

({
η(x) = k

})
= ρ k + (1− ρ)(1− k) , (2.39)

for all x ∈ ΛL, k ∈ {0, 1}. Thus, as defined in (2.23), the current density relation for the
ASEP is given by

j(ρ) = (p− q)ρ(1− ρ) . (2.40)

The system on the latticeΛL = {1, . . . , L} with reflecting or closed boundary conditions
is studied in detail in [124]. In this case the stationary measure is reversible and the current
vanishes. The grand canonical version is of product form with site dependent density

ρ(x) =
1

2

(
1 + tanh

[
1/2(x− n) log(p/q)

])
. (2.41)

This density profile has the shape of a step, extending over a region with length of order
1/ log(p/q) independent ofL, and centered atn ∈ ΛL, which determines the expected num-
ber of particles in the system. In analogy to phase separation in equilibrium systems, one
may regard the region of the step as a domain wall separating an empty and a completely
filled domain of the system. The canonical stationary distributionsµL,N are lengthy to write
down and can be found in [124] and [117, 123].

Another common choice is to couple the system onΛL = {1, . . . , L} at both ends to
particle reservoirs with densityρl andρr respectively. Formally this is done by adding two
sitesη(0) andη(L+1) with fixed distributionsν1

ρl
andν1

ρr
. The boundary part of the generator

is then given by

(Lbf)(η) =
[
p ρl

(
1− η(1)

)
+ q (1− ρl) η(1)

][
f(η0↔1)− f(η)

]
+[

p η(L)(1− ρr) + q
(
1− η(L)

)
ρr

][
f(ηL↔L+1)− f(η)

]
. (2.42)

We discard the degenerate situationsq = 0, ρl = (1− ρr) = 0 andp = 0, ρl = (1− ρr) = 1,
which are analogous to special reflecting boundary conditions. If non-degenerate, the num-
ber of particles is no longer conserved and the process is irreducible onXL with the unique
stationary measureµρl,ρr

L , that depends on the boundary parametersρl andρr. Asymptotic
properties of these measures for largeL were first characterized in [97], using certain re-
cursion relations on the system size. In [30, 122] such relations were used to give an exact
solution in the totally asymmetric caseq = 0. The same idea independently led to formulate
the stationary measures as a matrix product in [32], which is described in Section2.2.2.

According to Theorem2.2.d), invariant measures on the infinite latticeΛ = Z can be
obtained from those onΛL in the limit L → ∞ for various boundary conditions. The setI
has been completely characterized in [98] and its extreme points are given by

Ie =
{
νρ, ρ ∈ [0, 1]

}
∪
{
ν(n), n ∈ Z

}
. (2.43)

The so-called blocking measuresν(n) are of product form with site dependent densities

ρ(x) =
〈
η(x)

〉
ν(n) = (p/q)x−n

/(
1 + (p/q)x−n

)
. (2.44)
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The profile approaches exponentially fast the densities0 and1 to the left and right ofx = n.
The measures are reversible and can be characterized as the limiting measures for reflecting
boundary conditions. In [52] they have been studied for asymmetric exclusion processes
with more general transition probabilities and are mentioned again in Section2.3.3.

2.2.2 The matrix product ansatz

The totally asymmetric simple exclusion process (TASEP) withq = 0 and open bound-
ary conditions was solved in [32], using thematrix product ansatz(MPA). This technique
was previously applied to the problems of directed lattice animals [65] and quantum anti-
ferromagnetic spin chains [86]. For the ASEP this approach simplified the derivation of the
previous results and could be generalized to the partially asymmetric case withq > 0. The
idea is to represent the stationary weight of a configurationη ∈ {0, 1}ΛL as a product of
certain linear operators (matrices)E, D on some auxiliary space. The product is closed by
two vectors〈w|, |v〉,

WL(η) =
〈
w
∣∣ L∏

x=1

η(x)D + (1− η(x))E
∣∣ v〉 . (2.45)

We use Dirac’s bra-ket notation familiar from quantum mechanics to denote the scalar prod-
uct 〈w|D|v〉 = (w,Dv). D represents an occupied,E an empty site and the matrices are in
general infinite and non-commuting. LetD, E, 〈w| and|v〉 fulfill the algebraic relations

pDE − q ED=D + E〈
w
∣∣ (ρl pE − (1− ρl) q D

)
=
〈
w
∣∣(

ρr pD − (1− ρr) q E
)∣∣ v〉=

∣∣ v〉 . (2.46)

If in additionηt is irreducible, and if the expressions in (2.45) are normalizable, i.e.

Z(L) :=
∑

η∈XL

W (η) = 〈w|(D + E)L|v〉 6= 0 , (2.47)

then the invariant measure is given byµρl,ρr

L (η) = WL(η)/Z(L). A proof can be found in
[100] Section III.3, using the same recursion relations on the system size, which were first
noted in [97].

Typical quantities of interest are for example the density profile or two-point correlation
functions. WithC = D + E they can be written as〈

η(x)
〉

µ
ρl,ρr
L

=
〈
w
∣∣Cx−1DCL−x

∣∣ v〉/Z(L)〈
η(x) η(x+ y)

〉
µ

ρl,ρr
L

=
〈
w
∣∣Cx−1DCy−1DCL−x−y

∣∣ v〉/Z(L) . (2.48)

For one-dimensional systems one can define a stationary, site independent current also for
open boundary conditions (cf. discussion in Section2.1.2) and with (2.35) it is given by

jρl,ρr

L = p
〈
η(x)

(
1− η(x+1)

)〉
µ

ρl,ρr
L

− q
〈(

1− η(x)
)
η(x+1)

〉
µ

ρl,ρr
L

=
Z(L−1)

Z(L)
, (2.49)
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Figure 2.2: Phase diagram for the bulk density of the ASEP with open boundaries.

which follows directly from the first relation of (2.46). As the matrices are in general infinite
dimensional the evaluation of such quantities can still be a formidable task, but often it is at
least possible to obtain asymptotic expressions. However, in certain regions of the parameter
space the matrices can be chosen to be finite dimensional [104]. A simple example is the
case of one-dimensional matrices forρl = ρr, which leads to the product measureνρl

. See
Proposition III.3.6 in [100] for general properties of the matrices.

In the totally asymmetric caseq = 0 the relations (2.46) have a recursive structure that
allows to calculaten-point functions without knowingD, E, |v〉 and〈w| explicitly. On the
other hand, forq > 0 one has to find a representation for the matrices and vectors. This
is possible using the close relation to creation and annihilation operators of theq-deformed
harmonic oscillator. In [116, 38, 104] this idea was used to give exact solutions for special pa-
rameter values which allow finite dimensional representations, whereas in [120, 119, 22] the
full solution is given for a slightly simplified model, where particles at the left boundary can
only enter, at the right only exit the system. Those results show that the stationary measures
have asymptotic product form in the bulk, i.e.τk(L) µ

L w−→ νρ∞ weakly forL, k(L) → ∞
with L − k(L) → ∞ (see [100], Theorem III.3.29). The bulk densityρ∞ depends on the
boundary conditionsρl andρr and is explained in the phase diagram given in Figure2.2.
The only exception to this is forρl + ρr = 1 andρl <

1
2

where the above weak limit is
given by the mixtureανρl

+ (1−α)νρr with α = limL→∞ k(L)/L ∈ [0, 1] (see [100], Theo-
rem III.3.41). So for these parameters, marked as a red line in the phase diagram, the system
exhibits a boundary induced phase separation as explained in Section2.1.3. The domain
wall, separating the densitiesρl andρr, has the form of a shock as given in (2.41) with dif-
fusively moving position. So in a typical configuration both phases with densitiesρl andρr

are present, known asphase coexistence. The phase diagram can actually be understood by
studying the motion of domain walls on a macroscopic level, as is explained in Section2.2.3.
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In [130, 131, 118] the MPA was used to find time dependent distributions of the ASEP.
In the stationary case, it was generalized to the ASEP with impurities, such as a slow particle
[103] or a slow bond introduced in [74], for which exact results have been obtained only for
deterministic update with a stochastic defect in [69]. In [70] the MPA was used to recover
solutions of certain integrable reaction-diffusion models. It also turned out that the MPA is
not just an ansatz. The stationary measure of a one-dimensional stochastic model with finite
interaction range and a finite number of different particle species can always be written as
a matrix product [88, 85]. Generalized quadratic algebras resulting from nearest neighbor
interactions have been studied systematically in [73, 111] and in [5, 6] or [82] (see also
references therein) in the context of the multi-species ASEP. In this context the case with
two species was studied extensively, which we discuss in section2.2.4. The MPA was also
applied to the ASEP with different update procedures, see [112] and references therein. It
is not limited to finite lattices, in [35] it was shown that it can be used to calculate finite
correlation functions for systems on an infinite one-dimensional lattice (see also Section3.2).
For a partial review on application of the MPA see [31] and [29].

2.2.3 Boundary induced phase transitions

Boundary conditions have decisive influence on the stationary measure of nonequilibrium
systems, since the non-zero current can carry boundary effects into the bulk. As was shown
before for the ASEP, stationary properties are the result of an interplay between bulk and
boundary effects. It turned out that this behavior can be understood by analyzing the mo-
tion and stability of domain walls, that separate regions of different particle density. On a
macroscopic scale, stable phase boundaries take the form of sharp edges (discontinuities) in
the density profile and are therefore called shocks. On the microscopic scale of the lattice, a
shock is still a rather smeared out object and it is not a priori clear how to define its position.

Consider the ASEP onΛ = Z with initial product distributionνρl,ρr with densitiesρl for
x ≤ 0 andρr for x > 0. Assume that the particles are driven to the right, i.e.p > q. Then
there exists a stable shock ifρl < ρr. Its position can be defined by coupling two processes
with initial distributionsνρl,ρr such that the configurations differ only at siteX0 = 0. The
locationXt of this defect then marks the shock location. This was first shown in [139, 4, 27]
for special values ofρl and in [51] for the general case. In [47] it was shown for a similar
coupling thatXt can be interpreted as the position of a second class particle. The precise
statement is that there exists a measureµρl,ρr of asymptotic product formνρl

andνρr for
x → ±∞ respectively, which is stationary in the reference frame of the shock, i.e. for
the processτXtηt. It was also shown that the position obeys a law of large numbers, i.e.
Xt/t → vs a.s. fort → ∞ wherevs = (p − q)(1 − ρl − ρr) is the shock velocity. In the
reference frame moving at constant speedvs, the stationary measure is not given byµ but is
rather a translation invariant mixture ofνρl

andνρr due to diffusive fluctuations of the shock
position [4, 48]. This phenomenon was first studied in [139] and calleddynamical phase
transition(see also [100], Section III.2). As we see below, this is closely related to boundary
induced phase transitions. A nice discussion of the direct analogy to phase separation in the
2D Ising model (cf. Section2.1.3) can be found in [33]. Exact results for the shock measure
µρl,ρr were obtained in [33, 34, 35] using the MPA. In [49] the question of multiple shocks
was addressed. A detailed review of this subject can be found in [100], Section III.2.
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On the level of the hydrodynamic equation (2.30), the above phenomenon is well known
as shock solutions of hyperbolic conservation laws. The shock velocity for general systems
with currentj(ρ) is found to be

vs =
j(ρl)− j(ρr)

ρl − ρr

, (2.50)

as a simple consequence of the conservation of mass (see e.g. [26]). For the ASEP the current
density relation is given by (2.40), leading to the result forvs mentioned above. This was
used in [89] for the ASEP on a finite latticeΛL with open boundary conditionsρl ∈ [0, 1]
andρr = 0 to establish a maximum principle for the stationary currentjL for L → ∞. In
[87, 109] this was generalized for allρr ∈ [0, 1] to the extremal principle

lim
L→∞

jρl,ρr

L =

 max
ρ∈[ρl,ρr]

j(ρ) , for ρl > ρr

min
ρ∈[ρl,ρr]

j(ρ) , for ρl < ρr
, (2.51)

in the case of positive driftj(ρ) ≥ 0, and analogous for negative drift. The claim is that for
largeL the stationary current of the open system is selected from the current density relation
for the bulk dynamics. (2.51) results from the analysis of the motion and stability of domain
walls on the level of the hydrodynamic equation. These are given by stable shocks with
speed (2.50) if the characteristic velocities satisfyj′(ρl) > vs > j′(ρr), i.e. the domains are
drifting towards each other. If they are drifting apart the domain wall is unstable and given
by a so-called rarefaction fan. The macroscopic time evolution consists of a combination of
these two types of solutions and is a standard topic in the theory of hyperbolic conservation
laws [26]. The stationary measure is then dominated by one of the boundary domains or by
bulk domains with vanishing characteristic velocity and densities determined by the maxima
and minima of the current density relation.

The main point of these studies is that the phase diagram for open boundary conditions
of any driven diffusive system in one dimension (like Figure2.2 for the ASEP) can be con-
structed from the knowledge of the current density relation alone. The microscopic details
of the bulk interaction are therefore subsumed in the relationj(ρ), while the boundaries set
the range of the above extremal problem.

In general it is much easier to calculatej(ρ) which is defined for periodic boundary
conditions in (2.23), and then apply (2.51) rather than solving the model exactly with open
boundary conditions. One example is the KLS model [80] (Katz, Lebowitz, Spohn), a gen-
eralized version of the TASEP with next nearest neighbor interactions given by the jump
rates

0100
1+δ−→ 0010 , 1100

1+ε−→ 1010 , 0101
1−ε−→ 0011 , 1101

1−δ−→ 1011 , (2.52)

with parametersε, δ ∈ (−1, 1). The model is exactly solvable for periodic boundary condi-
tions and using (2.51) the phase diagram for the open system was constructed in [109]. In
case of sufficiently strong repulsive interactionε > 0, j(ρ) has a double hump structure with
a minimum, leading to a minimal current phase. This is illustrated in Figure2.3, where the
parameterδ 6= 0 accounts for the asymmetry ofj(ρ). Note that the extremal principle (2.51)
is conjectured to hold in general, but this has not been proven rigorously. So far its validity
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Figure 2.3: Boundary induced phase transitions for the KLS model (2.52) with repulsive
interaction for parametersε = 0.995 andδ = 0.2. Left: Fundamental diagramj(ρ) defined
in (2.23). Right: Corresponding phase diagram for the bulk densityρ∞ with open boundary
conditionsρl, ρr, via graphical construction fromj(ρ) using the extremal principle (2.51).
MC I and MC II are maximal current phases, the phase boundaries are given by straight
lines−−− (first order), and broken lines− − (continuous).

is only assured for models like the ASEP which can be solved exactly for open boundary
conditions. For the KLS model the validity of (2.51) is supported by phenomenological sta-
bility arguments and Monte Carlo simulations [109]. Rigorous results for a particular line
in the phase diagram are given in [7]. An alternative strategy to prove (2.51) would be to
derive hydrodynamic limit (cf. Section2.1.4) for systems with open boundaries, since it is
rigorously known on the level of the hydrodynamic equation.

It was also noticed in [7] that the role of the boundary conditions is crucial for the validity
of (2.51). The generic choice is to couple the bulk with reservoirs of fixed distribution, like it
was done in (2.42) for the ASEP. Apart from that, the dynamics for the reservoir boundaries
is the same as in the bulk. But one can also specify arbitrary birth and death rates for parti-
cles in some finite region at the boundaries, which have nothing to do with the jump rates in
the bulk. This causes a local perturbation and the boundary densities, important variables for
the extremal principle (2.51), are no longer well defined. However one expects, that the bulk
behavior of the system is still governed by (2.51), leading to the following conjecture [7, 64].

Conjecture. For any local boundary mechanism (however complicated) there existeffective
boundary densitiesρl andρr, such that the stationary bulk properties are identical to a model
with reservoir boundariesρl andρr.

Thus in these effective variables the phase diagram of the process is universal, i.e. indepen-
dent of the details of the boundary mechanism. But it is possible that for certain mechanisms
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not all effective densitiesρl, ρr ∈ [0, 1] can be realized. Such an example was given in [63],
where a part of the universal phase diagram is not accessible by the boundary mechanism.

The only rigorous results on the existence of an effective boundary density are given in
[104, 22] for the partially asymmetric simple exclusion process with independent injection
and exit rates at the boundaries. These lead to the same phase diagram as the coupling to
reservoirs at specific densities, for which the rates are related by the bulk drivep/q. It is
an open question if there is an effective density for more general systems and how it can
be properly defined. We give a partial answer to this in Chapter3, illustrated for a toy
model on a semi-infinite lattice with a generalized boundary mechanism. Another related
open question is if there is an equivalent extremal principle for systems with more than one
species of particles. In this context we introduce then-component zero range process in
Chapter4, and study the hydrodynamic conservation laws with open boundary conditions.

2.2.4 Phase transitions in two-component systems

A first example of a boundary induced phase transition in this context has been given in
[41, 42] on the latticeΛL = {1, . . . , L}. The two species+ and− move in different direc-
tions and pass each other with rateq.

+0
1−→ 0+ , 0− 1−→ −0 , +− q−→ −+ ;

|0 α−→ |+ , |− β−→ |0 ; 0| α−→ −| , +| β−→ 0| . (2.53)

The boundary rates are given in the second line, where the boundary is denoted by|, and
they are assumed to be non-degenerate so that the process is irreducible and has a unique
stationary measureµα,β

L . Due to the lacking conservation law the system is CP-invariant, i.e.
symmetric under charge conjugation+ ↔ − together with space inversionx↔ L− x+ 1.
Therefore this is also true for the measureµα,β

L and in particular it means that the expected
numbers of+ and− particles in the finite system are equal. But within a certain range of
the parametersα, β andq the measure mainly concentrates on configurations with a pair of
different particle densities, and its counterpart related by CP-inversion. Thus the limiting
measurelimL→∞ τk(L)µ

α,β
L is a CP-invariant mixture of two extremal stationary measures,

which themselves are not CP-invariant. The existence of these measures alone is not surpris-
ing, since the infinite system is in general not CP-invariant due to local conservation of both
particle species. The process exhibits boundary induced phase separation and in contrast to
the ASEP discussed in Section2.2.2there is no phase coexistence but symmetry breaking in
the following sense. The system shows only either one of the two density pairs and the above
limit is independent of the sequencek(L). So the domain wall is not fluctuating but rather
pinned to one of the boundaries. Forα = ∞ or β = 1 the matrix product representation of
the stationary measure can be solved exactly. In the limitβ → 0 exact results were obtained
in [59] by mapping the process on a biased random walk model. For other parameter values
the result is based on non-rigorous mean field calculations, corroborated by Monte Carlo
simulation data [9, 24].

From the discussion in the previous subsection it becomes clear that phase separation in
periodic systems with finite interaction range is not possible, since one of the two resulting
domain boundaries is generically unstable. This situation can be avoided in the presence of
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two or more species of particles. In such systems all phase boundaries can be stable and one
can observe phase separation on periodic lattices. This can be interpreted to be the result of
an effective long range interaction when the different particle species block each other and
form clusters occupying a positive fraction of the volume.

Such a phenomenon was observed for the first time in [44, 45] on the latticeΛL = Z/LZ
with three particle speciesA, B andC, where one of them can be regarded as empty sites.
The rates are cyclic inA,B andC and given by

AB
q

�
1

BA , BC
q

�
1

CB , CA
q

�
1

AC . (2.54)

For q = 1 the particles undergo symmetric diffusion and the system is homogeneous, i.e. in
the limit L → ∞ the extremal stationary measures are given by translation invariant distri-
butionsµρA,ρB ,ρC

, with densitiesρA, ρB, ρC ∈ [0, 1] andρA + ρB + ρC = 1. For q 6= 1 the
particle exchange rates are biased. Since the model is invariant under the exchangeA↔ B,
q → 1/q it is sufficient to considerq < 1. It is shown that in this case phase separation occurs
due to an effective long range interaction. For large systems typical stationary configurations
are of the form. . . AAABBBBBCCCCCAA . . . with vanishing current. The boundaries
fluctuate only locally, indicating also spontaneous breaking of translation invariance. Exact
calculations are presented in the case of equal particle numbers, where the current vanishes
and the model satisfies detailed balance with respect to a long-range asymmetric Hamilto-
nian. For general non-zero particle numbers the statements are confirmed by heuristic argu-
ments. Note that in contrast to boundary induced phenomena this result strongly indicates
phase separation for the infinite system. One expectsµ1,0,0, µ0,1,0 andµ0,0,1 to be the only
translation invariant extremal measures, besides a series of blocking measures analogous to
the ASEP (2.43). However in this model breaking of translation invariance is not a trivial
phenomenon, since blocking configurations occur also for periodic boundary conditions.

In [10, 12] the first model (2.53) was considered with periodic boundary conditions, with
the additional jump−+ → +− at rate1 and with equal particle numbers. This system
is also CP-invariant and forq < 1 strong phase separation with vanishing current occurs,
just as in the previous model (2.54). For largeq the system is homogeneous, confirmed by
Monte Carlo simulations and exact results via MPA [11] for q = 3 (product measure) and
q = 4. The authors also claimed the existence of a mixed phase for1 < q < qc ≈ 1.4,
where the system shows phase separation with a non-vanishing current. This result was only
based on Monte Carlo simulations, mean field calculations and a phenomenological exten-
sion of Yang-Lee theory for this system [8]. In [13] the previous results were heuristically
extended to general particle numbers, studying the macroscopic equivalent Burgers equation
corroborated by Monte Carlo simulations. However, in [113, 121] the mixed phase was not
found in exact calculations for the grand canonical ensemble. The previous observations
leading to its postulation are due to a sharp crossover with an anomalously large but finite
correlation length. This was proven in [76, 78] using a mapping to the zero range process
(see Section2.3.3) and exact results on a condensation transition for this model, which is
the main topic of Chapter5. In view of this result, a system showing phase separation with
a non-vanishing current has only recently been introduced in [77]. For a recent review on
critical phenomena in one-dimensional two-component systems see [125].
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2.3 Zero range processes

The zero range process (ZRP) is an interacting particle system without exclusion interaction
and was originally introduced in [128]. Besides being of interest on its own as a model
for bosonic lattice gases, it has gained much attention due to its close relation to the ASEP,
explained in section2.3.3Other important features are that the stationary measures are of
product form under very general conditions, and the possibility of condensation transitions,
which are the topic of Chapters5 and6.

2.3.1 Definition and construction

The local state space of the zero range process isE = N, so the number of particles per site
is unbounded. At a given sitex ∈ Λ, the number of particlesη(x) decreases by one with rate
g(η(x)) and the leaving particle jumps to sitex + y with probabilityp(y). So the transition
rates are given by

c(x, x+ y,η) = g
(
η(x)

)
p(y) , (2.55)

depending only on the configuration at sitex, which can be interpreted as a particle inter-
action of range zero. In general, the functionsg andp could also depend on the sitex (cf.
Section2.3.4), but here we focus on translation invariant systems. The jump probability
p : Z → [0, 1] is normalized and assumed to be of finite rangeR ∈ Z+,∑

y∈Λ

p(y) = 1 , p(0) = 0 and p(y) = 0 for |y| > R . (2.56)

To exclude hidden conservation lawsp should be irreducible on finite periodic lattices, so
that every particle can reach any site with positive probability. For the dynamics to be well
defined on infinite lattices and to be non-degenerate, the rate functiong : N → [0,∞) has to
satisfy

sup
k∈N

|g(k + 1)− g(k)| =: ḡ <∞ , g(k) > g(0) = 0 for all k > 0. (2.57)

Since the generic state spaceX = NΛ would not be compact, the construction of the dynam-
ics for general lattices given in section2.1.1has to be modified. In [3, 96] this is done on the
restricted state space

X =
{
η ∈ NΛ

∣∣ ‖η‖α <∞
}
, where ‖η‖α =

∑
x∈Λ

|η(x)|α(x) (2.58)

for someα : Λ → (0,∞) with

∑
y∈Λ

α(y) <∞ and
R∑

y=−R

p(y)α(x+ y) ≤M α(x) (2.59)

for all x ∈ Λ and a constantM > 0. Such anα can easily be found, for instanceα(x) = b|x|

for b ∈ (0, 1). The measurable structure onX is given by the smallestσ-algebra so that the
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mapη → η(x) is measurable for eachx ∈ Λ. Note that if{η(x), x ∈ Λ} are nonnegative
random variables with uniformly bounded means, thenη ∈ X with probability one. Thus
X is large enough to contain many distributions of interest. Forη, ζ ∈ X the distance
‖η−ζ‖α as defined in (2.58) provides the topology onX. LetL(X,R) be the set of Lipshitz
continuous functionsf : X → R, i.e. for allf ∈ L(X,R) there exists anl(f) ∈ [0,∞) such
that

|f(η)− f(ζ)| ≤ l(f)‖η − ζ‖α for all η, ζ ∈ X . (2.60)

The next theorem was proved in [3] and shows that the formal generator

(Lf)(η) =
∑
x∈Λ

R∑
y=−R

g(η(x)) p(y)
(
f(ηx→x+y)− f(η)

)
, (2.61)

for f ∈ L(X,R) defines a Markov process onX.

Theorem 2.3 (Andjel) Under the above conditions ong andp (2.56) - (2.59),L generates
a semigroupS(t) of operators onL(X,R) with∣∣S(t) f(η)− S(t) f(ζ)

∣∣ ≤ l(f) eḡ(M+2)t‖η − ζ‖α (2.62)

for all η, ζ ∈ X andf ∈ L(X,R).

Proof. See [3], Theorem 1.4.

This defines the processηt analogously to (2.2) with a restricted setL(X,R) ⊂ C(X,R) of
observables. In factS(t) is not strongly continuous onC(X,R), so no direct application of
the Hille-Yosida Theorem (see AppendixA.1, TheoremA.2) is possible. Nevertheless, all
results of section2.1.1can be obtained without general semigroup theory [3, 101]. The in-
equality (2.62) assures thatPη

[
{ηt ∈ X}

]
= 1 for all η ∈ X, so the process does not leave

the restricted state space during time evolution. The above construction is also possible ifp
andg are not translation invariant, as long asp is irreducible and (2.57) is fulfilled uniformly
in x. For further details on the construction of the dynamics see [3] and references therein.

2.3.2 Stationary measures

In the following we summarize results on stationary measures for the ZRP which are well
known and can be found for example in [3, 40, 84]. Under very general conditions there are
stationary product measures with one-point marginals

ν1
({
η(x) = k

})
∝ W (k)φk

x with weight W (k) =
k∏

i=1

1/g(i) . (2.63)

Theφx ∈ [0,∞) can be interpreted as site dependent fugacities of grand canonical measures
in the context of open boundary conditions (see below). They have to fulfill the stationarity
condition (2.18), which becomes∑

y∈Λ

〈
c(y, x,η)− c(x, y,η)

〉
ν

=
∑
|y|≤R

p(y)φx−y − φx = 0 (2.64)
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for all x ∈ Λ, since with the weight in (2.63) it is
〈
g(η(x))

〉
ν

= φx. This is the most general
ansatz for stationary product measures for the bulk generator (2.61) (see e.g. Theorem 1.8
in [3]). The problem is now to find solutions(φx)x∈Λ to (2.64) on a given latticeΛ, such
that (2.63) can be properly normalized. Note that the equation depends only on the jump
probabilitiesp, whereas the jump ratesg determine the allowed range of the solution, as we
see in the following.

Periodic boundary conditions

On the periodic latticeΛL = (Z/LZ)d the only solution to (2.64) is the constant function
φx ≡ φ. Thus (2.63) defines a translation invariant grand canonical product measureν̄L

φ (cf.
Section2.1.2) with one-point marginals

ν̄1
φ(k) = W (k)φk/Z(φ) , (2.65)

with the (one site) normalizing partition function

Z(φ) =
∞∑

k=0

W (k)φk . (2.66)

The expected particle density as a function ofφ is denoted asR : Dφ → Dρ and given by

R(φ) =
∞∑

k=0

k ν̄1
φ(k) = φ ∂φ logZ(φ) with ρc = lim

φ↗φc

R(φ) . (2.67)

The measures are well defined on the domainDφ, which is determined by the radius of
convergenceφc ∈ [0,∞] of Z(φ). It is easy to see thatφc ≥ lim infi→∞ g(i), whereas
equality holds in many interesting cases, for instance iflimi→∞ g(i) ∈ [0,∞] exists. Often
Dφ = [0, φc) andR has full rangeDρ = R(Dφ) = [0,∞), i.e. the critical densityρc

diverges. This is for example the case ifg(i) is non-decreasing (see [40] and Lemma5.1).
But depending on the weightW (k), ρc < ∞ is also possible and in this case we have
Dφ = [0, φc], Dρ = [0, ρc] and the system exhibits a condensation transition as discussed in
Chapter5. It is R(0) = 0 andR(φ) is monotonic increasing onDφ and thus invertible. We
denote the inverse functionΦ : Dρ → Dφ by Φ(ρ).

With (2.16) the corresponding canonical measures are given byµL,N = ν̄L
φ (. |ΣL = N)

with arbitraryφ ∈ [0,∞) which is canceled by the normalization. It is

µL,N(η) =
1

Z(L,N)

∏
x∈ΛL

W
(
η(x)

)
δ(ΣL(η), N) (2.68)

where the canonical partition function is given by

Z(L,N) =
∑

η∈XL

∏
x∈ΛL

W
(
η(x)

)
δ(ΣL(η), N) . (2.69)

In the limit of large system sizeL,N = [ρL] → ∞ with fixed particle densityρ ∈ Dρ, the
canonical measure (2.68) is expected to be equivalent to the grand canonical measure (2.65)
with φ = Φ(ρ). A rigorous result on this equivalence is available in [84], Appendix 2, but it
only covers the caseρc = ∞. In Chapter5, we generalize this result to densitiesρ ∈ [0,∞)
even ifρc <∞, and explain the precise meaning of the term ’equivalence’.
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Closed or reflecting boundary conditions

In this case (2.64) is altered whenx is within rangeR of the boundary. For every finite,
connected lattice, it can be interpreted as the master equation of a random walker with oc-
cupation probabilityφx. Sincep is assumed to be irreducible, there is a unique stationary
distribution(φ̃x)x∈ΛL

and every positive solution of (2.64) has the formφ (φ̃x)x∈ΛL
for some

φ > 0. To get a well defined grand canonical measure with fugacityφ it is necessary that
φ φ̃x ∈ Dφ for all x ∈ ΛL. In this case the grand canonical product measure has site depen-
dent marginals

ν̄φ

({
η(x) = k

})
= ν̄1

φ̃x φ
(k) = W (k) φ̃k

x φ
k/Z(φ̃x φ) . (2.70)

This leads to site dependent densitiesRx(φ) = R(φ̃x φ) with R given in (2.67), and the
canonical measures are also analogous to (2.68) and (2.69), where the weightsW

(
η(x)

)
have to be replaced byW

(
η(x)

)
φ̃

η(x)
x .

Open boundary conditions

Consider the ZRP on the latticeΛL = {1, . . . , L}d. For non-degenerate open boundary
conditions there is a unique stationary measure, but in contrast to the previous lattices, this
is in general not of product form. We take boundary conditions which are compatible with
the bulk dynamics, i.e. we fix boundary valuesφx for all x 6∈ ΛL with |x − ΛL| ≤ R. If
these are non-degenerate (2.64) has a unique solution, but this is positive only under special
conditions. See [2] and references therein for a discussion of boundary value problems of
linear difference equations. If there is no positive solution, then the stationary measure is not
of product form. The case of general open boundary conditions or dimensionsd > 1 has not
been studied so far, but we expect a similar situation as for the ASEP (Section2.2.2), namely
that in the limitL→∞ the measures are asymptotically product.

Note that for every solutionφx of (2.64), aφx + b is also a solution for alla, b ∈ R, so
there are at least two degrees of freedom for the boundary conditions. This can be used to
get an explicit solution for the most basic example. Consider the one-dimensional lattice
ΛL = {1, . . . , L} and nearest neighbor jump probabilitiesp(y) = p δy,1 + q δy,−1 with
p, q ≥ 0, p + q = 1. In this case one can specifyφ0 = φl andφL+1 = φr independently to
get the unique solution

φx = φl + (φr − φl)
(p/q)x − 1

(p/q)L+1 − 1
. (2.71)

Thus there exists a stationary product measureν with site dependent marginals

ν
({
η(x) = k

})
= W (k)φk

x/Z(φx) , (2.72)

if and only if φl, φr ∈ Dφ, since (2.71) is monotonic inx. For largeL the fugacity profileφx

is essentially constant except for the neighborhood of one of the boundaries. Depending on
the drift direction the bulk value is equal toφr if p < q or toφl if p > q. Forp = q the solution
to (2.64) is a linear profile, which has been studied in [18, 19]. For jump probabilitiesp(y)
with rangeR > 1 one has to specify more than two boundary values ofφ. But to get a
solution to (2.64) they can in general not be chosen independently.
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The infinite lattice

The translation invariant product measuresν̄φ, φ ∈ Dφ defined in (2.65) are also stationary
for the process on the infinite latticeΛ = Zd. If g(k) is non-decreasing, a sufficient condition
for Dφ = [0, φc) andDρ = [0,∞) (see [40] and Lemma5.1), it was shown in [3] (Theo-
rem 1.9) that these are all translation invariant elements ofIe. If in additionp is symmetric
and not positive recurrent (e.g. symm. random walk onZ or Z2), the complete characteri-
zationIe =

{
ν̄φ

∣∣φ ∈ [0, φc)
}

is given in [3], Theorem 1.10. But in general, just as for the
ASEP, there exist also non-translation invariant stationary measures, which can be obtained
as limit solutions to open boundary problems. Consider the examplep(y) = p δy,1 + q δy,−1

from above withΛ = Z. Then, forφc = ∞, φx = (p/q)x gives a non-translation invariant
stationary product measure for asymmetric jump probabilitiesp 6= q. On the other hand, for
φc < ∞ these solutions are ruled out andIe =

{
ν̄φ

∣∣φ ∈ [0, φc)
}

if g(k) is non-decreasing
(see [3] Theorem 1.11). A crucial idea of the above results is to use attractivity, defined in
the appendix (A.6). For the ZRP this is equivalent to non-decreasing jump rates (see [84],
Theorem II.5.2), and if this is not fulfilled there are basically no other results on the infinite
lattice than the existence of the product measuresν̄φ, φ ∈ Dφ.

The stationary current

As discussed in section2.1.2the microscopic current is in general hard to write down, but
the drift takes the easy formd(x,η) =

∑
|y|≤R y p(y) g

(
η(x)

)
. For the translation invariant

product measures̄νφ we have
〈
g
(
η(x)

)〉
ν̄φ

= φ and withφ = Φ(ρ) defined after (2.67), this
leads to the current-density relation (2.23)

j(ρ) = m(p) Φ(ρ) ∈ Rd . (2.73)

Herem(p) =
∑R

y=−R y p(y) ∈ Rd denotes the first moment ofp. For non-symmetric jump
probabilities this is in general non-zero and determines the direction of the current. The ab-
solute value|j(ρ)| is monotonic increasing inρ with j(0) = 0, approaching its maximum
|m(p)|φc for ρ → ρc. The ZRP is reversible if and only ifp is symmetric and in this case it
is j(ρ) = 0.

The grand canonical measures (2.65) can easily be generalized to inhomogeneous jump
ratesgx [40]. They keep the same form with fugacityφ, site dependent weightsWx(k),
partition functionZx(φ) and densitiesρx(φ) (2.67). The current is of course site independent
and still given byj = m(p)φ. They are well defined for allφ < φc, whereφc is now the
minimal radius of convergence of theZx. A special case for non-translation invariant jump
probabilitiesp is discussed in (2.74) in the next subsection.

Note that due to monotonicity of|j(ρ)|, there are no boundary induced phase transitions
for the ZRP. But since the local state space is infinite there are condensation transitions which
we discuss in Section2.3.4and Chapter5.
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Figure 2.4: Equivalence of the dynamics of the ASEP and the ZRP.

2.3.3 Relation to the asymmetric simple exclusion process

On translation invariant one dimensional lattices, the ASEP seen from a tagged particle is
equivalent to the ZRP with nearest neighbor jumps and constant jump rateg(k) ≡ Θ(k)g.
This was first noticed in [46, 83] and is shortly explained in the following. Consider the
ASEP onΛL = Z/LZ with N ≤ L particles, each labeled with a numberi ∈ {1, . . . , N} in
consecutive order. Takexi ∈ ΛL to be the position of thei-th particle. We tag the particle
i = 1, i.e. we choose a reference frame withx1 = 0, leading tox1 < . . . < xN . This
order is preserved, since the particles cannot pass each other. Every particlei in the ASEP
is regarded as a lattice site of the ZRP, whose occupation numberη(i) is determined by the
number of empty sites to the right of the ASEP particle. So the ZRP is defined on the lattice
ΛN = Z/NZ withL−N particles and the configurations are mapped viaη(i) = xi+1−xi−1.
In the ASEP particles jump to the right with ratep (2.35), corresponding to a jump of an
empty site to the left. So the choiceg = (p + q), p(1) = q/(p + q) andp(−1) = p/(p + q)
in the ZRP maps the dynamics of both processes, which is illustrated in Figure2.4. So the
ASEP can be described in terms of the particle distances by a particular ZRP with nearest
neighbor jumps. Since the ZRP has stationary product measures with fugacitiesφ < φc = g
this mapping can be used to find the stationary distribution of particle distances for the ASEP.
As the above mapping works also for more general exclusion processes, it can be useful in
situations where the stationary measure is not known.

First we would like to apply the mapping on the infinite latticeΛ = Z. If the particle
positionsxi ∈ Z are not bounded above or below the ZRP is also defined onZ. If the xi are
bounded below, i.e. there is a first particle with position tagged tox1 = 0, the corresponding
ZRP is defined on the semi-infinite latticeΛ = Z+. To fix ideas we takep > q, so the
ASEP particles are driven to the right. For simplicity we assumep + q = 1 without loss
of generality. Then the blocking measures for the ASEP described in (2.43) correspond
to a stationary product measurēν for the ZRP given in (2.72) with boundary conditions
φ0 = p + q = 1 andlimx→∞ φx = 0. The solution to (2.64) in this case isφx = (q/p)x and
the density is given byρ(x) = (q/p)x/

(
1−(q/p)x

)
. We have

∑
x∈Z+ ρ(x) <∞ for all q < p

since the ZRP particles are driven to the left out of the system. The one-point marginals of
ν̄ decay exponentially (cf. (2.72)), so there are only finitely many particles in the ZRP with
probability one, corresponding to finitely many empty sites between the ASEP particles in a
blocking configuration.
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The mapping also works, when each particlei in the ASEP has individual jump ratespi to
the right and qi to the left. In the ZRP this leads to site dependent jump rates
gi(k) = Θ(k)(pi + qi+1) and jump probabilitiesp(i, i + y) = qi+1 δy,1 + pi δy,−1 which
are not translation invariant. On a periodic lattice, the analogue to (2.64),

∑
|y|≤1

p(i− y, i)φi−y − φi = 0 for all i ∈ {1, . . . , N} , (2.74)

has constant solutionsφx ≡ φ if and only if p is doubly stochastic. This is equivalent to
pi−1qi+2 = pi+1qi for all i, which is fulfilled for example in the totally asymmetric case where
qi = 0 for all i. Then the stationary measure of the ZRP still has simple product structure
with site dependent jump ratesgi, as discussed at the end of the previous subsection. This
mapping was used in [91] to study phase transitions for a disordered ASEP on a periodic
lattice, where thepi are quenched random variables. In [17] the caseqi 6= 0 with pi + qi = 1
for all i was studied onΛ = Z, involving a non-constant solution of (2.74). We give more
details on this phase transition in Section2.3.4.

Note that there exists a similar mapping in the theory of reaction-diffusion models,
stochastic particle systems without conserved bulk dynamics. Under certain conditions on
the transition rates, one has closed equations for the time evolution of the size distribution of
empty intervals between particles. This is known as empty interval method or interparticle
distribution function method, described in [106, 81] and references therein.

2.3.4 Condensation transitions

Condensation transitions in the ZRP have been studied the first time in the context of phase
transitions in exclusion models with particle-wise disorder. The particles move at individ-
ual random rates with a common drift direction on a one-dimensional lattice with periodic
boundary conditions. Since particles cannot overtake, the one with the slowest drift can
cause an obstruction. This is not the case as long as the particle density exceeds a critical
value,ρ > ρ∗, because for high densities the mobility of all particles is reduced anyway due
to the exclusion interaction. In this laminar phase, disorder causes only local perturbations
and on a macroscopic scale the stationary distribution looks uniform with a product distribu-
tion for interparticle distances. For small densities particles can move almost freely, and if
ρ < ρ∗ they pile up behind the slowest particle, which has macroscopic region of empty sites
ahead. In this jammed phase, disorder causes a global effect and the interparticle distances
have a stationary distribution which is not of product form. This result was obtained in [91]
for the disordered totally asymmetric exclusion process and in [17] for partial asymmetry
by calculating the stationary distribution of interparticle distances. Due to the mapping ex-
plained in Section2.3.3this is given by the stationary distribution of a corresponding zero
range process with site-wise disorder. An independent analysis using the matrix product
ansatz (cf. Section2.2.2) is given in [39], where also the close relation to the corresponding
condensation transition is pointed out.
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On the level of the ZRP, the mechanism is the following. There are invariant product
measures̄νφ as given in (2.65) for φ < φc = mini φc(i), the critical fugacity for the slowest
site. These measures have the densityR(φ) = 〈Ri(φ)〉i averaged over the quenched distribu-
tionP (i) of site-wise disorder. Depending on the form of this distribution,ρc = R(φc) <∞
is possible, defining the critical density for the ZRP. Forρ > ρc the product measurēνφ is no
longer well defined and an extensive fraction of particles piles up on the slowest site, forming
a condensate. In the ASEP this corresponds to the free headway of the slowest particle in the
jammed phase. The critical densities in both models are related viaρ∗ = 1/(1 + ρc) since
the ZRP describes the interparticle distances of the ASEP. In the laminar phase the particle
density in the ZRP is belowρc, resulting in product invariant measures. For a review on
phase transitions in disordered exclusion models see [40, 90]. The hydrodynamics of this
phenomenon has been studied in [126].

The analysis of condensation transitions in the ZRP is an interesting topic on its own and
the above transition is closely related to Bose-Einstein condensation. A similar phenomenon
can occur also for translation invariant systems which does not have a corresponding equiva-
lent in finite range exclusion processes. The statics and dynamics of this type of condensation
are studied in detail in Chapters5 and6.



Chapter 3

Boundary induced phase transitions
and the effective density

3.1 Introduction

Stationary properties of nonequilibrium lattice gases with open boundaries are the result of
an interplay between bulk and boundary effects. In Section2.2.3it is demonstrated that this
behavior can be understood by analyzing the motion and stability of domain walls. This leads
to the conjecture of an extremal principle for the stationary current (2.51), that characterizes
bulk properties of the stationary measure for large system sizes. In this way it is possible
to deduce the phase diagram of the model from the current-density relation of the process
(2.23). One key ingredient for the extremal principle is that the effect of any boundary
mechanism on the stationary bulk properties of an exclusion model can be summarized in a
single variable, the effective boundary densityρeff ∈ [0, 1]. So apart from differences in the
boundary region, the stationary system should behave as if it was coupled to reservoirs, for
which there is only one degree of freedom, the density. In these effective variables the phase
diagram is supposed to be independent of the particular boundary mechanism and is simply
determined by the bulk dynamics that enter the current-density relation. The only rigorous
results on the validity of this conjecture are given in [5, 22, 104] by the exact calculation of
stationary measures for the partially asymmetric simple exclusion process. For independent
injection and exit rates at the boundaries, the bulk properties of the stationary measures are
found to be identical to reservoir coupling with an effective density (see Section3.4.2). For
more general models, the existence of an effective boundary density is still an open question,
for which we present some progress in the forthcoming chapter.

In general, we expectρeff to be the result of boundary as well as bulk properties of the
system. The right context to isolate this interplay and study it for generalized boundary
mechanisms is a semi-infinite system with only one boundary. This excludes for exam-
ple boundary induced phase separation, and the boundary of a semi-infinite system always
selects a pure phase of the bulk dynamics. In [7] it is suggested thatρeff is given by the sta-
tionary bulk density of such a semi-infinite system. As we see in the next section, this has to
be further specified and only makes sense in a certain region of the phase diagram, since the
stationary measure of a system with infinite state space and conservation law is not unique.

37
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In Section3.3 we define an effective boundary density and prove existence and uniqueness
for ASEP bulk dynamics and general boundary mechanisms. It turns out that in this case the
effects of boundary inhomogeneities remain localized in a finite region at the boundary, and
the effective densityρeff can be directly computed by solving the stationarity conditions for
a finite system. We illustrate this by using a toy model with a slightly generalized bound-
ary mechanism. This method seems to be restricted to bulk dynamics with nearest neighbor
hopping and stationary product measures. We shortly discuss these limitations towards the
end of this chapter, and propose a less explicit definition of the effective boundary density
for general bulk dynamics.

3.2 The semi-infinite ASEP

First we introduce the semi-infinite ASEP and characterize its stationary measures with a
simple boundary reservoir. To use the matrix product method in an efficient way we re-
strict ourselves to the totally asymmetric case, which highly reduces the complexity of the
calculations.

3.2.1 Stationary measures with the matrix product ansatz

In the following we consider the totally asymmetric simple exclusion process on the semi-
infinite latticeΛ = Z+ = {1, 2, . . .}. In the bulk particles jump to the right with rate1,

c(x, y,η) = η(x)
(
1− η(y)

)
δy,x+1 , (3.1)

and at the boundary they are injected with rateα ∈ R+, which corresponds to a reservoir of
densityα if α ≤ 1. Forα > 1 the system shows the same stationary behavior as forα = 1,
as we see below. The full generator is given by

Lf(η) =
∞∑

x=1

η(x)
(
1− η(x+ 1)

)[
f(ηx→x+1)− f(η)

]
+α
(
1− η(1)

)[
f(η0→1)− f(η)

]
. (3.2)

In contrast to systems with two boundaries the state spaceX = {0, 1}Z+
is infinite and

uniqueness of the stationary measure is no longer assured. In fact it was noticed in [97] that
there can be several asymptotic densities forx → ∞, summarized in the following ergodic
theorem:

Theorem 3.1 (Liggett) Letπ be a product measure onZ+ for whichρ = limx→∞
〈
η(x)

〉
π

exists. Forα = 0, ρ = 1 the additional assumption
∑∞

x=1

〈
1− η(x)

〉
π

= ∞ is required.

If α ≥ 1/2 then lim
t→∞

πS(t) =

{
µα

ρ , if ρ ≥ 1/2 (bulk dominated)
µα

1/2 , if ρ ≤ 1/2 (maximum current).

If α ≤ 1/2 then lim
t→∞

πS(t) =

{
µα

ρ , if ρ > 1− α (bulk dominated)
να , if ρ ≤ 1− α (boundary dominated).
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The stationary measures are asymptotically product with densityρ, i.e. lim
x→∞

τxµ
α
ρ = νρ de-

noted byµα
ρ ' νρ, andµα

α = να. The limits are understood in a weak sense with test functions
f ∈ C(X,R).

Proof. See [97], Theorem 1.8.

We summarize the statement of the theorem in a phase diagram for the ergodic behavior
in Figure3.1 (bottom right) on page44, where we plot the stationary bulk densityρ∞ as a
function ofα and the initial densityρ. In the boundary dominated phase the stationary bulk
densityρ∞ = α is determined by the boundary rate and the measures are product. They are
independent of the initial densityρ, which is also true in the maximum current phase with
ρ∞ = 1/2, whereas in the bulk dominated phaseρ∞ is equal to the initial densityρ. Note that
in contrast to systems with two boundaries the bulk extends to infinity in the semi-infinite
context. The bulk dominated measures are determined by the density of the bulk, whereas
the maximum current phase is a result of the bulk dynamics. This information can also be
obtained on a hydrodynamic level by analyzing the motion and stability of shocks as was
explained in Section2.2.3.

So far, the measures were only characterized asymptotically. In the following we derive
exact expressions for arbitrary correlation functions of the stationary measure using the ma-
trix product ansatz (MPA), which is shortly explained in Section2.2.2. Although a direct
application to infinite lattices is not possible, one can make the ansatz

W
(
η(1), . . . , η(L)

)
=
〈
w
∣∣ L∏

x=1

η(x)D + (1− η(x))E
∣∣v〉 (3.3)

for the weight of all finite cylinder configurations of lengthL ∈ Z+ (cf. [35]). With
these weights one can calculate any finite correlation function of the measure, which is thus
uniquely determined. The normalization for the above weights depends onL and is given by
Z(L) = 〈w|(D + E)L|v〉.

Theorem 3.2 Let the matricesD, E and the vectors〈w| and |v〉 fulfill the algebraic
relations

a) DE = c (D + E)

b) α〈w|E = c〈w|
c) (D + E)|v〉 = |v〉 . (3.4)

Then the measureµα
c defined by the above weights (3.3) is stationary for the process (3.2)

with boundary rateα if and only if

α < 1/2 , c ≤ α(1− α) or α ≥ 1/2 , c ∈ [0, 1/4] . (3.5)

The normalization isZ(L) = 〈w|v〉 = 1 for all L ∈ Z+ and the parameterc determines the
stationary current, i.e.

j =
〈
η(x)

(
1− η(x+1)

)〉
µα

c
= c for all x ∈ Λ . (3.6)

For c = α(1− α) the measure is product with constant densityα, i.e.µα
α(1−α) = να.
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Remark. Note that withD̂ = D/c and Ê = E/c the algebra (3.4) can be written as
D̂Ê = D̂ + Ê, α〈w|Ê = 〈w| andc(D̂ + Ê)|v〉 = |v〉. So in fact only the third relation
differs from the system with two boundaries, and the parameterc accounts for the freedom
in the asymptotic density, which is not fixed in the semi-infinite system. Thus we use the
same notationµα

c as in Theorem3.1, where it is clear thatc is not a density. The form
(3.4) of the algebra is more convenient, since the matching condition (3.4.c) removes the
L-dependence from the normalization.

In contrast to finite lattices, where it is obvious that the expressions (3.3) defining the
measure are positive (see e.g. [100], Section III.3), this has to be shown in our case. More-
over, it is only this positivity requirement that yields the constraints on the parametersc and
α given in (3.5), as can be seen in the following proof.

Proof. Due to (3.4.c) it is obvious that for everyL the normalization is given by
Z(L) = 〈w|(D + E)L|v〉 = 〈w|v〉 which can be chosen to1 by scaling the vectors〈w|
and |v〉 appropriately. Using (3.4.a) the stationary current (3.6) calculated at some bond
(x, x+ 1) is given by

j =
〈
w
∣∣(D+E)x−1DE

∣∣v〉 = c
〈
w
∣∣(D+E)x

∣∣v〉 = c . (3.7)

It is easy to see that there is a one-dimensional representation of (3.4) with matricesD = α
andE = 1− α if and only if c = α(1− α). In this case the measure is product with density〈
w
∣∣(D + E)x−1D

∣∣v〉 = α for all x ∈ Z+.
Next we show that with (3.4) the stationarity condition for the process (3.2) is fulfilled,

i.e.
〈
Lf
〉

µα
c

= 0 for any continuous cylinder functionf ∈ C0(X,R). The argument is kept
rather short, since it follows along standard lines given in [35]. Supposef concentrates on
sites{1, . . . , L}. Then using (3.2) for the generator and the shorthandη(x) = ηx for better
reading we have after a rearrangement of terms,

〈
Lf
〉

µα
c

=
∑

η

f(η)

{
L−1∑
x=1

[
(1− ηx) ηx+1 µ

α,L
c (ηx+1→x)− ηx (1− ηx+1)µ

α,L
c (η)

]
+
[
(1− ηL) ηL+1 µ

α,L+1
c

(
(η, ηL+1)

L+1→L
)
− ηL (1− ηL+1)µ

α,L+1
c

(
(η, ηL+1)

)]
+α
[
η1 µ

α,L
c (η1→0)− (1− η1)µ

α,L
c (η)

]}
, (3.8)

whereη denotes a configuration on{1, . . . , L} andµα,L
c the corresponding measure. For the

termx = L one site is added to the configurations and the measures with obvious notation.
Every configuration can be seen as a finite sequence of empty and occupied blocks. Sup-
poseη = E . . . E︸ ︷︷ ︸

τ1

D . . .D︸ ︷︷ ︸
τ2

. . . E . . . E︸ ︷︷ ︸
τn

consists ofn such blocks of lengthsτi, i = 1, . . . , n,

starting and ending with an empty block without restriction. We denote a configuration as
τ = (τi)i=1,...,n and at the boundary between a full blocki and an empty onei + 1 we can
apply the bulk rule (3.4.a) of the algebra to getτ = c(τ i + τ i+1). Hereτ i results fromτ
by deleting one site in blocki, and denotes a configuration in{0, 1}{1,...,L−1}. Noting that
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it has non-zero values only at the block boundaries, the sum overx in (3.8) is found to be
telescoping,

n−2∑
i=1

i odd

c
[(
µα,L−1

c (τ i) + µα,L−1
c (τ i+1)

)
−
(
µα,L−1

c (τ i+1) + µα,L−1
c (τ i+2)

)]
=

= c µα,L−1
c (τ 1)− c µα,L−1

c (τ n) . (3.9)

The remaining terms are exactly canceled by the boundary terms, which is easy to see by
applying (3.4.a) and (3.4.c) to the second, and (3.4.b) to the third line of (3.8). If the first or
last block ofη are different, the same argument works analogously. Thus for the sum overη
in (3.8) every term vanishes individually and it is

〈
Lf
〉

µα
c

= 0 for everyf ∈ C0(X,R).
It remains to show that the expressions are positive. With the rules (3.4) the probability

of any cylinder set can be directly transformed into a sum with terms of the form〈w|Dk|v〉,
k ∈ N, with positive prefactors. Thus it suffices to show that these terms are positive. They
can be calculated by using the recursion

〈w|Dk+2|v〉= 〈w|Dk+1(D + E)|v〉 − 〈w|DkDE|v〉 =

= 〈w|Dk+1|v〉 − c〈w|Dk|v〉 (3.10)

with initial values〈w|D0|v〉 = 1 and〈w|D|v〉 = 1 − c/α. The eigenvalues of this linear
recursion are given by

λ1,2 = 1/2±
√

1/4− c , (3.11)

which are real numbers if and only ifc ∈ [0, 1/4]. In principle the imaginary part could
be non-zero, corresponding to oscillating solutions which then have to become negative, as
a consequence of (3.10). But for obtaining a probability measure the solution has to be a
monotonic decreasing positive sequence. Forc < 1/4 it is given by

〈w|Dk|v〉 =
λ1 − c/α√

1− 4c
λk

1 −
λ2 − c/α√

1− 4c
λk

2 , (3.12)

which is positive if and only if the prefactor ofλk
1 > λk

2 is positive, i.e.αλ1 − c > 0. Since
c < 1/4 and thusλ1 > 1/2, this is equivalent to

α < 1/2 , c ≤ α(1− α) or α ≥ 1/2 , c ∈ [0, 1/4) . (3.13)

For c = 1/4 it is λ1 = λ2 = 1/2 and the solution to (3.10) is given by

〈w|Dk|v〉 =
(
1 +

α− 1/2

α
k
)
(1/2)k , (3.14)

which is positive if and only ifα ≥ 1/2. Thus in addition to (3.13) the measure is also well
defined forα ≥ 1/2, c = 1/4. 2
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3.2.2 Correlation functions and the phase diagram

Using the algebra (3.4) one can find recursion relations to calculate correlation functions.
In the following we demonstrate this for the density profileρ(x) =

〈
η(x)

〉
µα

c
(one-point

function) and analyze the asymptotic behavior of the profiles and higher order correlation
functions.

Corollary 3.3 The density profile forx ≥ 2 of the measureµα
c defined in Theorem3.2 is

given by

ρ(x) = cx
x∑

k=2

(k − 1)
(
2(x− 1)− k

)
!

(x− 1)! (x− k)!

[
λ1/λ

k
2 − λ2/λ

k
1

λ1 − λ2

−
( 1

α

)k
]
, (3.15)

for c < 1/4 and by

ρ(x) = (1/4)x

x∑
k=2

(k − 1)
(
2(x− 1)− k

)
!

(x− 1)! (x− k)!

[
(1 + k) 2k −

( 1

α

)k
]
. (3.16)

for c = 1/4. It is ρ(1) = 1− c/α andλ1 andλ2 are given in (3.11) as eigenvalues of a linear
recursion.

Proof. Using (3.4.c) and (3.4.b) we haveρ(1) = 〈w|D|v〉 = 1 − c/α. In general it is
ρ(x+ 1) = 〈w|CxD|v〉 and we use the relation

CxD =
x∑

k=1

k (2x− 1− k)!

x! (x− k)!

k∑
i=0

EiDk+1−i cx−k (3.17)

for all x ∈ Z+. This can be shown by induction using only the bulk relation (3.4.a), as it is
done in [32], relation (A.5). Multiplying with〈v|, |w〉 and using (3.4.b) we obtain

〈w|CxD|v〉 =
x∑

k=1

k (2x− 1− k)!

x! (x− k)!
cx−k

[
Qk+1 −

( c
α

)k+1]
, (3.18)

whereQk =
∑k

i=0

(
c
α

)i〈w|Dk−i|v〉. For the sumQk, k ∈ Z+ one can derive the same
recursion relation as (3.10), so that

Qk+2 = Qk+1 − cQk , with Q0 = Q1 = 1 . (3.19)

The solution is given in terms of the same eigenvaluesλ1,2 = 1/2 ±
√

1/4− c from (3.11)
and forc < 1/4 we have

Qk =
λ1

λ1 − λ2

λk
1 −

λ2

λ1 − λ2

λk
2 . (3.20)

Inserting this into (3.18) and usingλ1λ2 = c we get (3.15). Forc = 1/4 andλ1 = λ2 = 1/2
the solution isQk = (1 + k)(1/2)k leading to (3.16). 2
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Forx→∞ the density tends to a constant valueρ∞ with the asymptotic behavior

ρ(x) ' ρ∞ +B(α, c)x−β exp[−x/ξ] , (3.21)

for some constantB(α, c) ∈ R. The correlation lengthξ ∈ (0,∞] may be infinite and
characterizes the exponential part of the decay ofρ(x)−ρ∞. For long range correlations, i.e.
ξ = ∞, the approach to the asymptotic bulk densityρ∞ is given by a pure power law with
exponentβ ∈ R. The values of these parameters depend onα andc and can be computed
using the asymptotic form forx→∞ of the sum

x+1∑
k=2

(k − 1) (2x− k)!

x! (x+ 1− k)!
(1/z)k' 1√

π (2z − 1)2

4x

x3/2
for z > 1/2

' 2√
π

4x

x1/2
for z = 1/2

' (1− 2z)
( 1

z(1− z)

)x+1

for z < 1/2 . (3.22)

These relations can be found in [100], Lemma III.3.2.4 and were first given in [32]. Using
λ1 ≥ 1/2 andλ2 ≤ 1/2 one can determine the parameter values in (3.21) as a function ofα
andc. The bulk density is given by

ρ∞ =

{
α , for c = α(1− α)

λ1 = 1/2 +
√

1/4− c , for all other parameter values of(3.5) .
(3.23)

The values forξ andβ are summarized in the phase diagram in Figure3.1 (top), which
shows all stationary measures characterized byα andρ∞. The results are compatible with
Theorem3.1. and of course closely related to the phase diagram of the ASEP with two
boundaries, given in Section2.2.2. There one has a unique stationary measure which depends
on the two boundary variablesα andβ, while here we only have one boundary and the
set of existing stationary measures is indexed by the asymptotic bulk densityρ∞. Note
that forρ∞ = α (red) the measure is product everywhere and thus the density profiles are
flat. For the bulk dominated measures (blue) withρ∞ > α the profiles are increasing, i.e.
B(α, c) < 0, and decreasing forρ∞ < α. The current is always given byc = ρ∞(1 − ρ∞),
indicating that the measures are asymptotically product, which is proved below. We also
show the corresponding phase diagram where the measures are indexed by the currentj = c
in Figure3.1(bottom left), since it is the original parameter in Theorem3.2.

Using the recursion (3.10), higher order correlation functions can be easily calculated as
a function of the density. This is only interesting away from the line of product measures
whereρ∞ = λ1 and leads to

〈
η(x) . . . η(x+ k)

〉
µα

c
− ρk+1

∞ =


ρ(x)−ρ∞
2ρ∞−1

(
ρk+1
∞ −(1−ρ∞)k+1

)
, for j < 1/4(

2ρ(x)− 1
)
k(1/2)k+1 , for j = 1/4 .

(3.24)

So all truncated correlation functions with fixedk vanish forx → ∞ with the same asymp-
totic behavior as the density profileρ(x), and the measures are asymptotically product. Thus

µα
c ' νρ∞ for x→∞ , (3.25)

with ρ∞ defined in (3.23), recovering the result of Theorem3.1.
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Figure 3.1: Phase diagram for the semi-infinite ASEP.Top: The set of stationary measures
is given by the blue region and along the red line of product measures as a function of the
boundary rateα and the bulk densityρ∞. Values of the exponentβ and the correlation
lengthξ (3.21) are given in the various regions.Bottom left: Corresponding phase diagram
in terms of the currentj = ρ∞(1 − ρ∞). Bottom right: Ergodic behavior according to
Theorem3.1, giving the stationary bulk densityρ∞ as a function ofα and initial densityρ.
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3.3 Generalized boundary mechanisms

Following the exact solution of the semi-infinite TASEP with a simple reservoir boundary,
we now analyze the effect of a generalized boundary mechanism. For that purpose we con-
sider a toy model with a slightly more complicated injection mechanism, which serves as an
example throughout this section. Its generator is

Lf(η) =
∞∑

x=1

η(x)
(
1− η(x+ 1)

)[
f(ηx→x+1)− f(η)

]
+
(
1− η(1)

)[
α1η(2) + α2

(
1− η(2)

)][
f(η0→1)− f(η)

]
, (3.26)

so the entrance rate of particles at site one depends also on the occupation of site two, namely
it is α1 if site two is occupied andα2 if it is empty.

3.3.1 Matrix product ansatz for the toy model

The most direct way to see the effect of the above boundary mechanism on the stationary
measure would of course be an exact computation. As shown in [85], the stationary mea-
sures of any lattice gas with finite range interactions can be written in matrix product form.
Moreover, specific rules are given how to construct the algebra relations from the generator.
But of course the larger the interaction range, the more complicated are the algebraic rules.
Besides the matricesE andD, these relations contain 4 new unknown operatorsX00, X01,
X10 andX11 in our case, as a result of the next nearest neighbor interaction at the boundary.
Following [85], the relations for the boundary are given by

α2〈w|EE=−〈w|X10 α1〈w|ED = −〈w|X11

α2〈w|EE= 〈w|X00 α1〈w|ED = 〈w|X01 (3.27)

The new operators arising from the boundary interactions also change the bulk relations,

DEE=X01E − EX10 DED = X01D − EX11

DEE=DX00 −X10E DED = DX01 −X10D

X00E=EX00 , X11D = DX11 , X00D = EX01 , X11E = DX10 . (3.28)

This demonstrates that a priori the effects of the boundary mechanism might also effect
the bulk dynamics. For the original system there were only two unknown operators, which
one could choose to be real numbers,X0 = −X1 = c (cf. Section3.2 and [32]). Here
the boundary relations (3.27) suggestX00 + X10 = 0 andX11 + X01 = 0, and moreover
X01 + X00 = c(D + E) from (3.28) by comparison with (3.4). Under these assumptions
the relation at the right boundary is given, as in (3.4), by (D + E)|v〉 = |v〉. To use these
matrix relations for a solution a representation ofX00 andX01 at least in terms ofE and
D is needed, which we could not identify. Simple choices like linear combinations led to
contradictions when the algebraic rules were applied in different order.

There have been several systematic approaches (see e.g. [73, 111] or [5, 6]) concerning
the classification and representations of quadratic algebras, as they arise for nearest neighbor
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interactions. But the above algebra contains a product of three operators and the methods
that have been used so far to find representations for such algebras are more improvised
rather than systematic [85] and work only if the boundary rates are bulk compatible, i.e.
for coupling to a reservoir. In particular, so far there has been no exact solution with the
MPA for a system with a lattice inhomogeneity similar to our case. Some deeper systematic
understanding of the algebra structure analogous to the quadratic case seems to be necessary.
This is of course an intricate problem, but out of scope for this thesis since the MPA is only
used as a tool to determine stationary measures, which is the main interest here. To achieve
this, we pursue a different strategy in the following, which gives less complete results but in
a much more general context.

3.3.2 Product measures and the effective density

In this section we consider the ASEP with partial asymmetry onΛ = Z+ and show that
for any boundary mechanism with a finite range there exists a stationary measure, which is
product outside the boundary range. The density of this measure provides a properly defined
effective boundary densityρeff . In general the existence of such measures is restricted to
systems which have nearest neighbor hopping and stationary product measures in the bulk.
We discuss this point and a possible alternative definition for other models in Sections3.4.2
and3.5.

In the partially asymmetric simple exclusion process particles jump to the right with rate
p and to the left with rateq (cf. (2.35)). To fix ideas and avoid lengthy distinctions of cases
we takep > q for the rest of this section. The results can be used directly for the casep < q
with a particle-hole transformationη(x) → 1 − η(x). The bulk part of the generator of the
ASEP is given in (2.36) and the boundary mechanism should be of finite rangeR ∈ Z+,
where

η =
(
η(1), . . . , η(R)

)
−→ η′ =

(
η′(1), . . . , η′(R)

)
with ratedη,η′ . (3.29)

Note that all possible transitions are allowed, for example also simultaneous movement of
particles. On top of that, particles in{1, . . . , R} are subject to the bulk dynamics. In this
description, the toy model (3.26) corresponds toR = 2 with d(0,1),(1,1) = α1, d(0,0),(1,0) = α2

anddη,η′ = 0 otherwise.
Now consider the same process restricted to the boundary rangeΛR = {1, . . . , R}, cou-

pled to a reservoir with densityρr ∈ [0, 1] at the right boundary. The boundary part of the
generator for this finite process is thus given by

Lbf(η) =
∑
η′

dη,η′
[
f(η′)− f(η)

]
+[

p η(R)(1− ρr) + q
(
1− η(R)

)
ρr

][
f(ηR↔R+1)− f(η)

]
. (3.30)

Due to the finite state space the process has a unique stationary measureµ
dη,η′
ρr for every

ρr ∈ [0, 1]. In the following we fix the left boundary mechanismdη,η′ and denote the measure
by µρr . We consider the density at siteR as a function ofρr, writing simply

ρ(ρr) =
〈
η(R)

〉
µρr

. (3.31)
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The boundary ratesdη,η′ should be non-degenerate such that the process onΛR is irreducible
for everyρr ∈ [0, 1], to guarantee uniqueness of the measure. Possible problems can arise
through absorbing states forρr ∈ {0, 1} and total asymmetry, but these cases can be iden-
tified and treated easily for specific systems (cf. the example in the next subsection), so we
exclude them from the general considerations.

Theorem 3.4 If there exists a fixed pointρ∗ = ρ(ρ∗) ∈ [0, 1] of (3.31), the process on
Λ = Z+ has a stationary measure which is of product form with densityρ∗ for all x ≥ R.
For every non-degenerate boundary mechanism, there exist at least one and at most two such
fixed points. In the second case one of them isρ∗ = 1 (ρ∗ = 0 for p < q) and corresponds to
fully occupied configurations with zero current.

This suggests the following definition of the effective boundary density, which we also for-
mulate for negative drift.

Definition. For every non-degenerate boundary mechanismdη,η′ we define theeffective
boundary densityρeff to be the unique fixed pointρ∗ ∈ (0, 1) of Theorem3.4. If the latter
does not exist it isρeff = 0, 1 depending on the drift, i.e.

ρeff =


ρ∗ , if ρ∗ = ρ(ρ∗) ∈ (0, 1) exists,
1
0
, otherwise if

p > q
p < q

.
(3.32)

Remark. Note that this is not only an abstract definition ofρeff , but gives also the recipe
to compute it explicitly. Since the state spaceXR = {0, 1}{1,...,R} of the model used for its
definition is finite,|XR| = 2R, the stationarity relations can be solved explicitly. The com-
plexity of this calculation depends of course on the rangeR of the boundary mechanism, but
for smallR this is straightforward, as is illustrated in the next subsection.

Proof of Theorem 3.4. Let µρ∗ be a stationary measure withρ(ρ∗) = ρ∗ of the finite pro-
cess. We extend this measure toZ+ in the following sense. Letηx1,...,xk

=
(
η(x1), . . . , η(xk)

)
be any cylinder configuration based on sitesx1, . . . , xk ∈ Z+ with x1, . . . , xl ≤ R and
xl+1, . . . , xk > R for somel ∈ {0, . . . , k}. Then we define

µ
(
ηx1,...,xk

)
= µρ∗

(
ηx1,...,xl

) k∏
i=l+1

ν1
ρ∗

(
η(xi)

)
. (3.33)

Sinceνρ∗ is stationary for the bulk dynamics of the process andρ(ρ∗) = ρ∗ with matching
currentj = (p− q)ρ∗(1− ρ∗), it is evident that this product continuation ofµρ∗ is stationary
for the process onZ+.

Fix some non-degenerate boundary ratesdη,η′. For the process onΛR, the stationary
current as a function ofρr is given by

j(ρr) = p ρ(ρr)
(
1− ρr

)
− q

(
1− ρ(ρr)

)
ρr . (3.34)
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Note that althoughp > q, the current of the finite system onΛR can still be negative as
an effect of the left boundary mechanism, spanning the whole system. In case of a fixed
point ρr = ρ∗, (3.34) reduces to the current density relation for the ASEP given in (2.40),
j∗(ρ∗) = (p− q)ρ∗(1− ρ∗) ≥ 0. Thus fixed points are characterized by the intersection
points ofj andj∗. With (3.34) we have

j(0) = p ρ(0) > 0 = j∗(0) and j(1) = −q
(
1− ρ(1)

)
≤ 0 = j∗(1) , (3.35)

where positivity ofj(0) is ensured, since the boundary is supposed to be non-degenerate.
Sincej(ρr) is continuous for a finite system, there is at least on fixed pointρ∗ ∈ (0, 1].

Now we assume that there are two fixed pointsρ∗ 6= ρ∗∗ ∈ (0, 1) for some boundary
ratesdη,η′. Then one can construct a corresponding mechanism for the right boundary with
the same effective densities by using that the bulk dynamics is particle hole symmetric under
space inversion. Consider the process with these boundary mechanisms on a finite latticeΛL

with L > 2R. Due to non-degeneracy ofdη,η′ it is irreducible and has a unique stationary
measure. This is in contradiction toρ∗ 6= ρ∗∗, yielding two different stationary measures.2

At this point the reader might have a look at Figure3.3 where the fixed point relations for
the toy model (3.26) are plotted, illustrating the arguments in the proof and the discussion
below. For partial asymmetry in the bulk withp > q > 0 and for the boundary mechanism
it is ρ(1) < 1 and with (3.35) we haveρeff ∈ (0, 1). The extreme valuesρeff ∈ {0, 1} only
occur in the case of total asymmetry of the boundary ratesdη,η′ or the bulk rates or in case of
other degeneracies as a result of zero rates. This leads to the question if models with totally
asymmetric bulk or boundary rates can have effective boundary densitiesρeff ∈ (0, 1). The
answer is part of the next proposition that specifies the range of the effective densities under
variation of the boundary rates.

Proposition 3.5 Consider a fixed collection of allowed transitions in the boundary region
ΛR, denoted by the set of pairsB = {(η,η′)}. Soρeff : [0,∞)|B| → [0, 1] as defined in
(3.32) can be regarded as a function of the corresponding rates

(
dη,η′

)
(η,η′)∈B

and we take

ρeff
∗ = sup ρeff to be the supremum on[0,∞)|B|. Then for everyρ ∈ [0, ρeff

∗) there exists
a set of rates

(
dη,η′

)
(η,η′)∈B

such thatρeff = ρ. If the setB is non-degenerate, in the sense
that particles should be allowed to enter the system, we haveρeff

∗ > 0.

Remark. In particular this ensures the existence of non-degenerate effective densities for
every boundary mechanism as long as particles are allowed to enter the system, which is of
course a minimal requirement. In fact, for most ‘reasonable’ systems the boundary mecha-
nism has full range, i.e.ρeff

∗ = 1. But there are also counterexamples, for instance in [63]
where part of the generic phase diagram is not accessible due to degeneracies in the deter-
ministic bulk dynamics. An analogous result can be formulated if the allowed rates only vary
on a connected subset of[0,∞)|B| with non-zero volume.

Proof. We keep the notation of the proof of Theorem3.4. The key point is that due to
the finite system sizej(ρr) andρ(ρr) and thus alsoρeff as defined in (3.32) are continuous
functions ofρr and the boundary rates

(
dη,η′

)
(η,η′)∈B

. If those vanish altogether it is clearly
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Figure 3.2: The coupling used in the proof of Proposition3.6.

j(ρr) = 0 for all ρr ∈ [0, 1] and alsoρeff = 0. If particle injection is allowed, take the
ratedi for this process positive (but small) and all other rates equal to zero. Then we have
j(0) > 0 = j∗(0) but if di is small enough, the maximum of the currentj (a continuous
function of di) is still smaller than the maximum of the fixed point currentj∗. The latter
depends only on the bulk ratesp andq and is given by(p − q)/4 at ρr = 1/2. So there has
to be a fixed point in(0, 1/2) and thusρeff

∗ > 0. The existence of intermediate fixed points
ρeff ∈ (0, ρeff

∗) follows by continuity ofρeff as a function of the boundary rates. 2

3.3.3 The bulk dominated phase

So far we only showed that there exist measures which are product outside the range of
the boundary mechanism, i.e. we identified a set of product measures which is equivalent
to the red line in Figure3.1 (top). We still have to show the existence of the bulk domi-
nated measures (blue region in Figure3.1) for ρeff > 1/2 and that in this case the boundary
can still be described by an effective density. Heuristically this is clear, since in this phase
the characteristic velocity of the bulk given byj′(ρ) is negative and therefore the boundary
mechanism causes only perturbations which decay forx→∞. But in contrast to the bound-
ary dominated phase, we expect that the effect of generalized boundary mechanisms is not
restricted to a finite region and that the effective description of the boundary can only be
valid asymptotically.

Proposition 3.6 For every boundary mechanismdη,η′ and all ρ ∈ [1/2, 1] there exists a
stationary measureµdη,η′ of the semi-infinite ASEP which is asymptotically dominated from
above by the product measureνρ.

Proof. The proof uses the coupling method explained in the AppendixA.3. The process
of interest with generalized boundary ratesdη,η′ of rangeR on the latticeΛ = Z+ is called
processA in the following. We couple it with processB, the usual semi-infinite ASEP as
defined in (3.2) with left boundary reservoir of density1, defined on the latticeZ+\ΛR =
{R + 1, R + 2, . . .}. Its generator is given by

Lf(η) =
∞∑

x=R+1

[
p η(x)

(
1− η(x+ 1)

)
+ q

(
1− η(x)

)
η(x)

][
f(ηx↔x+1)− f(η)

]
+p
(
1− η(R + 1)

)[
f(ηR→R+1)− f(η)

]
. (3.36)

We know from Theorem3.1 that this process has stationary measuresµ1
ρ ' νρ, which are

asymptotic product measures with densitiesρ ∈ [1/2, 1]. We use the basic coupling for
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which the bulk jump rates are given in (A.5) in AppendixA.3. The boundary of the coupled
process is given by the bond(R,R + 1), where we have the rates

A

B

1 0

×
p→ 0 1

1

× 1

0

p→ × 1

1

0 0

0

p→ 0 0

1

0 1

×
q→ 1 0

×
. (3.37)

In each case the wildcard× can be either0 or 1 without changing the corresponding rate. In
the region{1, . . . , R} the processA evolves according to its definition independent of pro-
cessB. This situation is illustrated in Figure3.2. From (3.37) it is clear that both marginal
processes are Markovian with the same jump rates as processA andB respectively. It is also
obvious that only discrepancies of the type0

1
can be created at the boundary. Take the initial

measureπ for the coupled process to have the marginalπB = µ1
ρ, which is stationary for the

B process for someρ ∈ [1/2, 1], andπA ≤ πB on x > R. Thus the configuration of the A
process is dominated byηA

t ≤ ηB
t onZ+\ΛR for all timest ≥ 0 and the stationary measure

of the coupled process concentrates on such configurations. With TheoremA.4 there exists
a stationary measure of processA with µdη,η′ ≤ µ1

ρ onx > R. The statement of the theorem
follows, sinceµ1

ρ ' νρ for x→∞ with Theorem3.1. 2

This is general statement ensures the existence of at least one stationary measure which
is dominated byν1/2, independent of the boundary ratesdη,η′. Dominating the measures
from below in a suitable range ofρeff would show that they are asymptotically product and
exist for every density in that range. Thus one would have to prove the following conjecture.

Conjecture. For everyρ ∈ (1 − ρeff , 1] there exists a stationary measure which is asymp-
totically dominated from below by a product measureνρ.

We are not able to prove this in general, but one can try to show this for specific systems
using coupling arguments similar to the one above. This is done below for the toy model
(3.26) in Proposition3.7. Another strategy might be to show a law of large numbers for the
time evolution of initial shock measures as it was done for translation invariant systems (see
[100], Section III.2 and references therein).

3.4 Applications

3.4.1 The toy model

For the toy model defined in (3.26) the range of the boundary dynamics isR = 2 and we
have total asymmetryp = 1, q = 0. On the finite latticeΛ = {1, 2} coupled to a right
reservoir of densityρr one has to solve the following2R = 4 relations, resulting from the
stationarity condition〈Lf〉µρr

= 0 and the normalization,

µρr(0, 0)α2 =µρr(0, 1) (1− ρr)

µρr(1, 0) =µρr(0, 0)α2 + µρr(1, 1)(1− ρr)

µρr(1, 1) (1− ρr) =µρr(0, 1)α1

1 =µρr(0, 0) + µρr(1, 0) + µρr(0, 1) + µρr(1, 1) . (3.38)



3.4. Applications 51

0 0.2 0.4 0.6 0.8 1
Ρr

0.2

0.4

0.6

0.8

1

Ρ

Ρeff =0.18

Ρeff =0.55

Ρeff =1

Α1 =1, Α2 =0.1

Α1 =0.1
Α2 =1

Α1 =0.1, Α2 =20
Α1 =20, Α2 =0.1

Ρeff =0.18 Ρeff =0.55 Ρeff =1

Ρr

0.1

0.2

0.3

0.4

0.5

j

Α1 =1, Α2 =0.1

Α1 =0.1
Α2 =1

Α1 =0.1, Α2 =20
Α1 =20, Α2 =0.1

Figure 3.3: Fixed point relation for the toy model.Left: ρ(ρr) as given in (3.31) for several
values ofα1 andα2. Right: Corresponding relation for the stationary current (3.34), as used
in the proof of Theorem3.4.

A straightforward calculation leads to

ρ2(ρr) = µρr(0, 1) + µρr(1, 1) =
α2(1 + α1 − ρr)

(1− ρr)2 + α2(1 + α1 − ρr)(2− ρr)
. (3.39)

The effective boundary density is determined by the fixed points of this equation,

ρeff =

{
(1 + α1)α2/(1 + α2) , for α1α2 < 1

1 , for α1α2 ≥ 1
. (3.40)

This is illustrated in Figure3.3 (left), where the fixed point relation (3.39) and the effective
densities are plotted for several values ofα1 andα2. The fixed points correspond to inter-
sections of the currentj(ρr) = ρ2(ρr)(1− ρr) with j∗ = ρr(1− ρr), which are both plotted
in Figure3.3 (right) to illustrate the argument in the proof of Theorem3.4. Due to the total
asymmetry of the model,j(ρr) is nonnegative and the fixed pointρ(1) = 1 exists for anyα1,
α2 corresponding to the fully occupied configuration as an absorbing state. Non-degenerate
fixed points only exist forα1α2 < 1.

For α1 = α2 = α we haveρeff = α ∧ 1, with ∧ denoting the miminum, so (3.40) is
of course compatible with the results of Section3.2. Another special case isα2 = 0, for
which the empty configuration is an absorbing state independent ofα1 andρr, which is due
to the total asymmetry of the bulk. As soon as the first two lattice sites are empty, which
happens with probability one during time evolution, no particle can enter the system any
more. Thus the system is degenerate in the sense of Section3.3.2and for everyα1 there are
two absorbing states with density0 and1.

Forα1 = 0 the situation is different. We haveρeff = α2/(1 + α2) < 1 and the system
can be solved exactly on the latticeZ+. Whenever a particle enters site1 with rateα2, site2
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Figure 3.4: Exactly known stationary measures of the toy model, characterized by the bulk
densityρ∞. The red surface represents the measures which are product forx ≥ 2 with
densityρeff = (1+α1)α2/(1+α2). The model is exactly solvable forα1 = 0, α2 = 0 and
α1 = α2 and the corresponding bulk dominated measures are shown in blue.

is empty and it jumps there with rate1 independent of the system configuration on the rest
of Z+. So the arrival process of particles at site2 is independent and Poisson with effective
rate(1/α2 + 1/1)−1 = α2/(1 + α2). In this case the toy model is equivalent to an effective
model onΛ = {2, 3, . . .} with boundary densityρeff even on the level of the dynamics. In
particular this implies of course that all stationary measures are exactly identical to the ones
computed in Section3.2 in terms of the effective rate. This can be seen in theα1 = 0 plane
in Figure 3.4, where we plot all stationary measures that are known exactly in the phase
diagram of the toy model.

To show existence of other bulk dominated measures with asymptotic densityρ∞ we
have to find measures asymptotically equal toνρ∞ that dominate the process from below,
since domination from above is given by Proposition3.6. This can be done by coupling the
general process to one of the exactly solvable cases mentioned above. This is enough in
order to obtain all expected measures at least forα1 ∧ α2 ≥ 1/2.

Proposition 3.7 For α1 6= α2 the process (3.26) has stationary measures which are asymp-
totic product with densities

ρ∞ ≥ 1/2 if α1 ∧ α2 ≥ 1/2 and ρ∞ > 1− α1 ∧ α2 if α1 ∧ α2 < 1/2. (3.41)
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Proof. We couple the processA with boundary ratesα1, α2 to processB with simple
boundary rateα1 ∧ α2, which was solved exactly in Section3.2. For the basic coupling the
bulk rates are given in (A.5) and forα2 > α1 the boundary rates at sitesx = 1, 2 are
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1

×
×
, (3.42)

where× denotes0 or 1. In the caseα1 > α2 the rates can be specified analogously. Starting
the coupled process with a configurationηA

0 = ηB
0 leads toηA

t ≥ ηB
t for all timest > 0 as

a simple consequence of the coupled boundary rates. For the initial measure of processB
we can take any stationary measureµα1∧α2

ρ∞ from Section3.2with asymptotic densitiesρ∞ as
given in (3.41). Thus for every such density there exists a stationary measure of processA
which is asymptotically dominated from below byνρ∞ . Together with Proposition3.6 this
proves the statement. 2

The above coupling argument can be generalized to other systems as long as there are exactly
solvable cases with special rates. For our particular model one could still slightly improve
the statement forα1 ∧ α2 < 1/2, by distinguishing various cases. But the full phase dia-
gram cannot be derived without some deeper insight. A possible strategy for this has been
mentioned at the end of the previous subsection.

3.4.2 Other applications and limitations

First we would like to apply the above results to the partially asymmetric simple exclusion
process on the latticeΛ = Z+, where particles jump with ratep to the right and with rateq
to the left. At site1 particles enter with rateα and exit with rateβ,

Lf(η) =
∞∑

x=1

[
pη(x)(1− η(x+ 1)) + q(1− η(x))η(x+ 1)

][
f(ηx↔x+1)− f(η)

]
+
[
α(1− η(1)) + βη(1)

][
f(η0↔1)− f(η)

]
. (3.43)

If these rates are related such thatα = pρl, β = q(1 − ρl), this corresponds to the coupling
to a reservoir of densityρl ∈ [0, 1]. But in general the boundary rates can be chosen inde-
pendently with range[0,∞) and in this case the effective boundary density is a nontrivial
function ofα, β, p andq. This is of course already known through the exact solution of
this model via the MPA which is, however, rather involved and was addressed in a series of
publications listed in Section2.2.2. Using Theorem3.4 we obtain the existence of station-
ary product measures onZ+, since the range of the boundary mechanism isR = 1. To get
ρeff one has to solve a single site system coupled to a reservoir with densityρr at the right
boundary,

µρr(1)
(
β + p(1− ρr)

)
= µρr(0)

(
α+ qρr

)
, µρr(0) + µρr(1) = 1 . (3.44)
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This leads to

ρeff =
α+ β + p− q −

√
(α+ β + p− q)2 − 4α(p− q)

2(p− q)
, (3.45)

recovering the previous results. The same could be done for a toy model with partial asym-
metry, but the formulas become long and the qualitative behavior is the same as for the totally
asymmetric case, so we skip this discussion.

Although applicable for any kind of boundary mechanism the method is restricted to sys-
tems with nearest neighbor bulk dynamics that have stationary product measures. If either
of the two conditions is violated, the effect of the boundary mechanism is in general not lo-
calized in a finite region and the ansatz does not work. We demonstrate this for two models
with more general bulk dynamics, which have been analyzed in the context of boundary in-
duced phase transitions. They include three site interactions with a generalized fundamental
diagram, as mentioned in Section2.2.3.

First we consider a modification of the toy model where the jump rates in the bulk also
depend on the occupation of the second site to the right, just as the boundary rates. The bulk
generator is

Lvf(η) =
∑
x∈Λ

p1η(x)
(
1− η(x+ 1)

)
η(x+ 2)

[
f(ηx→x+1)− f(η)

]
+p2η(x)

(
1− η(x+ 1)

)(
1− η(x+ 2)

)[
f(ηx→x+1)− f(η)

]
, (3.46)

with ratesp1, p2 ∈ R+. This is a special case of the KLS model introduced in [80], where
it was shown that on a periodic lattice for every densityρ ∈ [0, 1] there exists a stationary
measure which is in general non-product. In [7] the model was studied with open boundaries
in the context of boundary induced phase transitions and a solution in terms of the MPA was
given in [85]. In both cases the boundary ratesα1, α2 are chosen such that they correspond to
a bulk like reservoir, leading to a translation invariant stationary measure. For other choices
of the boundary rates, the stationary statistics of the first lattice site is certainly changed. But
since the measure is not product this effect is not localized in a finite region but decays only
asymptotically.

In the next model we would like to mention, a particle can also hop two sites to the right
if both sites ahead are empty. The bulk dynamics is given by the generator

Lvf(η) =
∑
x∈Λ

p1η(x)
(
1− η(x+ 1)

)[
f(ηx→x+1)− f(η)

]
+p2η(x)

(
1− η(x+ 1)

)(
1− η(x+ 2)

)[
f(ηx→x+2)− f(η)

]
(3.47)

with ratesp1, p2 ∈ R+. On a periodic lattice this process has stationary product measures for
all densitiesρ ∈ [0, 1] with currentj(ρ) = ρ(1−ρ)[p1 +2p2(1−ρ)] as shown in [85]. It was
also found that these product measures remain for the open system, if the boundary rates

|0, . . .→ |1, . . . with α1 and |0, 0, . . .→ |0, 1, . . . with α2 , (3.48)

are chosen asα1 = ρlp2(p1/p2 + 1− ρl), α2 = ρlp2, corresponding to a reservoir of density
ρl. Using the ansatz of Theorem3.4for the semi-infinite system with generalα1 andα2 there
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are now two matching conditions that have to be fulfilled, due to the next nearest neighbor
jumps. The extra relation

〈
η(1)(1 − η(2))

〉
µρr

= ρr(1 − ρr) imposes a condition on the
system parameters, which turns out to be exactly the condition for the coupling to a reservoir
given above. But in this case the existence of product measures with densityρl is a priori
clear and moreover, the system can be solved exactly.

3.5 Discussion

As a result of the last section, the definition of the effective boundary density given in Sec-
tion 3.3.2is limited to systems with nearest neighbor bulk dynamics and stationary product
measures. However the analysis of this chapter suggests an alternative for general lattice
gases which is, roughly speaking, the asymptotic density of the boundary dominated mea-
sures. We shortly specify this idea more precisely in the following using non-rigorous argu-
ments, which are inspired by the well established theory for the corresponding hydrodynamic
equation.

We consider lattice gases that have translation invariant stationary measures for every
density, i.e. for allρ ∈ [0, 1] in case of exclusion models. This excludes systems with bulk
phase transitions that are studied in Chapters5 and6, since our focus here is on boundary
induced phenomena. For such systems there exists a well defined current-density relation
j(ρ), which is generically (at least) aC1-function, except for degenerate cases involving for
example some zero rates, which we want to exclude. Then it is natural to define

Ml =
{
ρ
∣∣ j′(ρ) > 0

}
and Mr =

{
ρ
∣∣ j′(ρ) < 0

}
(3.49)

to be the set of densities which are accessible by the left and right boundary respectively,
sincej′ determines the characteristic velocity of density fluctuations. This means that for all
ρ ∈ Ml there exists a translation invariant, boundary dominated stationary measure of the
semi-infinite process coupled to a reservoir with densityρ. For a general boundary mecha-
nism fix an initial distribution with densityρ ∈ Ml, for simplicity we just take the product
measureνρ. This determines a unique stationary measure with some asymptotic densityρ∞
as a function ofρ. Take

M∗
l =

{
lim

x→∞
lim
t→∞

〈η(x)〉νρS(t)︸ ︷︷ ︸
ρ∞(ρ)

∣∣ ρ ∈Ml

}
(3.50)

to be the set of all possibleρ∞, under variation of the initial densityρ. It is M∗
l ⊂ M l since

densities inMr are not accessible from the initial condition. MoreoverM∗
l andMl have at

most one value in common, defining the effective boundary density, i.e.

M∗
l ∩Ml 6= ∅ ⇒ M∗

l ∩Ml = {ρeff }. (3.51)

On the other hand ifM∗
l ∩Ml = ∅ there is in general no well defined effective density for

the boundary mechanism under consideration. In this case one can only identify one of the
intervalsI ⊂ [0, 1]\Ml via

∣∣I ∩ (M∗
l ∪ {1}

)∣∣ = 2. This characterization is unique since
for all other intervalsJ ⊂ [0, 1]\Ml it is

∣∣J ∩ (M∗
l ∪ {1}

)∣∣ ≤ 1. The interpretation is that
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Figure 3.5: Definition of the effective boundary densityρeff for the KLS model intro-
duced in Section2.2.3, using the fundamental diagram.ρeff is well defined inMl (left) and
arbitrary inMr (right).

for initial densitiesρ ∈ Ml the system evolves towardsI as far as possible, no matter ifρ is
larger or smaller than the densities inI. These ideas are illustrated in Figure3.5for the KLS
model introduced in Section2.2.3. All choicesρeff ∈ I lead to asymptotically equivalent
measures, which can also be seen directly in the phase diagram since it is independent of
the left boundary density in the intervalsI of [0, 1]\Ml (cf. Figure2.3 or 3.1). In general,
deviations of the real and the effective measure for finitex decay with the correlation length
of the system which is a pure bulk property and thus independent ofρeff .

However in special cases, there might be a certain generic choice ofρeff also outside
Ml, as for example in Section3.3.2 through the existence of stationary product measures
for ASEP type bulk dynamics. But it is important to note that in the bulk dominated phase,
these measures only exist for the special bulk densityρ∞ = ρeff (red line in Figure3.1). For
all other bulk dominated measures (blue region in Figure3.1) deviations due to a boundary
inhomogeneity decay asymptotically as explained above.

In contrast to the situation in Section3.3 the above generalization is of course a rather
academic definition, since the exact computation ofρeff still involves the solution of the
semi-infinite system. But the description can be used at least in simulations to numerically
determineρeff in an efficient way.



Chapter 4

Zero range processes with
several species of particles

4.1 Introduction

For one-component systems the analysis of the hydrodynamic limit equation led to the theory
of boundary induced phase transitions, which provides a general framework for a quantitative
description of the steady state selection in systems which are in contact with particle reser-
voirs (see Section2.2.3). In systems with more than one conserved quantity interesting new
phenomena have been found such as phase separation and spontaneous symmetry breaking
as explained in Section2.2.4, for a recent review see [125]. Again it is natural to ask for
principles governing steady state selection and the resulting phase diagram in systems with
many species of particles. The macroscopic behavior of such systems has been examined to
some extent only recently [110] and there are very few rigorous results [132, 133, 134].

In the next section we generalize the zero range process ton different types of particles.
The jump rategi of thei-th component depends on the occupation numbers of alln species at
a given site. It turns out, that for the process to have stationary product measures, the rates of
the different species cannot be chosen independently. In general these measures are nontriv-
ial and do not factorize with respect to the different components. Our goal is the derivation
of the hydrodynamic equations on the Euler scale (cf. Section2.1.4), which are given by
a system ofn conservation laws. For this purpose we use the relative entropy method of
Yau [141], which was previously applied to the one-component ZRP, summarized in [84],
Chapter 6. While directly applicable to the present case, this method has the disadvantage
of yielding the desired result only up to the first shock. So far we did not attempt to extend
our result to all times following the lines in [114]. The derivation is given in Section4.3,
where we also show that the system of conservation laws is hyperbolic and the thermody-
namic entropy of the stationary measure is a Lax entropy. This property follows from certain
reciprocity relations for the steady currents of the components. Such relations have been
established for special ZRPs in [53, 54] and recently in the more general context of so-called
bricklayer models [133]. In Section4.4 we analyze the system of conservation laws with
open boundary conditions in terms of entropy variables [135] where it takes a particular sim-
ple form. For stationary solutions the system decouples, and we are able to derive stationary

57
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density profiles under very general conditions, which we state explicitly for one-dimensional
geometry. The contents of this chapter have been published in [62].

4.2 The n-component zero range process

In the following we introduce then-component zero range process and construct the dy-
namics analogously to Section2.3.1. We identify necessary and sufficient conditions for the
existence of stationary product measures.

4.2.1 Definition of the dynamics

Consider a zero range process on the periodic latticeΛL = (Z/LZ)d with n different species
of particles. Letηi(x) ∈ N denote the number of particles of componenti ∈ {1, . . . , n} on
sitex ∈ ΛL. The state space is given byXL = (Nn)ΛL and for a particle configuration we

use the notationsη =
(
η(x)

)
x∈ΛL

=
((
η1(x), . . . , ηn(x)

))
x∈ΛL

. At a given sitex ∈ ΛL,

the jump rate ofi-type particles is given bygi

(
η(x)

)
and the leaving particle jumps to site

x + y with (translation invariant) probabilitypi(y). The jump probabilitiespi : Z → [0, 1]
are normalized and assumed to be of finite rangeR ∈ Z+, i.e. we assume (2.56) for every
i = 1, . . . , n∑

y∈ΛL

pi(y) = 1 , pi(0) = 0 and pi(y) = 0 for |y| > R . (4.1)

To exclude hidden conservation laws thepi should also be irreducible and since we are
interested in the hydrodynamic limit on the Euler scale, the first moments should not vanish,
i.e.m(pi) =

∑
y∈ΛL

y pi(y) 6= 0. For eachi, the rate functiongi : Nn → [0,∞) vanishes for
all k = (k1, . . . , kn) ∈ Nn with ki = 0 and is otherwise positive, i.e.

gi(k) ≥ 0 and gi(k) = 0 ⇔ ki = 0 . (4.2)

The generator is given by

(Lf)(η) =
∑

x,y∈ΛL

n∑
i=1

gi

(
η(x)

)
pi(y)

(
f(ηi;x→x+y)− f(η)

)
. (4.3)

The configurationηi;x→x+y results fromη after one particle of componenti has jumped
from x to x+ y, i.e.ηi;x→x+y

j (z) = ηj(z) + δi,j(δz,(x+y) − δz,x) for all z ∈ ΛL, j = 1, . . . , n.
The number of particlesΣi

L(η) =
∑

x∈ΛL
ηi(x) of each speciesi is conserved, and these

are the only conserved quantities. They divide the configuration space into canonical sub-
setsXL,N = {η ∈ XL

∣∣Σi
L(η) = Ni, i = 1, . . . , n} with fixed particle numbersN =

(N1, . . . , Nn) ∈ (Z+)n, cf. Section2.3.2. Restricted to such a subset the process is well
defined and irreducible.

However, to show the hydrodynamic limit we also need existence of the dynamics in the
limit L→∞, i.e. on the infinite latticeZd. Thus we assume the extra condition

sup
i∈{1,...,n}

sup
k∈Nn

|gi(k
i, ki + 1)− gi(k)| <∞ , (4.4)
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analogous to (2.57). We use the shorthand(ki, ki ± 1) = (k1, . . . , ki−1, ki ± 1, ki+1, . . . , kn)
here and in the following. Similarly to (2.58) and (2.59), X has to be restricted to configu-
rations with‖η‖α < ∞, where we set‖η‖α =

∑
x∈Λ

∑n
i=1 |ηi(x)|α(x) in this case. With

these assumptions the result (2.62), proving the existence of the dynamics, can be readily
generalized to the multi-species case with the same techniques as used in [3, 101].

To ensure the existence of nontrivial stationary product measures with positive particle
densities, we tighten the positivity requirement on the jump rates in (4.2) such that they
are uniformly bounded away from zero. The relevant quantity for later analysis is the limit
inferior

g∗i := lim
n→∞

inf
|k|≥n
ki>0

gi(k) > 0 for all i = 1, . . . , n . (4.5)

4.2.2 Stationary product measures

For the one-component process withn = 1 there exists the familȳνφ of translation invariant
stationary product measures (cf. Section2.3.2). Instead of using the fugacityφ ∈ (0,∞), the
notation with the chemical potentialµ = log φ ∈ R turns out to be more convenient in this
chapter, so we write

ν̄L
µ (η) =

∏
x∈ΛL

1

Z(µ)
eµ η1(x)

η1(x)∏
k=1

1

g1(k)
with Z(µ) =

∞∑
l=0

eµ l

l∏
k=1

1

g1(k)
. (4.6)

The only difference to the description with fugacities is that the degenerate caseφ = 0, cor-
responding to zero particle densities, is not covered byµ ∈ R. We also keep the superscript
L for the product measures to explicitly denote the system size. This should not lead to
confusion although the lattice actually consists ofLd sites. In the casen > 1, the stationary
measures are of product form only under the following condition on the jump rates:

Assumption. For everyi, j ∈ {1, . . . , n}, k = (k1, . . . , kn) ∈ Nn with ki, kj > 0 let

gi(k) gj(k
i, ki − 1) = gj(k) gi(k

j, kj − 1) . (4.7)

This assumption is equivalent to the existence of a potentialG : Nn → R for the logarithm
of the jump rates such that

log gi(k) = G(k)−G(ki, ki − 1) . (4.8)

GivenG, the jump rates defined via (4.8) clearly satisfy (4.7) by construction. On the other
hand for given jump ratesgi obeying (4.7) one can defineG recursively via (4.8) by fixing
G(0, . . . , 0) = 0. This construction does not depend on the order of summation, since by
(4.7) the sum over closed loops of indices vanishes. For example one can choose

G(k) =

k1∑
j1=1

log g1(j1, 0, . . . , 0) +

k2∑
j2=1

log g2(k1, j2, 0, . . . , 0) + . . .+
kn∑

jn=1

log gn(k1, . . . , kn−1, jn) . (4.9)
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The stationary weight is given byW (k) = exp[−G(k)] and the grand canonical measures
are of product form, as formulated in the next theorem.

Theorem 4.1 (Stationary product measures)
The zero range process defined onΛL in (4.3) with more than one component,n > 1, has sta-
tionary product measures if and only if the condition (4.7), or equivalently (4.8), is fulfilled.
In this case the grand canonical family of stationary measures can be written as

ν̄L
µ(η) =

∏
x∈ΛL

1

Z(µ)
exp

[
−G

(
η(x)

)
+

n∑
i=1

µi ηi(x)
]

(4.10)

with the chemical potentialsµ = (µ1, . . . , µn) ∈ Dµ. Dµ is the open domain of convergence
of the partition function

Z(µ) =
∑
k∈Nn

exp
[
−G(k) +

n∑
i=1

µi ki

]
. (4.11)

Proof. See Section4.2.4.

Remark. If the jump rates are site dependent and satisfy (4.8) with potentialGx for ev-
ery sitex, the measure defined analogously to (4.10) is still stationary, since the terms in the
proof (4.26) cancel for each site individually. However, it is not clear how to generalize the
reverse argument to space-dependent rates.

4.2.3 Properties of the stationary measures

We denote the particle density of componenti ∈ {1, . . . , n} as a function of the chemical
potentials byRi. Due to translation invariance it is site independent and given by (cf. (2.15))

Ri(µ) =
〈
ηi(0)

〉
ν̄L

µ
= ∂µi

logZ(µ) > 0 . (4.12)

Note that in this chapter we defineR = (R1, . . . , Rn) : Dµ → Dρ = R
(
Dµ

)
⊂ (0,∞)n

only on the open domainDµ of convergence ofZ. Therefore, unlike in Section2.3.2and
Chapter5, we neglect a possible extension to the boundary ofDµ.

Lemma 4.2 Dµ ⊂ Rn is a convex region with infinite volume measure, and ifµ∗ ∈ Dµ then{
µ
∣∣µi ≤ µ∗i , i = 1, . . . , n

}
⊂ Dµ. For µ ∈ Dµ the measurēνL

µ has some finite exponential
moments. The functionR : Dµ → Dρ is invertible, i.e. its derivative (called compressibility)

DR(µ) :=
(
∂µj

Ri(µ)
)

i,j
= D2 logZ(µ) =

(
∂2

µiµj
logZ(µ)

)
i,j

(4.13)

is a symmetric, positive definiten× n matrix andlogZ(µ) is strictly concave.Dρ is simply
connected and there exists anα > 0 such thatρ ∈ Dρ for all |ρ| < α.
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Proof. With condition (4.5) Dµ is non-empty. The convexity ofDµ easily follows from the
concavity oflogZ(µ) given below in (4.15), and the monotonicity of the logarithm. This
impliesZ(qµ1 + (1 − q)µ2) ≤ Z(µ1)qZ(µ2)1−q < ∞ for all µ1,µ2 ∈ Dµ andq ∈ [0, 1],
thusDµ is convex. For everyµ∗ ∈ Dµ we have

{
µ
∣∣µi ≤ µ∗i , i = 1, . . . , n

}
⊂ Dµ due to

monotonicity (4.12) andDµ has infinite volume measure.
The existence of some finite exponential moments onDµ follows from 〈eθ·η(0)〉ν̄L

µ
=

Z(µ+θ)/Z(µ) <∞ for sufficiently smallθ ∈ Rn. Therefore the densityR is well defined
onDµ and the compressibility is given by the matrix of second derivatives as

DR(µ) =
(〈
ηi(0) ηj(0)

〉c
ν̄L

µ

)
i,j
, (4.14)

where
〈
ηi(0) ηj(0)

〉c
ν̄L

µ
:=
〈
ηi(0) ηj(0)

〉
ν̄L

µ
−
〈
ηi(0)

〉
ν̄L

µ

〈
ηj(0)

〉
ν̄L

µ
. ThusDR(µ) is symmetric

and positive definite, because

aT ·
(
D2 logZ(µ)

)
a =

〈( n∑
i=1

ai ηi(0)
)2〉c

ν̄L
µ

> 0 (4.15)

for all a ∈ Rn with |a| = 1. Hence the eigenvalues ofD2 logZ(µ) are real and positive,
which ensures thatlogZ(µ) is strictly concave andR is invertible onDµ.
SinceR and its inverse are continuous,Dρ is diffeomorphic to the convex setDµ and thus
simply connected. The existence ofα > 0 in the last statement is a direct consequence of
the properties ofDµ and the regularity ofDR. 2

We denote the inverse ofR by M = (M1, . . . ,Mn) : Dρ → Dµ and define the measure
νL

ρ := ν̄L
M(ρ), which is indexed by the particle densitiesρ. Due to Lemma4.2, νL

ρ is defined
at least for small densities, and in many cases it isDρ = (0,∞)n as for example under the
assumption (4.35) or (4.36) in Section4.3.1. However, there are also cases where there is no
stationary product measure for large densities and a condensation transition occurs, which is
discussed in detail in Chapter5. In this case the behavior ofZ(µ) andR(µ) at the boundary
∂Dµ is of importance, but in this chapter we do not discuss this point any further and restrict
ourselves to open domains.

Analogous to (2.73) the stationary current of componenti is given by

Ji(ρ) = m(pi) 〈gi〉ν1
ρ

= m(pi) exp
[
Mi(ρ)

]
∈ Rd (4.16)

as a function of the particle densities. We denote it by capitalJ in this chapter only, to
avoid possible confusion with lowercase indicesj. The first momentm(pi) ∈ Rd determines
the direction of the current, whereas the absolute value|Ji| ∝ exp

[
Mi(ρ)

]
depends on the

chemical potential of componenti only and is thus monotonic increasing inρi.

Definition. The thermodynamic entropyS : Dρ → R of the stationary measure (4.10)
is the convex conjugate oflogZ(µ) given by the Legendre transform

S(ρ) = sup
µ∈Dµ

( n∑
i=1

ρiµi − logZ(µ)

)
= ρ ·M(ρ)− logZ

(
M(ρ)

)
. (4.17)
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Figure 4.1: Illustration of example (4.21). Left: log Z as a (concave) function of the
chemical potentialsµ1 andµ2. The domainDµ is given by the grey region in theµ1, µ2-
plane with the black line (−−−) as boundary.Right: EntropyS as a function of the densities
ρ1 andρ2 with domainDρ = (0,∞)2.

In principle the Legendre transform is defined for allρ ∈ [0,∞)n. But for densitiesρ 6∈ Dρ

the expression usingM(ρ) is not valid and the supremum is attained at the boundary∂Dµ,
which is discussed in Section5.4 in the context of phase transitions. Forρ ∈ Dρ we have

∂ρi
S(ρ) = Mi(ρ) (4.18)

for all i ∈ {1, . . . , n}, and thusDM(ρ) = D2S(ρ) ∈ Rn×n. This leads to the following
relation for the determinants, denoted by|.|,∣∣D2S(ρ)

∣∣ =
∣∣DM(ρ)

∣∣ =
∣∣DR(M(ρ))

∣∣−1
=
∣∣D2 logZ(M(ρ))

∣∣−1
> 0 . (4.19)

ThusS is strictly concave onDρ. Note that due to the grand canonical structure of the
stationary measure the densities are given as derivatives of the partition function with respect
to the chemical potentials. With (4.16) this leads tolog〈gi〉νρ = ∂ρi

S(ρ) and thus

∂ρj
log〈gi〉ν1

ρ
= ∂ρi

log〈gj〉ν1
ρ
, (4.20)

for all i, j ∈ {1, . . . , n}, which can be considered as the macroscopic analogue of condition
(4.7) on the jump rates.

As an example we consider a two-component system with jump rates

g1(k1, k2) =
( k1

1 + k1

)k2

, g2(k1, k2) =
k2

1 + k1

. (4.21)

They obviously fulfill conditions (4.2) to (4.4) and (4.7), so the stationary product measure
(4.10) exists with weightW (k1, k2) = (1 + k1)

k2/k2!. The partition function (4.11) can be
calculated explicitly as

Z(µ1, µ2) =
exp[eµ2 ]

1− exp[eµ2 + µ1]
, (4.22)
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with domain of convergenceDµ =
{
µ
∣∣µ1 < − exp[µ2]

}
. In Figure4.1 (left) we plot the

logarithm ofZ, which is concave and diverging at the boundary ofDµ. Writing Eµ1,µ2 =
exp[eµ2 + µ1], the particle densities are given by

R1(µ1, µ2) =
Eµ1,µ2

1− Eµ1,µ2

, R2(µ1, µ2) =
exp[µ2]

1− Eµ1,µ2

, (4.23)

with full rangeDρ = (0,∞)2, sinceEµ1,µ2 → 1 for (µ1, µ2) → ∂Dµ. These relations can be
inverted to get

M1(ρ1, ρ2) = log
( ρ1

1 + ρ1

)
− ρ2

1 + ρ1

, M2(ρ1, ρ2) = log
( ρ2

1 + ρ1

)
. (4.24)

So the entropy (4.17) can be computed explicitly and is plotted in Figure4.1(right).

4.2.4 Proof of Theorem 4.1

First we assume that (4.7) and (4.8) are satisfied and show thatν̄L
µ defined in (4.10) is sta-

tionary. SinceG exists by assumption, the measureν̄L
µ is well defined onDµ. This part of

the proof is a straightforward generalization of the standard argument forn = 1, given for
example in [84], Proposition II.3.2. To prove stationarity ofν̄L

µ we have to show that for all
f ∈ C(XL,R)

〈Lf〉ν̄L
µ

=
∑

η∈XL

∑
x,y∈ΛL

N∑
i=1

gi

(
η(x)

)
pi(y)

(
f(ηi;x→x+y)− f(η)

)
ν̄L

µ(η) = 0 . (4.25)

For everyx, y ∈ ΛL, i = 1, . . . , n one has∑
η∈XL

gi

(
η(x)

)
f(ηi;x→x+y) ν̄L

µ(η) =
∑

η∈XL

gi

(
(η1, .., ηi + 1, .., ηn)(x)

)
f(η) ν̄L

µ(ηi;x+y→x) ,

with the shorthand(η1, ..., ηn)(x) =
(
η1(x), ..., ηn(x)

)
. Using this and a change of variables

in the summation overx we can rewrite (4.25) as

〈Lf〉ν̄L
µ

=
∑

η∈XL

f(η)
N∑

i=1

∑
x,y∈ΛL

pi(y) ν̄
1
µ

(
η(x−y)

)
ν̄1

µ

(
(η1, .., ηi−1, .., ηn)(x)

)
gi

(
(η1, .., ηi+1, .., ηn)(x−y)

)
ν̄1

µ

(
(η1, .., ηi+1, .., ηn)(x−y)

)
ν̄1

µ

(
η(x−y)

)
−

gi

(
η(x)

)
ν̄1

µ

(
η(x)

)
ν̄1

µ

(
(η1, .., ηi−1, .., ηn)(x)

)
 ∏

z∈ΛL\{x−y,x}

ν̄1
µ

(
η(z)

)
= 0 . (4.26)

Analogous to a single species the crucial relation for the square brackets to vanish is

ν̄1
µ(k) =

ν̄1
µ(ki, ki − 1)

gi(k)
exp[µi] (4.27)
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for all i = 1, . . . , n, k = (k1, . . . , kn) ∈ Nn with ki > 0. In our case (4.27) easily follows
from the assumption (4.8). Thus (4.26) vanishes for everyf ∈ C(XL,R), (4.25) is shown
andν̄L

µ is stationary.
Assume now thatν is an arbitrary stationary product measure of the zero range process

with generatorL given in (4.3). Then

〈Lf〉ν = 0 for all f ∈ C(XL,R) (4.28)

and, by inserting special functionsf , one can deduce conditions on the jump rates. Consider
a configuration̄η where there arek = (k1, . . . , kn) ∈ Nn particles at a fixed sitex and the
rest of the lattice is empty, i.e.̄η(z) = δz,xk for all z ∈ ΛL. From the stationarity condition
(4.28) with the indicator functionf = χη̄ we obtain for the one-point marginal[

g1(k) + . . .+ gn(k)
]
ν1(k) =

N∑
i=1

ν1(ki, ki − 1) , (4.29)

where we setν1(k) = 0 if ki < 0 for somei ∈ {1, . . . , n}. To get (4.29) we used

ν1(0, .., 0, ki, 0, .., 0) = ν1(0)

ki∏
l=1

1

gi(0, .., 0, l, 0, .., 0)
, (4.30)

which is known from the stationary measure of the one component system (2.65). Now let
f be the indicator function of̄ηi;x→x+y, with η̄ =

(
δz,xk

)
z∈ΛL

as above andki > 0. Using
(4.28) to (4.30) we obtain

pi(y)ν
1(0)

[
gi(k) ν1(k)− ν1

(
ki, ki − 1

)]
=

= −
∑
j 6=i

pj(−y) ν1
(
ki,j, ki − 1, kj − 1

)[
gj(ei + ej) ν

1(ei + ej) − ν1(ej)
]

(4.31)

with the shorthand(ki,j, ki − 1, kj − 1) = k − ei − ej, whereei ∈ Rn is the unit vector in
directioni. (4.31) holds for ally ∈ ΛL and is obviously fulfilled if the two square brackets
vanish individually. Under the assumption that the brackets do not vanish, one can easily
construct a contradiction to (4.31) or (4.29). Thus we obtain

ν1(k) = ν1(ki, ki − 1)/gi(k) (4.32)

for all i ∈ {1, . . . , n}. Applying (4.32) twice in different order for arbitraryi 6= j we get

ν1(k) =
ν1(ki,j, ki − 1, kj − 1)

gi(k) gj(ki, ki − 1)
=
ν1(ki,j, ki − 1, kj − 1)

gj(k) gi(kj, kj − 1)
, (4.33)

and (4.7) immediately follows.

4.3 Hydrodynamics

In this section we derive the hydrodynamic limit for then-component zero range process and
analyze the properties of the resulting system of conservation laws.
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4.3.1 The hydrodynamic limit

Analogous to the outline given in Section2.1.4we show that under Eulerian scalingt→ t/L,
x→ u = x/L in the limitL→∞ the time evolution of the local particle densitiesρ(t, u) is
given by the following system of conservation laws:

∂tρi(t, u) +
d∑

k=1

∂uk
Jk

i

(
ρ(t, u)

)
= 0 , i = 1, . . . , n , (4.34)

whereJk
i

(
ρ
)

is thek-th spatial component of the currentJi(ρ) of speciesi defined in (4.16),

andu = (u1, . . . , ud) ∈ Td =
(
R/Z

)d
is the continuous space variable on thed-dimensional

unit torus. To prove convergence to (4.34), the dynamics of the zero range process has to
be well defined in the limitL → ∞ which is guaranteed by (4.4). We also need to impose
an extra condition on the stationary measure, which is needed for the one-block estimate as
one important part of the convergence proof (see Lemma4.6 in Section4.3.3). There are
two alternatives. The first one is to require that the partition functionZ(µ) is finite for all
µ ∈ Rn, which is equivalent to the existence of finite exponential moments, i.e.〈

exp[θ · η(0)]
〉

ν̄µ
= Z(µ + θ)/Z(µ) <∞ for all θ ∈ Rn ⇔ Dµ = Rn . (4.35)

Note that this impliesDρ = (0,∞)n, avoiding possible problems in caseρ(t, u) reaches
the boundary ofDρ. Alternatively, we can impose sublinearity of the jump rates, i.e. for all
i ∈ {1, . . . , n}

lim
n→∞

sup
|k|≥n
ki>0

gi(k)/ki = 0 and lim
µ→µ∗

Z(µ) = ∞ for all µ∗ ∈ ∂Dµ . (4.36)

The second statement is needed to ensureDρ = (0,∞)n, since sublinearity does not rule out
Dµ ( Rn. Given a solutionρ(t, u) of (4.34) we denote the corresponding local equilibrium
measure byνL

ρ(t,.), which is compared to the time dependent distributionπL
t of the zero range

process:

νL
ρ(t,.) :=

∏
x∈ΛL

ν1
ρ(t,x/L) and πL

t = πL
0 StL , (4.37)

whereStL is the semi-groupSt associated to the generatorL speeded up byL. The proof
of the following theorem is an application of Yau’s relative entropy method [141], which
requires some regularity of the solutionρ(t, u). Since the solutions of (4.34) in general
develop shocks after a finite time even for smooth initial data (cf. Section2.1.4), the con-
vergence proof is valid only up to the timeT of the appearance of the first discontinuity.

Theorem 4.3 (Hydrodynamic limit)
Let ρ ∈ C2

(
[0, T ] × Td, [0,∞)n

)
be a solution of (4.34) for someT ∈ (0,∞) with smooth

and bounded initial profileρ(0, .), satisfyingρi(0, u) ≥ ρ∗i > 0, i = 1, . . . , n. Under the
assumption (4.35) or (4.36) let πL

0 be a sequence of probability measures onXL, whose
entropyH

(
πL

0

∣∣νL
ρ(0,.)

)
relative toνL

ρ(0,.) is of ordero(Ld). Then

H
(
πL

t

∣∣νL
ρ(t,.)

)
= o(Ld) for all t ∈ [0, T ] . (4.38)
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Proof. The proof of Theorem4.3is close to the ones given in [84, 133] and its most impor-
tant steps are sketched in Section4.3.3.

Applying the entropy inequality (A.11) in the standard way, Theorem4.3 implies the fol-
lowing.

Corollary 4.4 Under the assumptions of Theorem4.3, for any continuous test function
f ∈ C(Td), t ∈ [0, T ] andi = 1, . . . , n, we have the limit

lim
L→∞

〈∣∣∣ 1

Ld

∑
x∈ΛL

f(x/L) ηi(x)−
∫

Td

f(u) ρi(t, u) d
du
∣∣∣〉

πL
t

= 0 . (4.39)

Proof. See [84], Corollary 6.1.3.

This shows convergence of the density profiles, but in principleηi(x) could also be replaced
by any bounded cylinder functionh, andρi(t, u) by 〈h〉νL

ρ(t,u)
respectively.

4.3.2 Properties of the limit equation

We introduce the matricesDJk(ρ) :=
(
∂ρj
Jk

i

)
i,j

giving the derivative of the current in
directionk ∈ {1, . . . , d},

DJk(ρ) = ∆k(ρ)DM(ρ) with ∆k
i,j(ρ) = δi,j mk(pi) exp

[
Mi(ρ)

]
, (4.40)

where∆k is a diagonal matrix andmk(pi) is thek-th space component ofm(pi). Using this,
one can rewrite (4.34) in the quasilinear form

∂tρ(t, u) +
d∑

k=1

DJk
(
ρ(t, u)

)
∂uk

ρ(t, u) = 0 . (4.41)

Definition. A system of conservation laws in quasilinear form (4.41) is calledhyperbolic,
if the matrix

∑d
k=1 ωkDJk is diagonalizable for allω = (ω1, . . . , ωd) ∈ Rd with |ω| = 1 (cf.

[135]). The system is calledstrictly hyperbolic, if additionally all its eigenvaluesλi(ρ) are
non-degenerate in the (strict) uniform sense{

λi(ρ)
∣∣ρ ∈ Dρ

}
∩
{
λj(ρ)

∣∣ρ ∈ Dρ

}
= ∅ (4.42)

for all i 6= j ∈ {1, . . . , n}.

Definition. A strictly convex functionS ∈ C1([0,∞)n,R) is calledLax entropyof the
system (4.41), if there exists anentropy fluxF ∈ C1([0,∞)n,Rd) such that

n∑
i=1

∂ρi
S(ρ)

(
DJk

)
i,j

(ρ) = ∂ρj
Fk(ρ) , (4.43)

for all j = 1, . . . , n, k = 1, . . . , d.

For weak solutions of (4.34) the Lax entropies obey an inequality analogous to (2.33).
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Proposition 4.5 The limit system of conservation laws (4.41) is hyperbolic and the nega-
tive thermodynamic entropy−S(ρ) defined in (4.17) is a Lax entropy for this system.

The question of strict hyperbolicity, i.e. whether all eigenvalues of
∑d

k=1 ωkDJk are non-
degenerate, cannot be answered in general. It depends on the dynamics of the ZRP, in partic-
ular also on the moments of the jump probabilities as discussed below, and one has to check
for each system separately. With (4.40) we also see thatDJk(ρ)D2 logZ

(
M(ρ)

)
= ∆k(ρ)

is diagonal. In particular this means that the Onsager reciprocity relations, requiring the
symmetry of this matrix (cf. [53, 133]), are fulfilled for our system.

Proof. SinceDM(ρ) = D2S(ρ) is symmetric and positive definite there exists a unique
matrixA ∈ Rn×n with the same properties andA2 = D2S, so we writeA = (D2S)1/2. With
(4.40) we have for allk = 1, . . . , d

DJk =
(
D2S

)−1/2
((
D2S

)1/2
∆k
(
D2S

)1/2
)(
D2S

)1/2
. (4.44)

ThusDJk is similar to the real symmetric matrix
(
D2S

)1/2
∆k
(
D2S

)1/2
, which implies that∑d

k=1 ωkDJk is diagonalizable for all|ω| = 1 and that (4.41) is hyperbolic.
With (4.18) and (4.40) it is easy to see thatS(ρ) satisfies (4.43), provided we setF (ρ) =∑n

j=1 m(pj)(Mj(ρ)− 1) exp[Mj(ρ)]. 2

The equations (4.43) are thedn defining relations for entropy entropy-flux pairs of hyper-
bolic systems (cf. (2.33) and [26, 135]). In the single species casen = 1 there can be many
solutions for thed+ 1 unknowns as discussed in Section2.1.4. But for general systems with
n ≥ 2 these equations can be overdetermined and the existence of an entropy entropy-flux
pair is not guaranteed. A special case isn = 2 andd = 1 for which dn = d + 1 and there
is a well defined solution, as discussed in [133, 132]. However, as we just have shown, the
hydrodynamic equation of the ZRP (2.30) has always a strictly convex entropy−S, defined
in (4.17), with corresponding entropy fluxF .

Systems of conservation laws with entropy are studied in detail in [135]. In general, by
transformation to the so-called entropy variables the quasilinear equation (4.41) simplifies
to a symmetric system. In our case these variables are given by the chemical potentials
µ(t, u) := M

(
ρ(t, u)

)
and the derivative of the current with respect toµ is even diagonal,

DR
(
µ(t, u)

)
∂tµ(t, u) +

d∑
k=1

∆k
(
µ(t, u)

)
∂uk

µ(t, u) = 0 , (4.45)

where∆k
i,j(µ) := δi,j mk(pi) exp[µi] as defined in (4.40).

To summarize, we have shown that the limit equation (4.34) is a hyperbolic system with
globally convex entropy. General results on the existence and uniqueness of solutions of
such systems are rare, even for the simple form (4.45). So further results for systems with
open boundaries are based on solid arguments rather than rigorous proofs and presented in
Section4.4. Existence and uniqueness of weak solutions for strictly hyperbolic systems
has been established forn = 1, 2 in d = 1 dimensions under some additional assumptions
involving the nonlinearity of the current ([26], Chapters XI and XII).
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Figure 4.2: Eigenvaluesλ1, λ2 of the current derivativeDJ (4.40) as a function ofρ1 and
ρ2, for the model given by the partition function in (4.46). Left: m(p1) = −1, m(p2) = 1
and the system is strictly hyperbolic.Right: Strict hyperbolicity is violated for the choice
m(p1) = 0.9, m(p2) = 1.

For two-component systems in one dimension strict hyperbolicity is guaranteed if the
moments of the jump probabilities have different sign, for examplem(p1) < 0 < m(p2).
The reason is that the determinant of the current matrixDJ(ρ1, ρ2) (4.40) is proportional to
the productm(p1)m(p2) < 0, and thus the eigenvalues also have different sign. But if both
species are driven in the same direction strict hyperbolicity (4.42) is in general not satisfied.
We illustrate this for example (4.21) with modified rateg1(k1, k2) = k1

(
k1

1+k1

)k2, where

logZ(µ1, µ2) = exp[µ2] + exp
[
µ1 + eµ2

]
, (4.46)

with Dµ = R2, so (4.35) is fulfilled and Theorem4.3applies. The densitiesR(µ) and their
inverse can be computed in direct analogy to (4.23) and (4.24). Thus the current matrixDJ
with eigenvaluesλ1(ρ1, ρ2), λ2(ρ1, ρ2) are given explicitly, but we omit the lengthy formulas.
In Figure4.2we plot the eigenvalues as a function of the densities and see that they are well
separated as long asm(p1) andm(p2) have different sign (left). This is not true if both have
the same sign and can be seen especially well if they have similar absolute value (right).
In general the eigenvalue surfaces can also intersect, which could be seen for the original
example (4.21), although our proof of the hydrodynamic limit does not work in this case.

4.3.3 Proof of Theorem 4.3

The proof follows closely the one given in [84], Chapter 6, and [133] and we only sketch the
main steps. The only part where we have to use the special structure of the stationary mea-
sures forn-component systems is (4.52), where additional terms cancel due to the symmetry
of DM(ρ). SinceπL

t andνL
ρ(t,.) are absolutely continuous with respect to each other and
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with respect to an invariant reference measureνL
α, α ∈ (0,∞)n, one can define the density

ψL
t (η) :=

dνL
ρ(t,.)

dνL
α

=
∏

x∈ΛL

Z
(
M(α)

)
Z
(
M(ρ(t, x/L))

) n∏
i=1

exp
[
ηi(x)Mi

(
ρ(t, x/L)

)]
exp

[
ηi(x)Mi(α)

] . (4.47)

LetHL(t) := H
(
πL

t

∣∣νL
ρ(t,.)

)
be the entropy ofπL

t relative toνL
ρ(t,.). To establish the estimate

(4.38), we prove a Gronwall type inequality

HL(t) ≤ HL(0) + C

∫ t

0

HL(s) ds+ o(Ld) (4.48)

with uniform error bound for allt ∈ [0, T ]. The entropy production is bounded above by

∂tHL(t) ≤
〈 1

ψL
t (η)

(
LL∗ψL

t (η)− ∂tψ
L
t (η)

)〉
πL

t

, (4.49)

whereL∗ is the adjoint ofL in L2(νL
α), the set of square integrable functions w.r.t.νL

α. This
inequality is proved in [84], Lemma VI.1.4, under very general conditions covering our case.
Using the regularity ofM

(
ρ(t, .)

)
, the right hand side of (4.49) can be rewritten as(

ψL
t (η)

)−1
LL∗ψL

t (η) = −
n∑

i=1

∑
x∈ΛL

d∑
k=1

∂uk
Jk

i

(
ρ(t, x/L)

)
−

n∑
i=1

∑
x∈ΛL

d∑
k=1

∂uk
Mi

(
ρ(t, x/L)

)(
mk(pi) gi

(
η(x)

)
− Jk

i

(
ρ(t, x/L)

))
+O(Ld−1)

(
ψL

t (η)
)−1

∂tψ
L
t (η) =

n∑
i=1

∑
x∈ΛL

∂tMi

(
ρ(t, x/L)

)(
ηi(x)− ρi(t, x/L)

)
. (4.50)

The right hand side of the first line is a telescoping sum and vanishes up to an errorO(Ld−1).
Because of the regularity ofM(ρ) a summation by parts permits to replace the local variables
by their block averages. Those are defined as

η`
i (x) =

1

(2`+ 1)d

∑
|x−y|≤`

ηi(y) , g`
i (η)(x) =

1

(2`+ 1)d

∑
|x−y|≤`

gi

(
η(y)

)
(4.51)

for i = {1, . . . , n} and` ∈ Z+. Using the hyperbolic system (4.34) and the symmetry of
DM we obtain

∂tMi

(
ρ(t, x/L)

)
= −

n∑
j=1

d∑
k=1

∂ρi
Jk

j

(
ρ(t, x/L)

)
∂uk

Mj

(
ρ(t, x/L)

)
. (4.52)

Inserting (4.51) and (4.52) into (4.50), we get〈 1

ψL
t

(
∂tψ

L
t − LL∗ψL

t

)〉
πL

t

=

=

〈
n∑

i=1

∑
x∈ΛL

d∑
k=1

∂uk
Mi

(
ρ(t, x/L)

) (
mk(pi) g

`
i (η)(x)− Jk

i

(
η`(x)

))〉
πL

t

+

〈
n∑

i=1

∑
x∈ΛL

d∑
k=1

∂uk
Mi

(
ρ(t, x/L)

)
fk

i

(
η`(x),ρ(t, x/L)

)〉
πL

t

, (4.53)
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where we define

fk
i

(
a,b

)
= Jk

i (a)− Jk
i (b)−∇Jk

i (b) · (a− b) (4.54)

for all a, b ∈ Rn. A bound for the second term on the right hand side of (4.53) can be derived
from the entropy inequality given in the appendix (A.11). Dropping the argument offk

i〈
n∑

i=1

∑
x∈ΛL

d∑
k=1

∂uk
Mi

(
ρ(t, x/L)

) ∣∣fk
i

∣∣〉
πL

t

≤ CH
(
πL

t

∣∣νL
ρ(t,.)

)
+O(Ld`−1) . (4.55)

The first term is estimated integrated over the compact time interval[0, t], t ≤ T , by using
the so-called one-block estimate, which we quote in a slightly specialized version to fit our
purposes.

Lemma 4.6 (One-block estimate)
With either one of the two regularity assumptions (4.35) or (4.36) on the stationary measure
it is for all t ∈ [0, T ]

lim
`→∞

lim
L→∞

L−d

〈
n∑

i=1

∑
x∈ΛL

d∑
k=1

∣∣∣mk(pi) g
`
i (η)(x)− Jk

i

(
η`(x)

)∣∣∣〉
πL

t

= 0 . (4.56)

Proof. A proof in a more general context can be found in [84], Lemma V.3.1.

Inserting (4.55) and (4.56) into (4.53) we obtain (4.48) via (4.49) and Theorem4.3follows.

4.4 Stationary solutions for systems with
open boundaries

We turn to one of the motivations of this chapter and apply the results of the previous sec-
tions to determine stationary density profiles of multicomponent systems with open boundary
conditions. The following results are based on solid arguments rather than rigorous proofs,
since general results on hyperbolic conservation laws like (4.34) are rare. They have to be
analyzed from case to case and we explicitly state our assumptions, which one would have
to prove to make the arguments rigorous.

4.4.1 Uniqueness criterion for the physical solution

Although (4.34) is derived only up to the first discontinuity, we assume in the following the
validity of the hydrodynamic equation in the sense of weak solutions. They are in general
not unique and we have to use a criterion to single out the physical solution, as explained
in Section2.1.4. One possibility is to add a viscosity term with a small parameterε to
the right hand side of (4.34). A natural choice is the diffusive first order correction term
which was neglected in the derivation, where the small parameter is interpreted as the lat-
tice constantε = O(1/L). This is of the form

∑d
k,l=1D

i
k,l∂

2
ukul

where for every species
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i = 1, . . . , n the coefficients of the mixed spatial derivatives are given by the bulk diffusion
matrix Di ∈ Rd×d which is a function ofρ. This can be calculated by the Green-Kubo
formula for the corresponding reversible ZRP with symmetric jump probabilities (see [129],
Prop. II.2.1). Since the symmetric ZRP is a gradient system, the dynamic part of the formula,
involving current-current correlations, vanishes and the viscosity is already determined by
the stationary measure itself. The diffusion matrix is given by

Di
k,l(ρ) =

n∑
j=1

(
DM(ρ)

)
i,j

exp
[
Mj(ρ)

]
σk,l(pj) , (4.57)

for i = 1, . . . , n, with σk,l(pi) =
∑

x∈ΛL
xkxl pi(x). Since this involves the inverse of the

compressibilityDM = DR−1 the viscosity decouples with respect to the particle species in
(4.45) in terms of the entropy variablesµi,

n∑
j=1

(
DR(µε)

)
i,j
∂tµ

ε
j +

d∑
k=1

mk(pi) ∂uk
exp[µε

i ] = ε

d∑
k,l=1

σk,l(pi) ∂
2
ukul

exp[µε
i ] . (4.58)

The solutionµε(t, u) of this equation is unique and globally well defined (see e.g. [26]), since
the second derivatives on the right hand side are positive definite, since they can be written
asσk,l(pi) ∂

2
ukul

=
〈(
x1∂u1 + . . . + xn∂un

)2〉
pi

. If µε(t, u) converges in a proper sense for

ε ↘ 0, the limit µ0(t, u) is a weak solution of (4.45). This convergence is in general very
hard to show (see e.g. [135] Chapter 3.8 or [26] Chapter XV and references therein), and in
the following we just assume that it holds.

In general, ford, n > 1 the limit solutionµ0(t, u) depends on the choice of the diffusion
matrix. A hint that (4.57) singles out the right physical solution is given by comparison with

the alternative entropy criterion. SinceD2S(ρ)
(
δi,jσk,l(pi)∂ρj

exp
[
Mi(ρ)

])
i,j

is similar to

a symmetric, positive definite matrix (analogous to (4.44)), we have for someδ > 0 and
arbitraryak ∈ Rn, k = 1, . . . , d,

d∑
k,l=1

aT
kD

2S(ρ)
(
δi,jσk,l(pi) ∂ρj

exp
[
Mi(ρ)

])
i,j

al ≥ δ
d∑

k=1

|ak|2 ≥ 0 . (4.59)

This expresses the viscous dissipation for the entropy and ensures (see [135], Chapter 3.8)
thatµ0(t, u) satisfies the inequality

∂tS
(
R(µ0(t, u))

)
+

d∑
k=1

∂uk
Fk

(
µ0(t, u)

)
≤ 0 , (4.60)

as to be expected for a physical solution (cf. (2.33) in Section2.1.4). Thus we expect that
the zero viscosity limitµ0(t, u) describes the macroscopic chemical potential profiles of the
zero range process. Note that for time independent solutions, the system (4.58) decouples
and stationary profiles can be obtained very easily. They are only determined by the first
and second moment of the jump probabilities and the boundary conditions, whereas they are
independent of the jump rates. The rates only enter the partition functionZ(µ) and thus the
transformation to density profiles viaR(µ) = D logZ(µ), which is illustrated in the next
subsection.
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4.4.2 Stationary profiles for one-dimensional systems

There has been considerable activity to understand the structure of the nonequilibrium steady
state of systems with open boundaries as discussed in Sections2.2.3and2.2.4. Here we
study this issue in one dimension on the level of the hydrodynamic equations, where the
space variable is no longer defined on the torus, butu ∈ [0, 1]. For the rest of this chapter,
we switch to the fugacity variablesφi := exp[µi], since they are more convenient in the
following.

The analysis of the previous subsection suggests, that for one-dimensional open systems
coupled to reservoirs with densitiesρ(0) at the left andρ(1) at the right, the stationary
fugacity profileφ0

i for everyi ∈ {1, . . . , n} is given by the limit solution forε ↘ 0 of the
equation

m(pi) ∂uφ
ε
i(u) = ε σ(pi) ∂

2
uφ

ε
i(u) , (4.61)

whereσ(pi) =
∑

x∈ΛL
x2pi(x) > 0. The boundary conditions are given by the fugacities

φi(0) = exp
[
Mi(ρ(0))

]
andφi(1) respectively. Note that the equations are decoupled and

the solution is easily found to be

φε
i(u) = φi(0) +

(
φi(1)− φi(0)

)(
r

u/ε
i − 1

)/(
r
1/ε
i )− 1

)
, (4.62)

with the asymmetry ratiori = exp
[
m(pi)/σ(pi)

]
. The profiles (4.62) have a very simple

structure. They are bounded above and below byφi(0) andφi(1) respectively, so the solution
lies within the domainDφ as long as the boundary values do. Forε ↘ 0 they converge
pointwise to flat curvesφ0

i (u) with a discontinuity at one boundary, ifφi(0) 6= φi(1). The
location of the jump depends only on the sign ofm(pi), which corresponds to the direction
of the current. The coupled transformation to the stationary density profileρ0

i (u) involves the
fugacities of all components and is given byρ0

i = Ri

(
log φ0

1, . . . , log φ0
n

)
defined in (4.12).

Note the similarity of (4.62) to exact density profiles for the ZRP with nearest neighbor
jumpsp(y) = p δy,1 + q δy,−1 with p + q = 1 given in (2.71). In this caseri = exp[2p − 1]
for the hydrodynamic solution as compared to the asymmetry parameterp/(1 − p) for the
exact expression. Both coincide in the symmetric casep = 1/2, where the solution would
be a linear profile rather than (4.62). For p 6= 1/2 the profiles are different for non-zero
ε = 1/L, butφ0

i gives the correct profile in the limitL→∞ and it can be applied to systems
with completely general jump probabilities, whereas the exact solution is only available for
nearest neighbor jumps. Although there is no quantitative agreement, we expect that the
hydrodynamic profile qualitatively shows the correct behavior also for finiteL.

We illustrate this result for the two-component system with rates

g1(k1, k2) = k1

( k1

1 + k1

)k2

, g2(k1, k2) =
k2

1 + k1

, (4.63)

which has been studied before at the end of Section4.3.2. The partition function is given by
Z(φ1, φ2) = exp

[
φ2 + φ1e

φ2
]

(cf. (4.46)) and the densities can be calculated explicitly

R1(φ1, φ2) = φ1 exp[φ2] , R2(φ1, φ2) = φ2

(
1 + φ1 exp[φ2]

)
. (4.64)
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Figure 4.3: Stationary fugacity profilesφε
1 (· · · ), φε

2 (· · · ) and density profilesρε
1 (−−−),

ρε
2 (−−−) with ε = 0.05 for an open system with jump rates (4.63).

Left: m(p1) = 1, m(p2) = −2, φ1(0) = 0.4, φ2(0) = 0.3, φ1(1) = 0.6, φ2(1) = 0.6.
Right: m(p1) = 1, m(p2) = 2, φ1(0) = 0.35, φ2(0) = 0.5, φ1(1) = 0.8, φ2(1) = 0.1.

The jump probabilities are chosen such thatσ(p1) = σ(p2) = 1 andm(p1) = 1. Therefore
the bulk valueφ0

1(u), u ∈ (0, 1) is equal to the left boundaryφ1(0). Form(p2) = 2 the
same is true forφ2 and also the density profiles are determined by their left boundary value.
This can be seen in Figure4.3 (right), where we plot the profiles for smallε = 0.05, for
better illustration. The only peculiarity in this case is that the density profiles do not have to
be monotonic, in contrast to the fugacity profiles. Form(p2) = −2 the particle species are
driven in opposite directions, leading to a combination of fugacities in the bulk, which is not
present at either of the two boundaries. So the bulk densities do no longer agree with their
boundary values, as shown in Figure4.3(left).

4.5 Concluding remarks on steady state selection

We have seen in (4.40) that the current derivativeDJ(ρ) ∈ Rn×n is a regular matrix and thus
the mappingρ 7→ J(ρ) is invertible. So coexistence of two phases with different densities
ρ1 6= ρ2 but equal currentsJ(ρ1) = J(ρ2) is not possible and there are no boundary induced
phase transitions for then-component ZRP, as have been explained in Section2.2.3 for
exclusion models. This also includes that the eigenvalues ofDJ(ρ) which determine the
characteristic velocities are non-zero for allρ ∈ Dρ, so that there are no bulk dominated
phases. The steady state selection in open systems is particularly simple in terms of chemical
potentials or fugacities. In these variables the stationary viscous equation decouples (4.61)
and the solutionsφε

i have the form (4.62) for every process. The bulk value, given by the
zero viscosity limitφ0

i , is selected from one of the boundaries, and depends only on the sign
of the first momentm(pi) but not on the boundary values. The jump ratesgi only enter the
transformation to density profilesR(µ) = D logZ(µ) through the partition function.

To summarize, the qualitative behavior of the stationary measure of multi-component
zero range processes is fixed by the particle drift alone and is independent of the boundary
conditions. This is in contrast to one-dimensional driven lattice gases with exclusion dynam-
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ics, where a change of sign of the characteristic velocities is the key ingredient for boundary
induced phase transitions as explained in Section2.2.3. But despite the absence of boundary
induced critical phenomena, the zero range process is a very important interacting particle
system, last but not least due to its close relation to exclusion models (cf. Section2.3.3). As
has been shown in this chapter, it is one of the few examples of multi-species systems, where
the selection of stationary states is well understood under very general conditions.



Chapter 5

Condensation transition in the
zero range process

5.1 Introduction

In [21, 40] it was noticed that for translation invariant zero range processes a condensation
phenomenon can occur, which is similar to the one induced by disorder explained in section
2.3.4. The idea is to choose the jump rates such that the critical density (2.67) is finite, i.e.
ρc < ∞, which characterizes a condensation transition according to Section2.1.3. This
can be realized, if the jump ratesg(k) have a slowly decaying tail fork → ∞, inducing
an effective attraction between particles. In [40] the borderline case was identified to be
g(k) ' a + b/kγ with parametersa, γ > 0 and b ∈ R. For 0 < γ < 1 and b > 0,
or for γ = 1 and b > 2 one hasρc < ∞, whereas forγ > 1 or faster decaying rates
there is no condensation. Mapping such a ZRP to an exclusion model, this form ofg would
correspond to a long range dependence of the jump rates. So there is no equivalent for this
condensation mechanism in finite range exclusion processes, in contrast to the one induced
by disorder. However, in [76] it was noticed that the finite size correction of the current
of particles leaving a cluster of sizek in phase separated two-species exclusion models is
just of the formj(k) ' j0 + b/kγ for k →∞. So this type of (one-component) ZRP can be
used as an effective model for the domain wall dynamics of two-species exclusion processes.
Depending on the coefficientb and the exponentγ of the first order correction of the current,
the results for the ZRP can be used as a criterion for the occurrence of phase separation,
discussed in Section2.2.4.

In addition to its applications to exclusion models this condensation transition is an in-
triguing phenomenon already for the ZRP itself. In this chapter we study it on the level of
the stationary measure, the question of the relaxation dynamics is addressed in Chapter6. In
the next section we establish rigorous results for the condensation transition in the context of
the equivalence of ensembles (cf. Section2.1.2). For general ratesg(k), imposing only the
regularity assumptions of Section2.3.1, we prove that in case of condensation the canonical
measures are asymptotically equivalent to product measures with critical densityρc. This is
consistent with the non-rigorous results obtained for special jump rates in [21, 40]. Under
additional assumptions we further show that, besides the homogeneous background phase

75
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with densityρc, the condensed phase typically consists of a single, randomly located site,
where any additional mass is concentrated. This is based on results for large deviations of
independent, subexponentially distributed random variables [14, 136] and closely follows
a similar proof given in [75]. For the model introduced in [40] with parameterγ = 1 we
analyze the critical behavior and statistical properties of the background phase in detail in
Section5.3. Up to this point, the results have been published in [61]. In Section5.4we gen-
eralize the rigorous result on the equivalence of ensembles to systems with two species of
particles, and discuss a generic example, which has been studied non-rigorously in [43, 66].

5.2 Stationary measures above criticality

Consider a ZRP on the periodic latticeΛL = (Z/LZ), with jump ratesg(k) and jump prob-
abilitiesp(x), that fulfill the regularity assumptions (2.56) and (2.57) in Section2.1.3. We
restrict ourselves to one space dimension only for simplicity of the presentation. In fact, the
results in this chapter do not depend on the structure of the lattice at all, as long as the sta-
tionary measures exist as discussed below. OnΛL the process has translation invariant, grand
canonical stationary measuresν̄φ with fugacityφ ∈ Dφ as defined in (2.65). We recall that
Dφ is the domain of the particle densityR(φ), given in (2.67) with rangeDρ = R(Dφ). It
can be eitherDφ = [0, φc) orDφ = [0, φc], whereφc is the radius of convergence of the par-
tition functionZ(φ) defined in (2.66). In contrast to Chapter4 we are especially interested
in the behavior at the boundary ofDφ. We recall the definitions in this context,

ν̄1
φ(k) = W (k)φk/Z(φ) , W (k) =

k∏
i=1

1/g(i) , Z(φ) =
∞∑

k=0

W (k)φk . (5.1)

If the particle density exceedsρc = limφ→φc R(φ), which could also be infinite, there are no
stationary product measures and the system exhibits a condensation transition. In addition to
the grand canonical measures there are the canonical stationary measures

µL,N(η) =
1

Z(L,N)

∏
x∈ΛL

W
(
η(x)

)
δ(ΣL(η), N) , (5.2)

given in (2.68) for every fixed number of particlesN ∈ N.

5.2.1 Equivalence of ensembles

To formulate our results we have to impose some (mild) regularity conditions on the jump
ratesg(k). In order to avoid the degenerate caseφc = 0 we assume that theg(k) are uni-
formly bounded away from zero, analogous to (4.5). We further require the existence of the
Cesaro limit

lim
k→∞

1

k

k∑
i=1

log g(i) ∈ (−∞,∞] . (5.3)



5.2. Stationary measures above criticality 77

For example, this is fulfilled if the rates are uniformly bounded from above or iflimk→∞ g(k)
exists in(0,∞], which could also be infinite. The next lemma summarizes an important
relation between the critical valuesφc andρc and elementary properties of the corresponding
grand canonical measures.

Lemma 5.1 Given the above assumptions, ifφc = ∞ it is necessarilyρc = ∞, whereas for
φc < ∞, ρc can be either infinite or finite. In the second case the partition function is also
finite,Z(φc) < ∞, andν̄1

φc
is a well defined probability measure with finite first momentρc.

It decays only subexponentially

lim
k→∞

1

k
log ν̄1

φc
(k) = 0 . (5.4)

On the other hand, for each0 ≤ φ < φc the measurēν1
φ has an exponential tail.

If the jump ratesg(k) are non-decreasing ink, thenρc = ∞.

Proof. The first part is shown in [84], Lemma 2.3.3. The tail behavior ofν̄1
φc

follows directly
from assumption (5.3), since with (5.1)

1

k
logW (k) = −1

k

k∑
i=1

log g(i) . (5.5)

This ensures existence of the limit (5.4), which vanishes by the definition ofφc. Forφ < φc

the asymptotic behavior is given in Chapter4, Lemma4.2. If g(i) is a non-decreasing func-
tion of i, thenφc = limi→∞ g(i) ∈ (0,∞] exists andW (k)φk

c =
∏k

i=1
φc

g(i)
≥ 1 for all k ∈ N.

ThusZ(φc) diverges and necessarilyρc = ∞ by the first statement. 2

Thus a condensation transition, which is defined byρc <∞ in Section2.1.3, is only possible
if the jump rates are not non-decreasing (see e.g. the model studied in Section5.3). In this
case we haveDφ = [0, φc] with φc <∞, and the inverse of the density,Φ : [0, ρc] → [0, φc]
is not defined forρ > ρc. We extend its definition for allρ ∈ [0,∞) in the following way,

Φ̄(ρ) =

{
Φ(ρ) , for ρ < ρc (inverse ofR(φ) given in(2.67))
φc , for ρ ≥ ρc

. (5.6)

Consider the ZRP onΛL with ρc < ∞ and supercritical canonical measuresµL,[ρL] with
ρ > ρc. The heuristic picture developed in [21] and [40], is that for largeL most sites of
the system are distributed according toν̄φc with homogeneous densityρc, calledbackground
phaseor simplybulk. The(ρ− ρc)L excess particles presumably condense in a region with
vanishing volume fraction, thecondensed phaseor condensate. If so, locally one observes
the grand-canonical ensemble withφ = φc, justifying the above definition. Consequently,
we define the asymptotic bulk density as

ρbulk(ρ) = R
(
Φ̄(ρ)

)
=

{
ρ , if ρ < ρc

ρc , if ρ ≥ ρc
, (5.7)

which serves as an order parameter for the condensation transition (cf. Figure5.1) in the
following sense. Forρ > ρc, ρbulk is independent ofρ and gives the density of the background
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phase in large, finite systems. Forρ ≤ ρc there is no condensate and the whole system is
homogeneously distributed with densityρbulk = ρ.

These considerations are made precise in Corollary5.3and the next theorem, where we
use the relative entropy (see appendix (A.7)) as a convenient characterization of the distance
between canonical and grand canonical measure (cf. [25]).

Theorem 5.2 Let Φ̄(ρ) be defined as in (5.6). Then the relative entropy of then-point
marginalsµn

L,[ρL] and ν̄n
Φ̄(ρ)

asymptotically vanishes, i.e.

lim
L→∞

H
(
µn

L,[ρL]

∣∣ ν̄n
Φ̄(ρ)

)
= 0 , (5.8)

for everyn ∈ Z+ andρ ∈ [0,∞). The canonical partition functions (2.69) converge as

lim
L→∞

1

L
logZ

(
L, [ρL]

)
= logZ(Φ̄(ρ))− ρ log Φ̄(ρ) = −S(ρ) , (5.9)

whereS(ρ) is the thermodynamic entropy defined in (4.17).

Proof. The proof is given in Section5.2.3.

Remarks. For everyx = (x1, . . . , xn) ∈ Λn
L with xi 6= xj for i 6= j, then-point marginal

is defined asµn
L,N(k) := µL,N({ηx1 = k1, . . . , ηxn = kn}). Since the measureµL,N is

permutation invariant, the marginals do not depend on the sitesxi individually, but only on
their numbern. The same is of course true for the translation invariant product measuresν̄φ,
which are uniquely determined by the one-point marginalν̄1

φ.
Note that the thermodynamic entropy is defined in (4.17) by the Legendre transform

S(ρ) = sup
φ∈Dφ

(
ρ log φ− logZ(φ)

)
. (5.10)

Equality on the right hand side of (5.9) holds even forφc < ∞ andρ > ρc, where the
supremum is attained at the boundary ofDφ. This connection will be used in Section5.4for
two-component systems to get a proper definition ofΦ̄ analogous to (5.6).
There are different definitions for the notion ’equivalence of ensembles’ in the literature (see
e.g. [55]), one of which corresponds to the convergence of the partition functions as given in
(5.9). A direct consequence of the first statement (5.8) is the equivalence of ensembles in the
following (probabilistic) sense.

Corollary 5.3 (Equivalence of ensembles)
Under the assumptions of Theorem5.2, for all ρ ∈ [0,∞) the canonical measures (5.2)
weakly converge to the product measure (5.1),

µL,[ρL]
w−→ ν̄Φ̄(ρ) , for L→∞ , (5.11)

for all bounded cylinder test functions inC0,b(X,R).
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Proof. Pointwise convergence of finite dimensional marginals follows directly from (5.8)
and positivity of the relative entropy (A.8), and this is equivalent to weak convergence for
bounded, local test functions. 2

In the subcritical case,̄ν1
Φ̄(ρ)

has some finite exponential moments due to Lemma5.1. A
direct application of the relative entropy inequality (A.11) ensures convergence also for un-
bounded cylinder functions, which grow at most linearly, such as the particle density. With
a different, more complex argument [84] the class of functions can be further generalized.

Proposition 5.4 For subcritical densitiesρ ∈ [0, ρc) the canonical measuresµL,[ρL] weakly
converge to the product measureν̄Φ(ρ) in the limit L → ∞ as in (5.11) for cylinder test
functionsf ∈ C0(X,R) with finite second moment〈f 2〉ν̄Φ(ρ)

.

Proof. See [84], Appendix 2.1.

This ensures weak convergence for basically all local observables. But in the supercriti-
cal caseρ > ρc a weak limit of the canonical measures in this generality does not exist. With
Corollary5.3 the only candidate would bēνφc . But this is clearly only the limit for bounded
observables, since for instance〈η(0)〉µL,[ρL]

= ρ > ρc for everyL ∈ Z+. In this sense our
result is a generalization of the statement for the subcritical case.

5.2.2 Typical configurations

Corollary5.3 ensures that the volume fraction of the condensed phase vanishes in the limit
L → ∞. In principle the condensate phase could still consist of an infinite number of sites,
and the question remains, how many such cluster sites exist in a typical configuration for
large lattice sizeL. The answer depends on the large-k behavior of the critical one-point
marginalν̄1

φc
(k), which has a subexponential decay (5.4). If it is a power law, one can show

that the excess particles condense on a single, randomly located site. This was first done in
[75] for exponentsb > 3 and we give a straightforward extension of this result tob > 2.
However, we believe that the result holds also for other subexponential decays, and there is
some hope to extend the proof to a wider class of distributions. For a detailed description
and results on subexponential distributions we refer the reader to [14, 60].

Theorem 5.5 Let ν̄1
φc

(k) ' k−b have a monotonic decreasing power law tail withb > 2
and finite first momentρc. Then for everyρ > ρc the normalized maximum occupation
number satisfies a weak law of large numbers, namely it converges in probability as

1

(ρ− ρc)L
max
s∈ΛL

η(x)
µL,[ρL]−→ 1 , for L→∞ . (5.12)

Remarks. By Corollary5.3we already know that the condensed phase typically contains of
order(ρ − ρc)L + o(L) particles in the limitL → ∞, since almost all sites are distributed
according tōνφc . Theorem5.5ensures, that all these excess particles are located on a single
site, which is thus the typical volume of the condensed phase.
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This interpretation is only valid for typical configurations of large but finite systems. For
the process on the infinite latticeZd the canonical measures are not defined and statements
like Theorems5.2 and5.5 are not possible. But we could ask for the ergodic behavior of
the infinite system with initial distributionνρ, ρ > ρc, and we expectνρS(t)

w−→ νρc for
t→∞ with bounded local test functions, analogous to Corollary5.3. However it is far from
obvious how one could prove such a statement. Ergodic theorems proved by Liggett, such
as Theorem3.1 in Chapter3, used coupling techniques based on attractivity of the process
(cf. AppendixA.2). But the ZRP is attractive if and only if the ratesg(k) are non-decreasing
(see [84], Theorem 2.5.2), so this method cannot be used in case of a condensation transition
according to Lemma5.1. Moreover, an ergodic statement similar to Theorem5.5cannot be
true after all. Although reducing due to the coarsening process, the number of cluster sites is
certainly infinite for all times and the system does not saturate (cf. Chapter6).
Theorem5.5 does not give information on the order of the fluctuations of the condensate.
Since this is closely related to the fluctuations of the number of particles in the bulk (dis-
cussed in Section5.3.2), we expect it to be of the orderL1/(b−1) for 2 < b < 3 andL1/2

for b ≥ 3 (whereb is the power law exponent in Theorem5.5). In principle one could re-
fine the statement of the theorem to get a rigorous bound on the rate of convergence which
determines the fluctuations. However, for the proof we present below the expected behavior
stated above cannot be shown due to technical reasons. So we stick to the weaker but concise
formulation which covers the basic behavior in a general setting.

The proof of Theorem5.5uses large deviation results on the asymptotic distribution ofΣL(η)
for L→∞, which we summarize in the following Lemma for our purpose.

Lemma 5.6 Let ω1, ω2, . . . ∈ Z be i.i.d. random variables with meanρc and probability
distributionπ(k) ' k−b with b > 2. Then for everyρ > ρc and some constantc,

πL

({ L∑
i=1

ωi ≥ ρL

})
'Lπ

({
ω1 ≥ (ρ− ρc)L

})
,

πL

({ L∑
i=1

ωi = [ρL]

})
& c L π

({
ω1 = [(ρ− ρc)L]

})
for L→∞ . (5.13)

Proof of Lemma 5.6 The first statement is shown in [136] Chapter 1, Corollary 1.1.1 to
1.1.3, the second in [75], Theorem 2.2.

The first line states that under the distributionπ the rare event
{∑L

i=1 ωi ≥ ρL
}

in the
limit L → ∞ is typically realized by the deviation of a single variable. Note that this has
been shown for general subexponential distributions with integrated tailµ

(
{η | η ≥ k}

)
&

exp[−kα], α ∈ (0, 1/2) and finite second moment in [14], indicating a possible generaliza-
tion of the Theorem.

Proof of Theorem 5.5. The proof follows closely the one given in [75], Theorem 2.2 and
we only sketch the most important steps. In the following we denoteML(η) = maxx∈ΛL

η(x).
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For convergence in probability (5.12) we have to show that

lim
L→∞

µL,[ρL]

({∣∣ML/L− (ρ− ρc)
∣∣ > ε

})
= 0 (5.14)

for everyε > 0. By Corollary5.3we already know thatµL,[ρL]

({
ML/L > ρ−ρc +ε

})
→ 0,

since the bulk contains of orderρcL particles. So it remains to show that for everyε > 0

µL,[ρL]

({
ML < rεL

})
=
ν̄L

φc

({
ML < rεL , ΣL = [ρL]

})
ν̄L

φc

(
{ΣL = [ρL]}

) L→∞−→ 0 , (5.15)

where we use the shorthandrε = ρ− ρc − ε and (2.16) to write the canonical measure in the
conditional form.We split the event{

ML < rεL
}

=
{
[Lσ] ≤ML < rεL

}
∪
{
ML < [Lσ]} (5.16)

for someσ ∈ (0, 1) which is chosen below. A basic estimate in [75] shows that the proba-
bility of the second event on the right hand side vanishes for allσ ∈ (0, 1), whereas the first
one is the crucial part. Using asymptotic monotonicity ofν̄1

φc
we obtain with someC ∈ R

ν̄L
φc

({
[Lσ] ≤ML < rεL , ΣL = [ρL]

})
≤

≤ C L ν̄1
φc

(
[Lσ]

)
ν̄L−1

φc

({
ΣL−1 ≥ (ρc + ε)(L− 1)

})
. (5.17)

With the first statement of Lemma5.6the right hand side is of order

C L2 ν̄1
φc

(
[Lσ]

)
ν̄1

φc

({
η ≥ (ρc + ε)L

})
= O

(
L3−b(1+σ)

)
. (5.18)

On the other hand the denominator of (5.15) is at least of orderL1−b due to the second
statement of the lemma. Thus if we chooseσ ∈ (2/b, 1), (5.15) vanishes forL→∞ which
finishes the proof. 2

5.2.3 Proof of Theorem 5.2

We recall the shorthand{η |ΣL(η) = N} = {ΣL = N} and thatΣL(η) =
∑

x∈ΛL
η(x)

denotes the number of particles. By definition (2.68) of the canonical measure, one has for
everyη ∈ XL andN ∈ N

µL,N(η) =
WL(η) δ

(
ΣL(η), N

)
Z(L,N)

, (5.19)

whereWL denotes the product measureWL(η) =
∏

x∈ΛL
W (η(x)). Thus, using (A.7), for

everyφ ∈ [0, φc], the relative entropy takes the form

H
(
µL,N

∣∣ ν̄L
φ

)
=

∑
η∈XL,N

µL,N(η) log
WL(η)

ν̄L
φ (η)Z(L,N)

, (5.20)
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sinceµL,N is absolutely continuous with respect toν̄L
φ . From (2.65) and (2.69) we conclude

ν̄L
φ (η)Z(φ)L = WL(η)φN for all η ∈ XL,N and

ν̄L
φ

(
{ΣL = N}

)
Z(φ)L = Z(L,N)φN . (5.21)

Inserting in (5.20) this yields

H
(
µL,N

∣∣ ν̄L
φ

)
= − log ν̄L

φ ({ΣL = N}) . (5.22)

At this point we use the sub-additivity ofH given in (A.9) to get

H
(
µn

L,N

∣∣ ν̄n
φ

)
≤ − 1

[L/n]
log ν̄L

φ ({ΣL = N}) , (5.23)

for everyn ∈ {1, . . . , L} andφ ∈ [0, φc].
Now we setN = [ρL] with ρ ∈ [0,∞). The key point is to maximizēνL

φ ({ΣL = [ρL]})
by appropriately adjustingφ = Φ̄(ρ) as defined in (5.6). To ensure that the right hand side of
(5.23) vanishes we need a subexponential lower bound, which we identify in the following
depending on the criticality ofρ.

• In the subcritical case,ρ < ρc, we haveΦ̄(ρ) = Φ(ρ) < φc and according to
Lemma 5.1 ν̄Φ(ρ) has exponential moments. Then the varianceσ2 of ν̄φ is finite
and the limit distribution of(ΣL − (ρL))/(σ

√
L) is given by the normal distribu-

tionN (0, 1) (cf. (5.40)). By the local limit theorem (see e.g. [57], Chapter 9) we get
ν̄L

Φ(ρ)

(
{ΣL = [ρL]}

)
' 1/

√
L for largeL.

• For ρ = ρc the decay of̄νφc is subexponential (Lemma5.1), so its second moment
could be infinite, leading to a non-normal limit distribution (cf. (5.41)). Since the first
moment of̄νφc is ρc <∞, by the local limit theorem for non-normal limit distributions
(see also [57], Chapter 9) we obtain the lower boundν̄L

φc

(
{ΣL = [ρcL]}

)
& 1/L.

• The supercritical caseρ > ρc, whereΦ̄(ρ) = φc, can be reduced to the critical one via

ν̄L
φc

({
ΣL = [ρL]

})
≥ ν̄L

φc

({
η(0) = [ρL]− [ρc(L−1)] ,ΣL−1 = [ρc(L−1)]

})
=

= ν̄1
φc

(
[ρL]− [ρc(L−1)]

)
ν̄L−1

φc

({
ΣL−1 = [ρc(L−1)]

})
. (5.24)

Both terms decay subexponentially, the first one using (5.4) and the second one as in.

Thus in all cases we have a subexponential lower bound onν̄L
φ(ρ) ({ΣL = [ρL]}) and the first

part (5.8) of the theorem follows for allρ ∈ [0,∞) from (5.23),

lim
L→∞

H
(
µn

L,[ρL]

∣∣ ν̄n
φ(ρ)

)
≤ − lim

L→∞

1

[L/n]
log ν̄L

φ(ρ)

(
{ΣL =[ρL]}

)
= 0 . (5.25)

To establish (5.9) we use the second line of (5.21) and immediately get

1

L
logZ(N,L)− 1

L
log ν̄L

φ ({ΣL = N}) = logZ(φ)− N

L
log φ , (5.26)

for all N,L. With N = [ρL] andφ = Φ̄(ρ) we can use the above estimates, so that the
second term on the left vanishes in the limitL→∞ and assertion (5.9) follows. 2
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In this proof we basically exploit the permutation invariance of the measures so that the
relative entropy takes the simple form (5.22), which was first noticed in the context of infor-
mation theory [25]. In the supercritical caseρ > ρc this is the negative logarithm of a large
deviation probability. In contrast to the proof of Theorem5.3, we only need a subexponential
lower bound, which can be obtained without restrictions onνφc .

5.3 Analysis of a generic example

In this section we analyze and apply the previous results to the generic model introduced in
[40]. The jump rates are

g(k) = Θ(k)
(
1 + b/kγ

)
, (5.27)

whereΘ(0) = 0 andΘ(k) = 1 for k > 0.

5.3.1 Stationary measures and the phase diagram

The stationary weight for this process is given by

W (k) =
k∏

i=1

1

g(i)
= (k!)γ

/ k∏
i=1

(iγ + b) (5.28)

The radius of convergence of the grand canonical partition functionZ(φ) =
∑

k W (k)φk

(2.66) is φc = limk→∞ g(k) = 1. Thus the critical grand canonical measureνφc(k) is just
given byW (k) modulo normalization.

Forγ = 1 the weight can be written as

W (k) =
k!

(1 + b)k

=
k! Γ(1 + b)

Γ(1 + b+ k)
' Γ(1 + b) k−b , for k →∞ , (5.29)

where(a)k =
∏k−1

i=0 (a+ i) is the Pochhammer symbol. Thus for largek, νφc(k) decays like
a power law with exponentb. The grand canonical partition function is given by

Z(φ) = 2F1(1, 1; 1 + b;φ) :=
∞∑

k=0

(1)k(1)k

(1 + b)k

φk

k!
, (5.30)

where2F1 denotes the hypergeometric function (see e.g. [1]). The particle density (2.67) is
given by

R(φ) =
φ 2F1(2, 2; 2 + b;φ)

(1 + b) 2F1(1, 1; 1 + b;φ)
for φ < 1, (5.31)

and the critical density can be calculated exactly (cf. next subsection) to be

ρc = lim
φ→1

R(φ) =

{
∞ , for b ≤ 2

1/(b− 2) , for b > 2
. (5.32)
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Figure 5.1: Condensation transition for the process (5.27). Top left: Phase diagram for
γ = 1. The red region denotes the set of grand canonical product measures (homogeneous
phase) bounded by the critical densityρc(b) for b > 2. For canonical measures in the white
region withρ > ρc the background density is given byρbulk = ρc (5.7) and the excess
particles condensate.Top right: Density R(φ), setting the range of the homogeneous
phase for several values ofb. Bottom: Critical densityρc(b) for several values ofγ.

Thus forb > 2 the system exhibits a condensation transition and the phase diagram is given
in Figure5.1(left).

Forγ 6= 1 the asymptotic behavior of the critical measure fork →∞ is

ν1
φc

(k) =
Ck0

Z(1)
exp
[
−

k∑
i=k0

log(1+b/iγ)
]
∼ exp

[
−

k∑
i=k0

b/iγ
]
∼ exp

[
− b k

1−γ

1−γ

]
, (5.33)

with some arbitrary constantk0 � 1. Forγ ∈ (0, 1) this corresponds to a stretched exponen-
tial decay, leading to a finite critical densityρc <∞ for all b > 0, and the system exhibits a
condensation transition. On the other hand, ifγ > 1 or b < 0 there is no asymptotic decay
and therefore no condensation.

In principle the stretched exponential tail (5.33) is not covered by Theorem5.5. Never-
theless we expect condensation on a single site as forγ = 1, and the restriction should be
only due to technical reasons. This is confirmed in Chapter6 by a numerical study of the
condensation dynamics. In contrast to the caseγ = 1, the critical density cannot be deter-
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mined explicitly for generalγ. The approximation in (5.33) gives the correct behavior of
νφc(k) for largek but rather poor results for the critical density. Especially ifγ is close to 1
andb < 2 the results are also qualitatively wrong. On the other hand it is straightforward to
computeρc numerically with good precision which is plotted in Figure5.1 (bottom). Using
(5.28) it is easy to see thatρc is monotonic increasing inγ and monotonic decreasing inb.

5.3.2 Stationary properties near criticality

Our goal in this section is to study the properties of the invariant measures of the process
with γ = 1 for anyb > 0. In the previous subsection the partition function and the density
are expressed in terms of the hypergeometric function2F1 given in (5.30), (5.31). Around
φ = 1 it has the expansion

2F1(k, k; k + b;φ) =
Γ(k + b)Γ(k − b)

Γ(k)2
(1− φ)b−k

[
1 +O(1− φ)

]
+

Γ(k + b)Γ(b− k)

Γ(b)2

[
1 +

k2

1 + k − b
(1− φ) +O(1− φ)2

]
. (5.34)

We analyze the grand canonical single site measureν̄1
φ in the limit φ ↗ 1, i.e. near the

critical densityρc. According to (5.28) the large-k behavior ofν̄1
1 is given by the power

law W (k) ' Γ(1 + b) k−b, which determines the background phase for supercritical sys-
tems. These distributions have moments up to orderb − 1 and thus different scenarios are
encountered under variation ofb, which we discuss in the following.

The case 0 < b ≤ 1

For b ∈ (0, 1) the leading order in the asymptotic expansion forZ(φ) andR(φ) is given by

Z(φ)'Γ(1 + b)Γ(1− b) (1− φ)b−1 → ∞ ,

R(φ)' φ

(1 + b)2(1− b)
(1− φ)−1 → ρc = ∞ , (5.35)

asφ ↗ 1. ThusR(φ) has full rangeDρ = [0,∞) and for every density there exists a
grand canonical product measureν̄L

Φ(ρ) (see Figure5.2 (left)). The probability of having a
fixed number of particles on a given site vanishes with increasing density, as is shown for
the example of an empty site in Figure5.2 (right). Thus in the limitφ ↗ 1 the number
of particles per site diverges with probability one, as one might expect for homogeneous
systems withρ→∞.

For b = 1 this picture does not change qualitatively, but there are logarithmic corrections

Z(φ) =− log(1− φ)

φ
→ ∞ ,

ρ(φ) =
φ

(φ− 1) log(1− φ)
− 1 → ρc = ∞ , (5.36)

asφ↗ 1.
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Figure 5.2: Stationary properties of the process (5.27) for γ = 1 and several values ofb.
Left: FugacityΦ(ρ) as a function of the particle density. Note that this is proportional to the
currentj(ρ) = m(p) Φ(ρ) as given in (2.73). Right: Probability of an empty sitēν1

Φ(ρ)(0)
as a function of the densityρ.

The case 1 < b ≤ 2

For1 < b < 2 the terms of leading order change, and

Z(φ)' b

b− 1
+ Γ(1 + b) Γ(1− b) (1− φ)b−1 → Z(1) =

b

b− 1
,

R(φ)'φ (b− 1)Γ(b) Γ(2− b) (1− φ)b−2 → ρc = ∞ , (5.37)

asφ ↗ 1. As before, forb = 2 the first order terms have logarithmic corrections but
the qualitative behavior does not change. In particular,Dρ = [0,∞) and there is a grand
canonical stationary measure for every density (see Figure5.2(left)).

However, somewhat surprisingly, the character of this distribution for largeρ differs from
the caseb ≤ 1. SinceZ(1) < ∞, ν̄L

1 is well defined and there is a non-zero probability of
having a fixed number of particles at a given site,

ν̄1
1(0) =

1

Z(1)
=
b− 1

b
,

ν̄1
1(k) =

W (k)

Z(1)
' Γ(b) (b− 1) k−b for largek. (5.38)

For example the probability of an empty site, given byν̄1
φ(ρ)(0) = 1/Z(φ(ρ)), decreases

monotonic with increasing densityρ. In contrast to the caseb ≤ 1, it does not vanish in the
limit ρ→∞, but approaches the non-zero valueν̄1

1(0) = (b− 1)/b (see Figure5.2(right)).
So no matter how large the density is, the fraction of empty sites in a typical configuration is
always greater than(b− 1)/b.

This is a well known phenomenon for distributions with power law tails (see e.g. [15] and
references therein). A typical configurationη =

(
η(x)

)
x∈ΛL

for this distributionν̄1
1 is known

to have a hierarchical structure. Then-th largest value ofη scales as(Γ(b − 1)L/n)1/(b−1),
which holds for everyb > 1. In this particular case,1 < b ≤ 2, it means that the particle
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numberΣL(η) also scales asL1/(b−1) and thus grows faster than the number of summands
L. Therefore the average particle density〈ΣL〉ν̄1

1
/L diverges asL(2−b)/(b−1) and the highest

occupied site contains a non-zero fraction of the particles in the system. This hierarchical
structure of typical configurations can be understood as a precursor for the condensation
phenomenon to be discussed in the next part.

The case b > 2

In this caseb is large enough such that besides the normalization also the first moment of the
grand canonical distribution converges in the limitφ↗ 1,

Z(φ)' b

b− 1
− b

(b− 1)(b− 2)
(1− φ) → Z(1) =

b

b− 1
,

R(φ)' 1

b− 2
+φ(b− 1)Γ(b)Γ(2− b)(1− φ)b−2 → ρc =

1

b− 2
. (5.39)

We note that forb > 3 also the second momentσ2 of the distributionν̄1
1 exists and the

number of particles satisfies the usual central limit theorem

lim
L→∞

ν̄L
1

(
ξ1 ≤

ΣL − ρcL

σ
√
L

≤ ξ2

)
=

∫ ξ2

ξ1

G(ξ) dξ, (5.40)

whereG denotes the Gaussian probability density with zero mean and unit variance. The
density forb > 3 is of orderR(φ) = 1/(b− 2) +O(1− φ) and its first derivative is finite at
φ = 1 leading to a kink in the functionΦ(ρ), as can be seen in Figure5.2(left) for b = 3.5.

As explained already above the highest occupied site contains of orderL1/(b−1) particles,
and forb < 3 this fluctuation is larger than

√
L. Therefore the scaling limit leads to a self-

similar distribution, which is given by the completely asymmetric Lévy distributionL(b−1)

(for details see [15] or [57]),

lim
L→∞

ν̄L
1

ξ1 ≤ ΣL − ρcL(
bΓ(b− 1)L

)1/(b−1)
≤ ξ2

=

∫ ξ2

ξ1

L(b−1)(ξ) dξ. (5.41)

With (5.39) we haveR′(1) = ∞ for b < 3, leading to a differentiable functionΦ(ρ), as
shown in Figure5.2(left).

5.4 Generalization to two-component systems

As explained in the introduction, critical phenomena in systems with two or more species of
particles are of particular interest. In this context a ZRP with two different kinds of particles
has been introduced in [43, 66] to study condensation for this process. This is a special case
of then-component system introduced in Chapter4 with state spaceX = (N × N)Z. The
dynamics is defined by the jump ratesg1, g2 : N × N → [0,∞), which should fulfill the
conditions (4.1) to (4.5) given in Section4.2.1. In the following, we generalize the rigorous
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equivalence result of Section5.2 on the condensation transition to the two component sys-
tem. To prepare this we first review the most important properties of the stationary product
measures and introduce the notion of condensation for two-component systems.

To concentrate on the main issues, we formulated the following results only for two
particle species, but the main ideas can readily be generalized ton-component systems.

5.4.1 Properties of the condensation transition

We consider the process on the periodic latticeΛL = (Z/LZ) where the state space is given
by XL = (N × N)ΛL . It was shown in Section4.2.2 that there exist stationary product
measures if the jump rates fulfill

g1(k1, k2)

g1(k1, k2 − 1)
=

g2(k1, k2)

g2(k1 − 1, k2)
(5.42)

for all k1, k2 ≥ 1, and in this case the stationary weight can be written as

W (k1, k2) =

k1∏
i1=1

[
g1(i1, 0)

]−1
k2∏

i2=1

[
g2(k1, i2)

]−1
. (5.43)

Unlike in Chapter4, we only use the chemical potentialsµi within some of the proofs to
simplify the notation. But the main parts of this chapter are formulated using the fugacity
variablesφi = exp[µi] and the one-point marginals of the grand canonical measures are

ν̄1
φ(k1, k2) =

1

Z(φ1, φ2)
W (k1, k2)φ

k1
1 φ

k2
2 , (5.44)

whereφ = (φ1, φ2) are the fugacities for each species. The grand canonical partition func-
tion is given byZ(φ) =

∑∞
k1,k2=0W (k1, k2)φ

k1
1 φ

k2
2 , and we recall the definition (2.67) of the

densitiesRi(φ) = φi∂φi
logZ(φ). In contrast to Chapter4 we are especially interested in

the behavior at the boundary ofDφ, the domain of definition ofR(φ). The range of densities
is denoted byDρ := R(Dφ) ⊂ [0,∞)2.

Definition. Analogous to the criterion for single species systems in Section2.1.3, we say
that the two-component ZRP exhibits acondensation transitionif Dρ ( [0,∞)2.

The canonical measures for the two-component systems are given by

µL,N1,N2(η) =
1

Z(L,N1, N2)

∏
x∈Λ

W
(
η1(x), η2(x)

)
δ
(
Σ1

L(η),N1

)
δ
(
Σ2

L(η),N2

)
, (5.45)

where the number of particlesΣi
L(η) =

∑
x∈ΛL

ηi(x) is locally conserved for each speciesi.
In this framework it is possible to fix any pair of densitiesρ ∈ [0,∞)2 and investigate the
equivalence ofµL,[ρ1L],[ρ2L] to the corresponding product measure with fugacityΦ(ρ) in the
limit L → ∞. HereΦ : Dρ → Dφ is the inverse ofR(φ), analogous toM(ρ) used
in Chapter4. In case of condensation it has to be extended to[0,∞)2 as it was done in
Section5.2 for a single species. There, the boundaries ofDφ andDρ were just single points
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leading to a rather obvious extension. But for two species the situation is more complicated
and it turns out that one has to use the thermodynamic entropy defined in (4.17) to get a
unique extension.

Lemma 5.7 In case of a phase transition we haveDφ ( [0,∞)2 with ∂Dφ ∩Dφ 6= ∅ and
∂Dρ = R

(
∂Dφ ∩Dφ

)
. For everyρ ∈ [0,∞)2 there exists a unique maximizerΦ̄(ρ) ∈ Dφ

for the thermodynamic entropy (4.17),

S(ρ) = sup
φ∈Dφ

ρ · log φ− logZ(φ) = ρ · log Φ̄(ρ)− logZ
(
Φ̄(ρ)

)
, (5.46)

andRi

(
Φ̄(ρ)

)
≤ ρi, i = 1, 2. Φ̄ is a continuous function ofρ, where forρ ∈ Dρ we have

Φ̄(ρ) = Φ(ρ) and forρ 6∈ Dρ it is Φ̄(ρ) ∈ ∂Dφ. Moreover,Φ̄
(
[0,∞)2\Dρ

)
= ∂Dφ ∩Dφ.

Proof. The first statement is a direct generalization of Lemma 2.3.3 in [84] for the single
species case. SinceDρ ( [0,∞)2, there has to be aφ∗ ∈ ∂Dφ with limφ→φ∗ Ri(φ) < ∞
for i = 1, 2, and thus by continuity ofZ it is Z(φ∗) < ∞ and∂Dφ ∩ Dφ 6= ∅. Due to the
regularity ofR(Φ),Dρ is diffeomorphic toDφ and thus∂Dρ = R

(
∂Dφ ∩Dφ

)
.

For ρ ∈ Dρ (5.46) is obvious withΦ̄(ρ) = Φ(ρ), as already given in the definition
(4.17) of the thermodynamic entropy. Forρ 6∈ Dρ we switch to the notation with chemical
potentials in order to use regularity properties ofDµ from Lemma4.2, such as convexity. By
slight abuse of notation we write

F (µ) = ρ · µ− logZ(µ) (5.47)

for the function to be maximized in (5.46). It is strictly convex, i.e.D2F is negative definite,
and the level setsLF (c) =

{
µ ∈ Dµ

∣∣F (µ) ≥ c
}

are convex and closed relative toDµ. For
fixedρ the derivatives

∂µi
F (µ) = ρi −Ri(µ) (5.48)

are both positive for small|µ| and so the level sets are also bounded for everyc ∈ R. For
c small enoughLF (c) is non-empty and sinceF is continuous it has a maximum̄F onDµ.
Since we considerρ 6∈ Dρ, there is no local maximum in the interior ofDµ and thusF̄
is obtained at the boundary∂Dµ ∩ Dµ. SoLF (F̄ ) ⊂ ∂Dµ ∩ Dµ but it is also convex by
definition. Moreover, sinceF is strictly convexLF (F̄ ) cannot be a straight line and thus
there exists a uniquēµ ∈ ∂Dµ ∩Dµ with LF (F̄ ) = {µ̄}.

At µ̄ the derivatives ofF are nonnegative, i.e.∂µi
F (µ̄) = ρi − Ri(µ̄) ≥ 0. Otherwise,

using the structure ofDµ given in Lemma4.2, this would be in contradiction to the maxi-
mality of F (µ̄). By strict convexity and continuity ofF , its maximizerµ̄ is a continuous
function ofρ, and with this andM(∂Dρ) = ∂Dµ ∩Dµ the last statement follows. 2

In the next subsection we will see that the choiceΦ̄(ρ) is the right one in the sense of the
equivalence of ensembles. So far Lemma5.7 just ensures thatR

(
Φ̄(ρ)

)
is a well defined,

continuous projection of any density pairρ = (ρ1, ρ2) ∈ [0,∞)2 onto densities inDρ. If one
of them is smaller than its original valueρi, this indicates a condensation of this species.
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Definition. For everyρ 6∈ Dρ, ρc(ρ) = R
(
Φ̄(ρ)

)
∈ ∂Dρ is called thecritical (back-

ground) density. We say thatspeciesi condensatesif ρc,i(ρ) < ρi.

Note that the critical density depends onρ, in contrast to single species systems where there
is only one critical densityρc defined in Section2.3.2. Analogous to (5.7) the asymptotic
bulk density is given by

ρbulk(ρ) = R
(
Φ̄(ρ)

)
=

{
ρ , if ρ ∈ Dρ

ρc(ρ) , if ρ 6∈ Dρ
(5.49)

which can be considered as the order parameter of the condensation.
With the previous definition,[0,∞)2\Dρ can be partitioned into setsA,B andC, where

only species1, only species2 or both species condensate. Depending on the specific model,
each of these regions might also be empty, but in case of a condensation transition at least one
has to be non-empty. For the images underΦ̄ we haveΦ̄(A)∪ Φ̄(B)∪ Φ̄(C) = ∂Dφ ∩Dφ.
SinceDµ is convex the boundary∂Dφ is continuous, and furthermore we assume that

∂Dφ is a piecewise differentiable curve. (5.50)

Under this natural regularity condition we summarize some generic properties of the above
partitions and their images underΦ̄ in the next Lemma. An example illustrating these fea-
tures is given in Section5.4.3.

Lemma 5.8 Suppose (5.50). If A 6= 0, Φ̄(A) is a straight line parallel to theφ2-axis, i.e.

∃φc,1>0 Φ̄(A) =
{
(φc,1, φ2)

∣∣0 ≤ φ2 < φ̄2

}
for someφ̄2 ∈ (0,∞] , (5.51)

and in particularΦ̄(A) is a simply connected subset of∂Dφ∩Dφ. If ρ ∈ A then(ρ∗1, ρ2) ∈ A
andΦ̄(ρ∗1, ρ2) = Φ̄(ρ) for all ρ∗1 ≥ ρ1. We can writeρc(ρ) = (ρc,1(ρ2), ρ2) and

A =
⋃

0≤φ2<φ̄2

{(
ρ1, R2(φc,1, φ2)

)∣∣∣ρ1 > R1(φc,1, φ2)
}
. (5.52)

In particular A is simply connected and bounded below by the critical densities
ρc(A) = ∂A ∩Dρ. Analogous statements hold for setB.
If ρ ∈ C thenρ∗ ∈ C for all ρ∗ ≥ ρ. Φ̄(C) cannot be parallel to one of the axes but it is
still simply connected, as well asC is.

Remarks. If φ̄2 < ∞ the range in (5.51) might also be given by0 ≤ φ2 ≤ φ̄2, namely if
regimeC is non-empty (cf. examples of Section5.4.3). ρ∗ ≥ ρ has the obvious meaning
thatρ∗i ≥ ρi for i = 1, 2.

Proof. We return to the notation of the proof of Lemma5.7 with chemical potentials. Let
µ(t), t ∈ T be a parametrization of∂Dµ. Then forρ 6∈ Dρ the maximizer̄µ of F (µ) defined
in (5.47) is characterized by

∇µF (µ) · µ̇(t)
∣∣
µ=µ̄

= 0 . (5.53)

For ρ ∈ A it is ∂µ1F (µ̄) = ρ1 − R1(µ) > 0 and∂µ2F (µ̄) = 0 according to (5.48) and
thus necessarilẏµ1(t) = 0. This (local) property together with the regularity ofDµ shown
in Lemma4.2 implies the global statement (5.51). With this and (5.47) an increase ofρ1
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corresponds to a constant increase ofF on Φ̄(A) and thusµ̄ does not change, and still
ρ ∈ Awhich follows immediately from (5.48). (5.52) is a direct consequence of the previous
statements and the regularity of the functionR(φ). An analogous proof works forρ ∈ B.

Forρ ∈ C it is ∂µi
F (µ̄) > 0 for both speciesi = 1, 2 and thus (5.53) implies that either

µ̇i(t) both vanish such that̄Φ(C) is only a single point (cf. Section5.4.3), or they are non-
zero and have different sign. Again (5.48) implies that allρ∗ ∈ C with ρ∗ ≥ ρ andρ ∈ C.
SinceA,B andDρ are simply connected alsoC is, and thus̄Φ(C) by continuity ofΦ̄. 2

5.4.2 Equivalence of ensembles

According to (4.14) and (4.19) the covariance matrixCov(φ) of the bivariate one-point
distributionν̄1

φ is given by

Cov i,j(φ) =
〈
ηiηj

〉c
ν̄1

φ

= φj∂φj

(
φi∂φi

logZ(φ)
)

=
(
(D2S)−1

(
R(φ)

))
i,j
. (5.54)

In particular it is given by the inverse of the second derivative matrix of the thermodynamic

entropyS. Sinceν̄1
φ has finite exponential moments forφ ∈

◦
Dφ, Cov is finite on

◦
Dφ. To

prove the theorem below we have to assume that it is finite also on∂Dφ ∩Dφ, i.e.

Cov(φ) ∈ R2×2 for all φ ∈ ∂Dφ ∩Dφ . (5.55)

This ensures that we have central limit theorems for a sum of i.i.d.ν̄1
φ-random variables

towards a bivariate Gaussian distribution, which are needed for the proof. This assumption
is not necessary for the one-component case in Section5.2, since there are central limit
theorems towards Ĺevy distributions in the caseφ = φc, which we are not aware of for the
bivariate case.

Analogous to (5.3) we assume existence of the Cesaro limits

lim
k1→∞

1

k1

k1∑
i1=1

log g1(i1, k2) ∈ (−∞,∞] for all k2 ∈ N and

lim
k2→∞

1

k2

k2∑
i2=1

log g2(k1, i2) ∈ (−∞,∞] for all k1 ∈ N , (5.56)

which could also be infinite. This includes regularity properties of the stationary weight
W (k1, k2), which are necessary for the proof of Lemma5.10formulated below.

Theorem 5.9 (Equivalence of ensembles)
Let Φ̄(ρ) be defined as in Lemma5.7and assume (5.55), (5.56). Then for everyρ ∈ [0,∞)2

the canonical distribution (5.45) weakly converges to the product measure (5.44),

µL,[ρ1L],[ρ2L]
w−→ νΦ̄(ρ) , for L→∞ , (5.57)

for all bounded cylinder test functions inC0,b(X,R). The canonical partition functions
converge as

lim
L→∞

1

L
logZ(L, [ρ1, L], [ρ2L]) = logZ(Φ̄(ρ))− ρ1 log Φ̄1(ρ)− ρ2 log Φ̄2(ρ) . (5.58)
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Remarks. Unfortunately, we are not able to prove a result similar to Theorem5.5 of Sec-
tion 5.2.2, which would ensure that in a typical stationary configuration of a large finite
system each species condensates only on a single site. However, we expect that such a
statement holds and this intuition is supported by simulation results presented in Chapter6.
Moreover, in case of simultaneous condensation, both condensates can be on the same site
under certain conditions, which we discuss further in the next subsection.
In analogy to Lemma5.1for a single species, we need a certain subexponential decay ofν̄1

φ

on∂Dφ ∩Dφ for the proof of Theorem5.9, which we summarize in the following lemma.

Lemma 5.10 Assume (5.56). For φ ∈ Φ̄(A) ∪ Φ̄(C), i.e. species1 condensates, we have

∀ε>0 ∃k2∈N lim
k1→∞

− 1

k1

log ν̄φ(k1, k2) < ε . (5.59)

Analogously, forφ ∈ Φ̄(B) ∪ Φ̄(C) we have

∀ε>0 ∃k1∈N lim
k2→∞

− 1

k2

log ν̄φ(k1, k2) < ε . (5.60)

Proof of Lemma 5.10. Takeφ ∈ Φ̄(A) ∪ Φ̄(C) with chemical potentialsµ = log φ and
define

α(k2) :=− lim
k1→∞

1

k1

log ν̄1
µ(k1, k2) =

= lim
k1→∞

(
− 1

k1

logW (k1, k2)− µ1 − µ2
k2

k1

+
1

k1

logZ(µ)
)
≥ 0 , (5.61)

where the limit exists for allk2 ∈ N due to assumption (5.56). Thus there existsK ∈ N such
that for allk1 > K

logZ(µ) ≥
(
α(k2)/2 + µ1

)
k1 + µ2 k2 + logW (k1, k2) . (5.62)

Suppose now by contradiction thatα(k2) > 2α for all k2 ∈ N and someα > 0, i.e. it is
uniformly bounded away from zero. Then for everyγ1, γ2 ∈ (0, 1) it is

e−γ1 α k1−γ2 µ2 k2 Z(µ) ≥ e(µ1+(1−γ1) α) k1+(1−γ2) µ2 k2 W (k1, k2) (5.63)

Summing both sides overk1 andk2 we get with some constantC > 0

Z
((
µ1 + (1− γ1)α

)
, (1− γ2)µ2

)
≤ C Z(µ) <∞ . (5.64)

This is in contradiction toφ ∈ Φ̄(A) for every choice ofγ1, γ2 using the properties of̄Φ(A)
given in Lemma5.8. With this lemma, (5.64) is also in contradiction toφ ∈ Φ̄(C) by choos-
ing γ1 andγ2 sufficiently small. Thusα(k2) has to get arbitrarily close to zero and statement
(5.59) follows. (5.60) can be shown analogously. 2
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Proof of Theorem 5.9. Using the same technique as for the one-component case pre-
sented in Section5.2, it is enough to show that the relative entropy of the finite dimensional
marginals vanishes. For the full measures it can be written as

H
(
µL,N1,N2

∣∣ ν̄L
φ

)
= − log ν̄L

φ

({
η
∣∣Σ1

L(η)=N1, Σ2
L(η)=N2

})
, (5.65)

analogous to (5.22). With definitions (5.44) and (5.45) we have

ν̄L
φ

({
Σ1

L(η)=N1, Σ2
L(η)=N2

})
Z(φ)L = Z

(
L,N1, N2

)
φN1

1 φN2
2 , (5.66)

analogous to (5.21). Using (5.46), where the thermodynamic entropyS(ρ) is defined by a
Legendre transform, we immediately get from (5.65)

inf
φ∈Dφ

H
(
µL,N1,N2

∣∣ ν̄L
φ

)
=− logZ

(
L,N1, N2

)
− LS

(
N1/L,N2/L

)
=

=H
(
µL,N1,N2

∣∣ ν̄L
Φ̄(N1/L,N2/L)

)
. (5.67)

We fix a pair of densitiesρ and setNi = [ρiL]. ThenΦ̄
(
N1/L,N2/L

)
converges tōΦ(ρ)

for L→∞ by continuity ofΦ̄, showing that this choice as defined in Lemma5.7minimizes
the relative entropy (5.65).

It remains to show that the relative entropy of finite dimensional marginals indeed van-
ishes in the limitL→∞. Analogous to (5.23) it is bounded by

H
(
µn

L,[ρ1L],[ρ2L]

∣∣ ν̄n
Φ̄(ρ)

)
≤ − 1

[L/n]
log ν̄L

Φ̄(ρ)

({
Σ1

L(η)=[ρ1L],Σ2
L(η)=[ρ2L]

})
(5.68)

for everyn ∈ {1, . . . , L} andφ ∈ Dφ, and we have to find a subexponential lower bound to
the probability on the right hand side.

For ρ ∈ Dρ we haveΦ̄(ρ) = Φ(ρ) ∈ Dφ and ν̄1
Φ(ρ) has finite covarianceCov by

assumption (5.55). The limit distribution of(Σ1
L(η),Σ2

L(η)) is a bivariate Gaussian centered
at (ρ1L, ρ2L). Thus we get̄νL

Φ̄

(
{Σ1

L(η) = N1, Σ2
L(η) = N2}

)
' 1/

√
L for L → ∞ by the

multivariate local limit theorem.
Forρ ∈ A we split the right hand side of (5.68) analogous to (5.24) and get the bound

H
(
µn

L,[ρ1L],[ρ2L]

∣∣ ν̄n
Φ̄(ρ)

)
≤ − 1

[L/n]
log ν̄1

Φ̄(ρ)

(
[ρ1L]−

[
ρc,1(ρ)(L− 1)

]
, k2

)
− 1

[L/n]
log ν̄L−1

Φ̄(ρ)

({
Σ1

L−1(η)=
[
ρc,1(ρ)(L−1)

]
, Σ2

L−1(η)=[ρ2L]−k2

})
(5.69)

for all k2 ≤ [ρ2L]. With Lemma5.10we can choosek2 such that the first term is smaller
than an arbitraryε > 0 in the limit L → ∞. Sincek2 depends only onε the second term
vanishes due to the local limit theorem for multivariate Gaussians like above. Thus for every
ε > 0 we have

lim
L→∞

H
(
µn

L,[ρ1L],[ρ2L]

∣∣ ν̄n
Φ̄(ρ)

)
< ε , (5.70)

and the relative entropy vanishes.
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The caseρ ∈ B follows analogously. Forρ ∈ C we split

H
(
µn

L,[ρ1L],[ρ2L]

∣∣ ν̄n
Φ̄(ρ)

)
≤ − 1

[L/n]
log ν̄1

Φ̄(ρ)

(
[ρ1L]−

[
ρc,1(ρ)(L− 2)

]
, k2

)
− 1

[L/n]
log ν̄1

Φ̄(ρ)

(
k1 , [ρ2L]−

[
ρc,2(ρ)(L− 2)

])
− 1

[L/n]
log ν̄L−2

Φ̄(ρ)

({
Σ1

L−2(η)=
[
ρc,1(ρ)(L− 2)

]
− k1 ,

Σ2
L−2(η)=

[
ρc,2(ρ)(L− 2)

]
− k2

})
, (5.71)

and apply Lemma5.10to the first two expressions. 2

5.4.3 Generic examples

We close this chapter by applying the above results to some generic examples of two com-
ponent systems. We mainly concentrate on the model introduced in [43, 66] with rates

g1(k1, k2) = Θ(k1)
(1 + b/(k1 + 1)

1 + b/k1

)k2(
1 + c/k1

)
,

g2(k1, k2) = Θ(k2)
(
1 + b/(k1 + 1)

)
, (5.72)

whereb, c > 0. It is easy to check that these rates fulfill condition (5.42), so there exists a
stationary product measure. Moreoverg2 is independent ofk2 andlog g1 is monotonic ink1

so that (5.56) also holds and Theorem5.9 applies. Following [43, 66] the grand canonical
partition function and the densities can be calculated to be

Z(φ) =
∞∑

k1=0

φk1
1

1 + k1 + b

(1− φ2)(k1 + 1) + b

k1!

(1 + c)k1

,

R1(φ) =
1

Z(φ)

∞∑
k1=0

k1 φ
k1
1

1 + k1 + b

(1− φ2)(k1 + 1) + b

k1!

(1 + c)k1

,

R2(φ) =
1

Z(φ)

∞∑
k1=0

(1 + k1)φ
k1
1

φ2(1 + k1 + b)

[(1− φ2)(k1 + 1) + b]2
k1!

(1 + c)k1

, (5.73)

Obviously it isφc,1 = φc,2 = 1 (cf. Lemma5.8) andDφ takes a particularly simple form. For
φ2 = 1 we get for the corresponding densities

R2(φ1, 1) =
(
1 +R1(φ1, 1)

)/
b <∞ (5.74)

for all φ1 ∈ [0, 1). So species2 condensates for allb, c > 0 if ρ2 > ρc,2(ρ1) = (1 + ρ1)/b,
as was already noted in [43]. This corresponds to the setB as defined in Section5.4.1and
the respective part of the boundary∂Dφ, Φ̄(B), is given byφ2 = 1 as shown in Figure5.3.
Sinceg2 is actually independent ofk2 the condensation is induced by particles of species1,
leading to interesting dynamical phenomena discussed in Section6.4.1.
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Figure 5.3: Critical behavior of the two-component system (5.72). Top: The structure
of Dφ if only species2 condensates (left), species1 and2 condensate but only separately
(middle), species1 and2 can condensate also simultaneously (right).Bottom: Density
phase diagram forb = 1 andc = 3, 2.5 (left), c = 4 (right). RegionA: condensation of
species1, regionB: condensation of species2, regionC: condensation of species1 and2.

If φ1 = 1 andφ2 < 1 the expressions in (5.73) only converge forc > 2, analogously
to the one component model studied in Section5.3. For the corresponding line of critical
densities we only have the parametric expression

{
R(1, φ2)

∣∣ 0 ≤ φ2 < 1
}

. This gives the
boundary betweenDρ and regionA, which is shown in red in Figure5.3. Forφ1 = φ2 = 1
convergence in (5.73) is given only forc > 3 and in this case the intersection pointR(1, 1)
of ρc,2(ρ1) andρc,1(ρ2) is found to be

R1(1, 1) =
c(2+b)− 2− 3b

(c−3)
(
b(c−2) + c− 1

) , R2(1, 1) =
(c−1)

(
b(c−3) + c− 1

)
b(c−3)

(
b(c−2) + c− 1

) . (5.75)

This scenario is plotted in Figure5.3on the right. Condensation of both species takes place
in regionC (green), which does not exist forc ≤ 3 as can be seen on the left.

As mentioned after Theorem5.9we expect the condensates to occupy only a single lattice
site. Moreover,g2 is obviously monotonically decreasing ink1 and thus alsog1 in k2, since
both dependencies are linked by (5.42). So in regionC it is favorable for both condensates to
be on the same lattice site, which is supported by simulation results given in Chapter6. While
in this case the condensates ’attract’ each other, their positions are of course independent if
the rates have no mutual dependence, such as

g1 = Θ(k1)
(
1 + b/k1

)
, g2 = Θ(k2)

(
1 + c/k2

)
with b, c > 2 . (5.76)
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On the other hand, if we consider rates like

g1 = Θ(k1)
(
1 + b/k1

)(
k2 + 1

)
, g2 = Θ(k2)

(
1 + c/k2

)(
1 + 1/k2

)k1 , (5.77)

g1 is increasing ink2 and vice versa. Since (5.42) is fulfilled the analysis can be carried out
completely analogously to the one above, and we find a phase diagram given in Figure5.4
which indicates that both species condensate simultaneously ifb, c > 2. But with rates (5.77)
a double condensate is now less stable than two separate condensates of species1 and2 and
so we expect them to be on different lattice sites.

In fact wheneverg1 is not decreasing ink2, condensation of species1 has to be induced
by a decreasing dependence onk1 and vice versa. So the mechanism in this case is the same
as for independent species (5.76). With respect to condensation one observes just two copies
of a single species system, with the only difference that the condensates cannot be on the
same lattice site. This is of course much less interesting than the example (5.72) studied
before, where condensation of species2 is induced by the presence of particles of species1.

In all the above examplesDφ has a very simple, rectangular structure. This considerably
simplifies the analysis and suggests that there might be a simpler way of studying the phe-
nomenon than described in the previous sections. It is, however, not obvious how to prove
general statements more easily, since the form ofDφ can also be more complicated. Consider
for example the rates

g1 = Θ(k1)
( k1

1 + k1

)k2(
1 + b/k1

)
, g2 =

k2

1 + k1

, (5.78)

which obey (5.42) and the partition function is found to be

Z(φ) = eφ2

∞∑
k1=0

k1!

(1 + b)k1

exp
[
(φ2 + log φ1)k1

]
. (5.79)



5.5. Discussion 97

1

Φ1

Φ2

0

DΦ

F
���HCL

-1 Ρc,1
Ρ1

0.5

1

1.5

2

Ρ2

DΡ

C

ΡcHΡL

-1 Ρc,1
Ρ1

0.5

1

1.5

2

Ρ2

Figure 5.5: Critical behavior of the two-component system (5.78) for arbitrary b > 2,
where both species condensate simultaneously.Left: Structure ofDφ where the corre-
spondingDµ would be convex.Right: Density phase diagram withρc,1 = 1/(b − 2).
Arrows denote the projectionρc(ρ) on the critical (background) densities.

ThusDφ =
{
φ ∈ [0,∞)2

∣∣φ1 ≤ exp[−φ2]
}

for b > 2 and according to Lemma5.8 both
species condensate simultaneously and regionsA andB are empty.Dφ is shown in Fig-
ure5.5 (left) and is not even convex, whereas the corresponding domain of chemical poten-
tialsDµ is (not shown). As seen in Figure5.5 (right) Dρ has a rather simple structure and
ρc,1 = 1/(b− 2) is a constant, whereasρc,2(ρ) = (1 + ρc,1)ρ2/(1 + ρ1) is not. This example
illustrates thatρc can depend nontrivially onρ and the theory of Sections5.4.1and5.4.2is
really necessary to understand the coarsening transition. Just by looking atDρ one would
presumably think that only species1 condensates.

5.5 Discussion

With Theorem5.2 we provide a rigorous proof for the condensation transition in the ZRP
which has been studied non-rigorously in [21, 40]. As a new result, we show in Theorem5.5
that the condensed phase typically consists only of a single, randomly located site. This
requires some technical assumptions on the tail behavior of the jump rates. These conditions
should be not essential for the validity of the statement, and there are indications that a
generalization is possible without substantial changes of the proof.

The analysis of the condensation in two-component systems reveals an interesting con-
nection between the critical fugacities and the thermodynamic entropy of the system given
in Lemma5.7. We establish a rigorous result on the condensation in Theorem5.9under mild
assumptions on the jump rates. A statement on the volume of the condensed phase would re-
quire large deviation estimates analogous to Lemma5.6for multivariate distributions, which
we are not aware of so far. In contrast to one-component systems, where our results give a
fairly complete picture, the two-component case is only partially understood. In particular
we have only heuristic arguments but no rigorous statements concerning the structure of the
condensed phase.
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In comparison to previous chapters we would like to note that in contrast to boundary
induced critical phenomena the condensation transition of the ZRP cannot be captured on
a hydrodynamic level. Moreover, the description of the system with a hydrodynamic con-
servation law fails in case of condensation. On a macroscopic scale the particle density is
no more a conserved quantity, since a non-zero fraction of the particles condensates on a
region with vanishing volume fraction. This is consistent with the fact that the existence of
a finite critical density contradicts the conditions of Section4.3.1for the derivation of the
macroscopic equation.

Given the correspondence between the single-species ZRP and two-species exclusion
processes [76], our results also provide new information on the stability of domain walls in
such systems. As explained in Section2.2.3, domain wall stability is a key ingredient in the
theory of boundary induced phase transitions in one-component systems, and thus may shed
light on steady state selection in the case of two particle species.



Chapter 6

Relaxation dynamics of the
zero range process

6.1 Introduction

So far we investigated the condensation transition on the level of the stationary distribution,
which carries no information on the kinetics of the phenomenon. A natural set-up is to start
with particles uniformly distributed at some supercritical densityρ > ρc on a large periodic
lattice. The stationary measure determines the long-time behavior of the system, where a
typical configuration consists of a uniform background phase at densityρc and one conden-
sate site, containing the excess particles.

How does the system with uniform initial distribution relax to this configuration?

An intuitive picture can be obtained from computer simulation data for the density pro-
file, shown in Figure6.1. In an initial nucleation process, driven by density fluctuations,
condensates rapidly evolve all over the system. Then a coarsening mechanism sets in, where
the large condensates grow on the expense of smaller ones. The result of this is a typical
stationary configuration with a single condensate site.

Domain coarsening is a well known phenomenon in the context of phase separation. The
most famous example is probably given by domains of opposite magnetization in the Ising
model, mentioned in Section2.1.3. The coarsening dynamics usually takes place on a slow
time scale, since it is only driven by boundary interactions between the domains, which are
already relaxed to their stationary distribution. Due to this separation of time scales, the
coarsening regime is expected to follow a universal scaling law, which is of particular inter-
est. This has been studied in [16] for a disordered, symmetric ZRP and recently in [58] for
the homogeneous, asymmetric case. There the time evolution of the probability distribution
of the number of particles at a single site was analyzed numerically, with particular attention
to the macroscopic component of that distribution. In view of our static result we pursue
a somewhat different approach and investigate the effective dynamics of the condensates,
using random walk arguments supported by Monte Carlo simulations.

99
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Figure 6.1: Configurationηt at different times from simulation data with lattice sizeL =
160, jump ratesg(k) = Θ(k)(1 + b/k) with b = 2.5 given in (5.27), asymmetric jump
probabilities and uniform initial densityρ = 10. The time scale is normalized such that for
t = 1 the system shows a typical stationary configuration.

In contrast to the stationary results of the previous Chapter, this analysis depends on
the form of the jump rates and in particular on the symmetry of the jump probabilities, i.e.
reversibility of the process. In the next two sections we study this in detail for the generic
example (5.27) with ratesg(k) = Θ(k)(1 + b/kγ), introduced in [40]. We concentrate
on one space dimension, with particular attention to the difference between symmetric and
asymmetric jump probabilities. We derive a scaling law for the coarsening regime and an
effective master equation for the late stage of relaxation, governing the occupation numbers
of two remaining condensates. This part of the Chapter has been published in [62]. In
Section6.4 we generalize the analysis to two-component systems and study the effect of
higher space dimensions. Unlike in previous chapters, we use heuristic considerations which
are corroborated through comparison with simulation data instead of giving rigorous proofs.

6.2 Dynamics of the condensation

To describe quantitatively the relaxation dynamics we use the symbols ‘∼’ for proportional,
‘'’ for equivalent and ‘O(L)’ for terms proportional toL, all asymptotically forL→∞.
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6.2.1 Regimes of the relaxation dynamics

As indicated in the introduction, the dynamics leading from a uniform initial distribution
with densityρ > ρc to the stationary distribution can be divided into three regimes.

Nucleation: Driven by density fluctuations the excess particles condense in several random
positions, which are called cluster sites. On the remaining lattice, the so-called bulk
sites, the distribution relaxes tōνφc.

Coarsening: The condensates are essentially immobile, but they can exchange particles
through the bulk. With increasing time the larger condensates gain particles at the
expense of the smaller ones. The resulting decrease of the number of cluster sites and
the increase of the mean condensate size are expected to follow a scaling law.

Saturation: Due to the finite system size, eventually only a single cluster site survives,
containing all excess particles. This is a typical stationary configuration for large but
finite systems, as has been discussed in Theorem5.5.

Physically most interesting is the coarsening regime and in particular the expected scaling
law and its universal properties, which we investigate in the following. Also of interest is
the saturation regime, especially the case of two remaining condensates for which we find
effective dynamical equations in Section6.3.2. On the other hand the nucleation process
takes only a very short time and is much harder to analyze since it depends on the initial
condition, so we only discuss its influence on the other regimes very quickly.

In the following, we study these regimes and their dependence on system parameters in
detail for the model with rates

g(k) = Θ(k)(1 + b/kγ) , (6.1)

introduced in Section5.3. We focus on the one dimensional latticesΛL = Z/LZ with
periodic boundary conditions and on nearest neighbor jumps. These are taken to be either
totally asymmetric where particles only jump to the right, or symmetric, i.e.

pa(y) = δ1,y or ps(y) =
(
δ−1,y + δ1,y

)
/2 . (6.2)

There are(ρ − ρc)L excess particles in the system and we speak of a condensate if a site
contains a non-zero fractionα of all excess particles. Since the bulk fluctuations grow only
sublinearly withL (cf. Section5.3.2), the cluster sites are well separated from the bulk for
largeL. The choice ofα is therefore not critical as long as it is a small number in the interval
(0, 1). In simulationsα = 1/40 turned out to be a reasonable choice, requiring system sizes
of about 200 sites minimum for the parameter values considered.

Definition. A site x ∈ ΛL is called acluster site, if ηt(x) ≥ (ρ − ρc)L/40. The set of
cluster sites at a given timet is denoted by

CL(t) =
{
x ∈ ΛL

∣∣ ηt(x) ≥ (ρ− ρc)L/40
}
, (6.3)

andML(t) =
∑

x∈CL(t) ηt(x) gives the total number of particles trapped in condensates.
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Note that these quantities are defined for each realization(ηt)t≥0 of the process.
Our analysis is based on two simplifying assumptions, which we found to be good ap-

proximations comparing with numerical simulations.

Assumption (A1). Separation of time scales
The nucleation process is very fast so that at the beginning of the coarsening regime the bulk
is already relaxed tōνφc .

So each bulk site loses particles at the average rate〈g〉ν̄1
φc

= φc = 1, cf. Section5.3, resulting
in a non-zero current for asymmetric jump probabilities. On top of that excess particles are
exchanged between condensates. The bulk can be seen as a homogeneous medium where
the excess particles move, and the cluster sites as boundaries where they enter and exit. A
condensate of sizem ∼ (ρ − ρc)L loses excess particles with rateg(m) − 1 = b/mγ and
gains particles from neighboring condensates. The validity of this picture is confirmed by
simulation data in the next subsection.

Assumption (A2). Independence of excess particles in the bulk
The excess particles can move independently through the bulk on their way to the next con-
densate and do not affect the bulk distributionν̄φc .

This is a good approximation, since the number of excess particles in the bulk is small com-
pared toL, as shown in the next subsection. So the motion through the bulk does not limit the
coarsening time scale which is thus only determined by the effective rates at which particles
leave cluster sites, as discussed in Section6.3.

6.2.2 Validity of the basic assumptions

By definition a typical condensate has a size of orderm ∼ α(ρ − ρc)L and so there are of
order|CL| ∼ 1/α ∼ 1 cluster sites at the end of the nucleation process which have a typical
distance of orderL. The time scale for the formation of such condensates is expected to be
of the same order as their distance, i.e.O(L) for asymmetric jump rates, andO(L2) in the
symmetric case due to diffusive motion of the particles. This is rather a lower bound on this
time scale, but there is no reason to believe that it should be substantially larger. Also the
dependence on the other system parametersρ, b or γ is not obvious. However, it can be seen
in simulations, that the nucleation process is very fast compared to the other regimes. This is
illustrated in Figure6.2(left) for asymmetric jump rates. The time axis is scaled proportional
to the time scaleτa = (ρ−ρc)

2L2/b of the coarsening regime (cf. Section6.3). With this, the
normalized ensemble average〈ML(t)〉/((ρ − ρc)L) converges to1 very quickly, indicating
that most excess particles become trapped in a condensate and the bulk relaxes toν̄1. The
coarsening regime starts when this number is sufficiently large and ends when the average
number of cluster sites〈|C(t)|〉 becomes small (between2 and3) and the saturation regime
sets in. This is plotted in Figure6.2 (right), where we also see that with our definition the
average number of cluster sites is independent of all system parameters. After a short time
of growth, this number starts decreasing as a result of the beginning coarsening process.
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Figure 6.2: Separation of time scales.Left: Average fraction of particles in the condensed
phase 〈ML(t)〉

L(ρ−ρc)
. Right: Average number of cluster sites〈|CL(t)|〉. Both are plotted as a

function of time in units ofτa = (ρ− ρc)2L2/b (6.11) for γ = 1, b = 4, ρ = 5 and different
values ofL in the asymmetric case. Symbols:L = 320(3), 640(4), 1280(2), 2560(×).

Assumption (A.2) on the independence of excess particles, that are exchanged by the
clusters through the relaxed bulk, is approved by showing that the number of such particles
is small compared to bulk volumeL. The mobility of excess particles in the bulk is char-
acterized by the average exit rate from a site containing at least one particle, compared to
average sites

v = 〈g(k)|k > 0〉ν̄1
φc
− 〈g(k)〉ν̄1

φc
=

1

1− ν̄1
φc

(0)
− 1 =

ν̄1
φc

(0)

1− ν̄1
φc

(0)
> 0 , (6.4)

as follows from (5.28). With this effective rate, the excess particles perform a random walk
in the bulk, which is either biased or unbiased, depending on the first moment of the jump
probabilities. The time it takes to reach the next condensate at a distancem/(ρ− ρc) ∼ L is
given by the mean first passage time for a random walk [138]. For asymmetric jump proba-
bilities in one dimension this is proportional to the distance and we can write the following
balance equation for the number of excess particlesn(t) in the bulk

d
dt
n(t) =

b

mγ
− v (ρ− ρc)

m
n(t) . (6.5)

This equation has the stable fixed point

n∗ =
b

v (ρ− ρc)
m1−γ ∼ b

v (ρ− ρc)γ
L1−γ . (6.6)

Thus the number of excess particles in the bulk grows sublinearly, so they occupy a vanishing
fraction of the bulk volume forL→∞. Note that forγ = 1 it is n∗ = O(1), and the smaller
γ the larger is the excess particle density

ρbulk − ρc = n∗/L ∼ L−γ , (6.7)

whereρbulk is the total density of particles in the bulk. This results in finite size effects for
simulation results, which is illustrated in Figure6.3. For γ = 0.4 these effects are already
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Figure 6.3: Independence of excess particles in the bulk.Left: Bulk densityρbulk (t) as
a function of time in unitsτa = (ρ − ρc)2L2/b (6.11) for γ = 0.4, b = 1.5, ρ = 10
and L = 512(F), 1024(4), 1280(�) in the totally asymmetric case.Right: Double
logarithmic plot of the stationary excess particle densityρbulk − ρc as a function of the
system sizeL for b = 1.5, ρ = 10 and various values ofγ, confirming the scaling of (6.7).

quite strong, and simulations forγ = 0.2 would require much larger lattice sizes to give
reasonable results. On the other hand, forγ = 1 these finite size effects are completely
negligible, as can be seen in Figure6.2(left).

In the case of symmetric jump probabilitiesps, excess particles perform an unbiased
random walk and the mean first passage time to reach the next cluster site is proportional to
the square of the distance, i.e.O(L2). On the other hand, most of the particles return to the
cluster they just left and the probability of crossing the bulk to the next cluster is proportional
to 1/L (see [138]). Since these are the only relevant events, also the time to enter the bulk
effectively increases by a factor ofL. So the right hand side of (6.5) is just multiplied with
some factor, which does not affect the fixed point (6.6).

6.3 The single species system in one dimension

In this section we analyze the coarsening and the saturation regime of the model (6.1).

6.3.1 Coarsening dynamics

In the coarsening regime, the sizem(t) of a typical condensate in large systems is expected
to grow according to a scaling law

m(t) ∼ tβ , (6.8)

with a scaling exponentβ. Assuming (A1) and (A2) we estimate this exponent and its
dependence on the system parameters in the following. First we note that the driving force
for the exchange of excess particles is given by the derivative(g(k) − 1)′ = −γ b/k1+γ in
the following sense. Imagine two condensates of sizem1 andm2 > m1. The effective rate
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at which condensate 1 loses a particle to condensate 2 is given by

b/mγ
1 − b/mγ

2 = g′(m2)(m1 −m2) =
γ b

mγ
2

ε+O(ε2) . (6.9)

The expansion parameterε = m2−m1

m2
∈ (0, 1) is a small number if both condensate sizes

are similar, i.e.m1/m2 . 1. So the time scale of exchanging single excess particles is
proportional tomγ/(γ b). But the coarsening time scale is determined by the time it takes to
exchange of orderm particles, which is thus given by

t =

∫ m

0

m′γ

γ b
dm′ =

m1+γ

γ(1 + γ)b
. (6.10)

Insertingm ∼ (ρ − ρc)L for the size of a typical condensate, this gives the expected coars-
ening time scale for asymmetric systems

τa =
(ρ− ρc)

1+γ

γ(1 + γ)b
L1+γ . (6.11)

By inverting (6.10) we obtain the expected scaling law for the normalized condensate size

m(t)

(ρ− ρc)L
'
(
t/τa

)βa
, with βa =

1

1 + γ
. (6.12)

For a symmetric system there is an additional point. In contrast to the asymmetric case, it
is very likely that particles return to the cluster site they just left, causing only fluctuation
in the condensate size (see also Section6.2.2). Particles which just left a condensate return
to the same one with probability1 − (ρ − ρc)/m close to one. Thus on average only every
m/(ρ−ρc)-th excess particle reaches the next cluster, enlarging the time scale of exchanging
single particles tom1+γ/

(
(ρ − ρc)γ b

)
. After integration analogous to (6.10) we obtain the

coarsening time scale

τs =
(ρ− ρc)

1+γ

γ(2 + γ)b
L2+γ . (6.13)

The scaling law in this case is given by

m(t)

(ρ− ρc)L
'
(
t/ts
)βs

, with βs =
1

2 + γ
. (6.14)

These predictions agree well with simulation data, shown in Figure6.4. The typical
cluster size is measured by the ensemble average〈. . .〉 of the mean cluster sizēm(t) =
ML(t)/|CL(t)|. Using the time scalesτa andτs respectively, and normalizing〈m̄〉 by the
number of excess particles(ρ − ρc)L the data for different system sizes collapse. The mea-
sured growth exponents from these data agree well with the above predictions. Indepen-
dently, these exponents have been obtained numerically in [58] for γ = 1.
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case with time scaleτa (6.11) for several values ofγ. Symbols:L = 512(3), 1024(4),
2048(2). Bottom: The same plot withγ = 1 for asymmetric (left) and symmetric systems
(right) and time scalesτa (6.11) andτs (6.13), respectively. Symbols: (left)L = 320(3),
640(4), 1280(2); (right) L = 160(3), 320(4), 640(2).
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6.3.2 Saturation

Eventually all condensates except for two disappeared and finite size effects become domi-
nant. The scaling law (6.8) is no longer valid in this regime, since the mean condensate size
m̄ saturates towards its limiting value. The two condensates exchange particles until one of
them vanishes or becomes very small, and the system has reached a typical stationary con-
figuration, where all excess particles are concentrated at a single cluster site. In Figure6.5
we plot the average size of the three largest condensates〈mi(t)〉, i = 1, 2, 3 normalized by
the number of excess particles(ρ − ρc)L. Note that the coarsening regime ends at latest
when the third largest condensate has disappeared, and thus takes only about a tenth of the
total equilibration time. In the following, we focus on the totally asymmetric jump proba-
bilities with γ = 1 for simplicity of notation. Symmetric jump probabilities would lead to
an effective evolution equation of the same form and also the caseγ < 1 leads to no further
difficulties.

Let M = m1 + m2 be the total number of particles at the two largest cluster sites. In
the following we switch to the time scalet∗ = t / ((ρ − ρc)L/b) on which the condensates
exchange single particles with effective rates(ρ − ρc)L/m

i = O(1), according to the dis-
cussion in the previous subsection. The fluctuations ofM on this time scale are onlyO(1).
Thus it isM = (ρ − ρc)L + O(1), since the bulk is relaxed tōν1 and all other condensates
have disappeared. Letq(m, t∗) be the probability of havingm = 0, . . . ,M particles at one
cluster site andM − m at the other one. The dynamics is then governed by the effective
master equation

∂t∗q(m, t
∗) =−q(m, t∗)

[
θ(m)

m/M
+
θ(M −m)

1−m/M

]
+q(m− 1, t∗)

θ(m)

1− (m− 1)/M
+ q(m+ 1, t∗)

θ(M −m)

(m+ 1)/M
. (6.15)

The exchange rates on the right hand side depend only on the rescaled variablem/M and
not on the system parametersρ, L and b. For largeM , m/M varies on the time scale
t∗/M ' t / ((ρ− ρc)

2L2/b), confirming thatτa (6.11) is also the appropriate time scale for
the saturation regime. Therefore the plots in Figure6.5 are independent of the system pa-
rameters. However, in the following discussion we stick to the time scalet∗ and the discrete
variablem.

For any initial condition the solution of (6.15) tends to the inverse binomial distribution
q∗(m) ∼ 1

/(
M
m

)
. It is symmetric aroundm = M/2 and for smallm we haveq∗(m) =

O(M−m). Thus the two extreme occupation numbersm = 0 andm = M are the most
probable ones and in the limitL→∞ both have probability1/2, consistent with the results

of Section4.2. For m = αM , α ∈ (0, 1) it is q∗(m) = O

(√
M
(
αα(1 − α)1−α

)M
)

using Stirling’s formula. Thus, for the stationary process the typical time for a macroscopic
fluctuation of the condensate size diverges exponentially with the system sizeL.



108 Chapter 6. Relaxation dynamics of the zero range process

0.2 0.4 0.6 0.8 1
t�Τa

0

0.2

0.4

0.6

0.8

1

Xmi \
��������������������������������
L HΡ - Ρc L Γ=1, b=4, Ρ=20

Ρ=40

Xm1\
Xm2\Xm3\

0.2 0.4 0.6 0.8 1
t�Τs

0

0.2

0.4

0.6

0.8

1

Xmi \
��������������������������������
L HΡ - Ρc L Γ=1, b=4, Ρ=20

Ρ=40

Xm1\
Xm2\Xm3\

tot. asymmetric symmetric

Figure 6.5: Normalized average size of the three largest condensates〈mi(t)〉
L(ρ−ρc)

, i = 1, 2, 3
as a function of time.Left: Asymmetric case with time scaleτa (6.11). Symbols:ρ = 20,
L = 80(3), 160(4), andρ = 40, L = 80(2), 160(×). Right: Symmetric case with time
scaleτs (6.13). Symbols:ρ = 20, L = 40(3), 80(4), andρ = 40, L = 40(2), 80(×).

To study the saturation dynamics, we write (6.15) in the canonical form, using the dis-
crete derivative∇m f(m) := f(m+ 1)− f(m),

∂t∗q(m, t
∗) =−∇m

(
a(m) q(m, t∗)

)
+∇2

m

(
d(m) q(m, t∗)

)
a(m) =

1

(1−m/M)
− M

m
=

2m/M − 1

m/M(1−m/M)

d(m) =
1

2

(
1

(1−m/M)
+
M

m

)
=

1

2m/M(1−m/M)
. (6.16)

For ease of notation, we take0 < m < M and ignore the boundary terms atm = 0,M . Note
that (6.16) is symmetric aroundm = M/2. It describes diffusive motion in a double well
potential with drifta(m) and diffusion coefficientd(m), with the slightly unusual feature that
the minima of the potential are located close to the boundaries atm = 1 andm = M − 1.

The master equation (6.16) must be supplied with a suitable initial conditionq(m, 0),
which, since resulting from a complex coarsening process, is not readily available. A rough
estimate can be found by noting thatq(m, 0) is roughly proportional to the lifetime of the
two-condensate configuration(m,M − m). It is determined by the inverse exit rate taken
from equation (6.15), and thus we expectq(m, 0) ≈ 6m/M (1−m/M). This is a symmet-
ric single hump distribution with meanM/2 and standard deviationM/(2

√
5) ≈ 0.22M .

Comparing with the simulation data at the time when the third largest condensate has just
disappeared,m3(t)/M < 0.01, we indeed find a single hump distribution with meanM/2
and standard deviation0.166M . When solving equation (6.16) with this initial distribution,
the expectation of the larger condensate size, given by1/2+〈|m/M−1/2|〉q(m,t), is indistin-
guishable from〈m1(t)〉 in Figure6.5. Note that, except for the time scales, the asymmetric
(left) and symmetric plots (right) are almost identical, confirming that the effective master
equation for the symmetric case is of the same form as (6.15).
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6.4 Generalizations

6.4.1 Coarsening in the two-component system

In the following we extend the analysis of the coarsening regime to the two component zero
range process introduced in Section5.4. The jump rates (5.72) are given by

g1(k1, k2) =
(1 + b/(k1 + 1)

1 + b/k1

)k2(
1 + c/k1

)
, g2(k1, k2) = 1 + b/(k1 + 1) . (6.17)

We concentrate on asymmetric, nearest neighbor jump probabilities, but the symmetric case
could be treated analogously. The phase diagram of this model given in Figure5.3consists
of three regimes.

In regimeA, which exists forc > 2, only the first species condensates. Thus on cluster
sitesk1 is of orderL and the rates up to first order are given by

g1(k1, k2) ' 1 + c/k1 , g2(k1, k2) ' 1 + b/k1 . (6.18)

Thus the particles of species2 do not influence the effective cluster dynamics of species1
and we have

τA =

(
(ρ1 − ρc,1)L

)2
c

,
m1(t)

(ρ1 − ρc,1)L
'
(
t/τA

)1/2
. (6.19)

This is completely analogous to the one component case (6.12) with γ = 1, wheremi(t)
denotes the typical size of a condensate of speciesi. However, on the cluster site the average
jump rate of the second species has to be compatible with the bulk valueφ2 ∈ (0, 1), because
on the coarsening time scale the system is already stationary except for the cluster dynamics.
Thus the distribution on this site, denoted byν̃2 is slightly changed since

φ2 = 〈g2〉ν̄1
φ

= (1 + b/k1) ν̃2

(
{k2 > 0}

)
, (6.20)

and thus for largek1, ν̃2(0) ' 1−φ2 > ν1
(1,φ2),2(0). We suspect̃ν2(k2) = (1− φ2)φ

k2
2 .

RegimeB of the phase diagram (Figure5.3) exists for allb, c > 0 and shows more
interesting behavior for the condensation of species2, sinceg2 depends only on the number
of particles of species1. On a cluster site it isk2 ∼ L and for fixedk1 the rateg1 vanishes in
the limit L → ∞ (see (6.17)). But its average has to be equal to the bulk valueφ1, and thus
k1 has to be of order

√
k2 ∼

√
L, as was first noticed in [43]. With this the rates on a cluster

site are given by

g1(k1, k2)' exp
[
− bk2/k

2
1

]
(1 + c/k1)

g2(k1, k2)' 1 + b/k1 = 1 +

√
−b log φ1√

k2

, (6.21)

where the last identity is due to the compatibility relationφ1 = 〈g1〉 = exp[−bk2/k
2
1]. This

ratio ofk1 andk2 is stable, since on a cluster site

∂k1g1(k1, k2) ' φ1

(−2 log φ1

k1

− 2 log φ1 + c

k2
1

)
> 0 . (6.22)
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Thus fluctuations ofk1 are balanced by inflow and outflow of particles from the bulk. Since
∂k1g2(k1, k2) ' −b/k2

1, this mechanism is one order of magnitude faster than the dynamics
of the condensate. So the coarsening is driven by the exchange of particles of species2, the
particles of species1 quickly adjust on the cluster sites. With (6.21) the expected scaling law
is of type (6.11), (6.12) with γ = 1/2, leading to

τB =
4
(
(ρ2 − ρc,2)L

)3/2

3
√
−b log φ1

,
m2(t)

(ρ2 − ρc,2)L
'
(
t/τB

)2/3
. (6.23)

The predictions for regionsA andB coincide with preliminary simulation data shown in
Figure6.6(top).

In regimeC, which exists only forc > 3, both species condensate. Sinceg1 is decreasing
with k2 and vice versa, a site which contains both condensates of species1 and 2 loses
particles much more slowly than a single condensate site. Thus these double condensates
are more stable and we expect that in a typical stationary configuration there is one cluster
site containing both condensates. This intuition is supported by looking at the compatibility
relation of regimeB which has to hold in regimeC, too. But here alsoφ1 = 1 and thus on
a cluster site of species2, k1 has to scale larger than

√
k2. In turn also the distribution of

2-particles on a cluster site of1-particles (6.20) would become degenerate. The jump rates
for a double condensate are of the order

g1(k1, k2) ' 1 +
c− b(k2/k1)

k1

, g2(k1, k2) ' 1 +
b(k2/k1)

k2

. (6.24)

k2/k1 is a number of order unity and close to(ρ2−ρc,2)/(ρ1−ρc,1). Thus both clusters grow
at the same time scale and we expect

τC ∼ L2 ,
m1(t)

(ρ1 − ρc,1)L
∼ m2(t)

(ρ2 − ρc,2)L
∼
(
t/τC

)1/2
, (6.25)

which is confirmed by simulation data given in Figure6.6(bottom). The dependence on the
other system parameters appears to be more complicated and we could not yet identify it.

6.4.2 Comments on higher space dimension

We consider a typical configuration in the coarsening regime, with a relaxed bulk and con-
densates on thed-dimensional torusΛL = (Z/LZ)d. The space dimension influences the
motion of excess particles in the bulk. As has been discussed in Section6.2.2, they per-
form a random walk which is biased or unbiased, depending on the symmetry of the jump
probabilities. The properties of a biased random walk are largely independent of the space
dimension, in particular the expected number of distinct sites visited〈Rt〉 is proportional
to the timet. In the symmetric case the behavior changes qualitatively with the dimension
(see e.g. [138]), where

〈Rt〉 ∼


√
t , for d = 1

t/ log t , for d = 2
t , for d ≥ 3

. (6.26)
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Figure 6.6: Verification of the predicted scaling laws (6.19), (6.23) and (6.25) denoted by
straight lines in a double logarithmic plot of the normalized average cluster size〈m̄(t)〉

L(ρ−ρc)
for

b = 1 and different values forc, ρ1 andρ2. The predicted scaling exponents are given in
parentheses written in black.Top: RegimesA andB with different time scalesτA andτB

respectively, and symbolsL = 512(3), 1024(4). The dotted line marks the end of the
coarsening regime where the exponents are measured.Bottom: RegimeC with symbols
L = 256(3), 512(4) for species1 and filled symbols for species2.
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Figure 6.7: Comparison of symmetric and asymmetric jump probabilities for dimension
d = 2 in a double logarithmic plot of the normalized average cluster size〈m̄(t)〉

L(ρ−ρc)
. The

predicted scaling (6.27) with β = 1/2 is denoted by a straight line and compared to the
symmetric scalingβ = 1/3 in dimensiond = 1 given by a dashed line. The dotted line
marks the beginning of the coarsening regime where the exponents are measured. Symbols:
L2 = 256(3), 1024(4) for symmetric jumps and filled symbols for asymmetric jumps.

For d = 1, the range is only proportional to
√
t, leading to a large probability of excess

particles to return to the condensate they left. This yields a coarsening scaling law which is
different from the asymmetric case, as discussed in Section6.3.1. However, for dimensions
d ≥ 3, unbiased random walkers show the same qualitative behavior as biased ones. The
borderline case is given by dimensiond = 2, where we expect the same behavior as for
higher dimensions, up to logarithmic corrections. The above phenomenon is closely related
to the question of recurrence and transience of random walks on infinite lattices.

Since the derivation of the scaling law in Section6.3.1is otherwise independent of space
dimension, (6.12) should be valid for symmetric and asymmetric systems. Note that also the
validity of the Assumptions (A1) and (A2) as discussed in Section6.2.2is not affected. So
the typical condensate size is expected to grow as

m(t)

(ρ− ρc)Ld
'
(
t/τd

)β
, with β =

1

1 + γ
. (6.27)

But since a condensate consists now of order(ρ− ρc)L
d particles, the coarsening time scale

changes and is given by

τd =
(ρ− ρc)

1+γ

γ(1 + γ)b
Ld(1+γ) . (6.28)

This significantly increases the simulation time for systems in higher space dimension and
data for reasonable system sizes are very hard to get. We have some preliminary results for
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d = 2 shown in Figure6.7, indicating the validity of the above conjecture. For the accessible
system sizes, the quality of the data is slightly affected by the logarithmic corrections, and
simulations ford = 3 are clearly exceeding our resources.

6.5 Discussion

The arguments used in Section6.3.1 to derive the coarsening scaling law are applicable
in a very general context, since they are only based on assumptions (A1) and (A2), which
are rather generic in case of condensation phenomena. This leads to conjectures for the
coarsening behavior of systems in higher space dimensions and with two species of particles.
These statements are supported by preliminary simulations, but still have to be confirmed by
thorough numerical data. In particular, simultaneous condensation in case of two particle
species requires further analysis. To test the generality of our technique, one could also try
to apply it to systems with different jump rates that also exhibit a condensation transition.

For the single species ZRP with rates (5.27) in one dimension our analysis given in
Section6.3is largely complete. This process is an effective model for domain wall dynamics
in multi-species exclusion models [76], and the condensation transition corresponds to phase
separation in such systems. Thus our analysis provides new information on the coarsening
behavior and the fluctuations in typical stationary configurations. Together with the static
results of Chapter5, this contributes to the understanding of phase transitions in systems
with several particle species, which is currently a topic of major interest.





Appendix

A.1 Semigroup and generator

In the following we summarize some facts about the characterization of a Markov process
using the Markov semigroup, used in Chapter2. The material is taken from [99], Chapter I,
and we refer the reader to this reference for more details.

Assume thatX is a compact metric space with measurable structure given by the
σ-algebra of Borel sets. LetC(X,R) be the set of continuous functionsf : X → R consid-
ered as a Banach space with norm‖f‖ = supη∈X |f(η)|.

Definition. A Markov semigroupis a collection of linear operators{S(t), t ≥ 0} on
C(X,R) with the following properties:

a) S(0) = I, the identity operator onC(X,R).

b) The mappingt 7→ S(t) f is right continuous for everyf ∈ C(X,R).

c) S(t+ s) f = S(t)S(s) f for all f ∈ C(X,R) and alls, t ≥ 0.

d) S(t) 1 = 1 for all t ≥ 0.

e) S(t) f ≥ 0 for all nonnegativef ∈ C(X,R).

The operatorsS(t) determine the time evolution of observables. The importance of Markov
semigroups lies in the fact that each one corresponds to a Markov process, as is formulated
in the following theorem.

Theorem A.1 Suppose{S(t), t ≥ 0} is a Markov semigroup onC(X,R). Then there exists
a unique Markov process{Pη,η ∈ X} such that

S(t) f(η) = Eηf(ηt) (A.1)

for all f ∈ C(X,R), η ∈ X, and t ≥ 0. On the other hand, if{Pη,η ∈ X} is a Feller
Markov process onX, then the linear operators{S(t), t ≥ 0} defined via (2.2) are a Markov
semigroup.

Proof. See [99], Theorem I.1.5.

Feller Markov processes have the additional property thatS(t)f ∈ C(X,R) for arbitrary

115
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f ∈ C(X,R) andt ≥ 0. This is not clear for general Markov processes but the ones we
study here have this property. Thus the problem of constructing a Feller Markov process
is reduced to the construction of the corresponding semigroup, which is done using their
generators.

Definition. A Markov generatoris a linear, closed operatorΩ on C(X,R) with domain
DΩ which satisfies the following conditions:

a) 1 ∈ DΩ andΩ1 = 0.
b) DΩ is dense inC(X,R).
c) If f ∈ DΩ, λ ≥ 0, andf − λΩ f = g, thenminη∈X f(η) ≥ minη∈X g(η).
d) The rangeR(I − λΩ) = C(X,R) for all sufficiently smallλ > 0.

Theorem A.2 (Hille-Yosida) There is a one-to-one correspondence between Markov
generators and semigroups onC(X,R) given by:

a) DΩ =

{
f ∈ C(X,R) : lim

t↘0

S(t) f − f

t
exists

}
, and

Ω f = lim
t↘0

S(t) f − f

t
for f ∈ DΩ ,

b) S(t) f = lim
n→∞

(
I − tΩ/n

)−n
f for f ∈ C(X,R) andt ≥ 0 . (A.2)

For f ∈ DΩ it is u(t) = S(t) f ∈ DΩ for all t > 0, given by the unique solution of the
backward equation

d

dt
u(t) = Ωu(t) , u(0) = f . (A.3)

Proof. See [99], Theorem I.2.9.

SupposeΩ is a Markov generator onC(X,R) with domainDΩ. A linear subspaceD ⊂ DΩ

is said to be acorefor Ω, if Ω is the closure of its restriction toD. ThusΩ is uniquely deter-
mined by its values on a core. The next theorem addresses the convergence of sequences of
semigroups, which can be used for example to characterize processes on infinite lattices.

Theorem A.3 (Trotter Kurtz) LetΩ andΩn, n ∈ Z+ be generators of the Markov semi-
groupsS(t) andSn(t). If there is a coreD for Ω such thatD ⊂ DΩn for all n andΩnf → Ωf
for all f ∈ D, then

Sn(t)f → S(t)f (A.4)

for all f ∈ C(X,R) uniformly for t in compact sets.

Proof. See [99], Theorem I.2.12.
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A.2 Monotonicity and coupling

The state spaceX of an interacting particle system is a partially ordered set withη ≤ ζ if
η(x) ≤ ζ(x) for all x ∈ Λ. A test functionf ∈ C(X,R) is calledincreasingif η ≤ ζ
impliesf(η) ≤ f(ζ). This induces a partial order on the set of probability measuresP (X),
namelyµ1 ≤ µ2 if 〈f〉µ1 ≤ 〈f〉µ2 for all increasingf ∈ C(X,R). This property is called
stochastic monotonicityand we say thatµ1 dominatesµ2 from below andµ2 dominatesµ1

from above.
A coupling(η, ζ) ∈ X ×X of two random variablesη, ζ ∈ X is a joint construction of

them on a common probability space. The marginals of the coupling measureµ have to be
the distributionsµ1 andµ2 of η andζ respectively.

Theorem A.4 For two probability measuresµ1, µ2 ∈ P (X) we haveµ1 ≤ µ2 if and only if
there is a coupling(η, ζ) such thatη has distributionµ1, ζ has distributionµ2, andη ≤ ζ
a.s., i.e. the coupling measureµ ∈ P (X ×X) concentrates on the set

{
(η, ζ)

∣∣η ≤ ζ
}

.

Proof. See [99], Theorem 2.4 page 72.

The coupling concept can also be applied to processesηt, ζt with generatorsL1 andL2

and common state spaceX. The coupled process(ηt, ζt) with state spaceX × X has to
be such that the marginal processesηt andζt are Markovian and have generatorsL1 and
L2 respectively. Due to the construction on the same probability space, the marginal pro-
cessesηt and ζt have the same Poisson times for transitions. The idea of the so-called
basic couplingin the context of interacting particle systems is that particles inηt andζt

move together whenever they can. There are many other ways of coupling two processes
which are not used in this thesis, a comprehensive survey can be found in [50]. For exclu-
sion models the basic coupling was first used in [98] (see also references therein) and can be
analytically defined by writing down the generator of the coupled process which is done in
[99], Section VIII.2. An alternative probabilistic way is to construct the processes using an
underlying common Poisson process for the transition events. The latter approach is more
intuitive and very much reminiscent of the construction of a single process. It is discussed
in detail in [100], Section III.3. In the following we just give the jump rates whenηt andζt

are two versions of the ASEP onΛ = Z. Writing the configurations on top of each other we
have for the jump rates of theη particles

η

ζ

1

1

0

0
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�
q

0

0
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1

1

0
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1
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0
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1

1

1

0

1

p

�
q

0

1

1

1

1

0

0

0

p

�
q

0
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1

0
. (A.5)

For theζ particles the jump rates are analogous by exchanging top and bottom, and all other
rates are equal to zero. It is easy to see that with these rules both marginal processes are
Markovian, i.e. independent of the configuration of the other marginal. Completely anal-
ogously one could specify coupled rates for particle creation and annihilation for systems
with open boundaries (c.f. Section3.3.3). We say thatx ∈ Λ is a discrepancy at timet if
ηt(x) 6= ζt(x), characterized by a local configuration1

0
or 0

1
. They can move according to



118 Appendix

the last two rules of (A.5), whereas the first two rules state, that they can only disappear, but
cannot be created. Thus for the ASEP onΛ = Z if η0 ≤ ζ0 we have

ηt ≤ ζt for all t ≥ 0 . (A.6)

This property is calledattractivity.
Stochastic monotonicity may not be conserved when the coupled processes are not the

same, for instance if one of them has a local inhomogeneity, which can be the source of cre-
ation of discrepancies. However, if (A.6) is still true, this can be used to dominate (unknown)
stationary measures of the perturbed processζt by known ones of the unperturbed process
ηt. The strategy is to start the coupled process(ηt, ζt) with initial distributionπ concentrat-
ing on

{
(η, ζ)

∣∣η ≤ ζ
}

, where the marginalπ1 = µ1 is a (known) stationary measure of
ηt. With (A.6) and the above Theorem, it immediately follows that there exists a stationary
measureµ2 of the perturbed process withµ2 ≤ µ1. This strategy is used in Section3.3.3,
where we couple the ASEP on a semi-infinite lattice with different boundary mechanisms.

A.3 Relative entropy

In the following we summarize a few properties of relative entropy which are used in Chap-
ter 5. Proofs and more detailed information can be found in [137], [84] Appendix 1.8 or
[25], Chapter I.3.

For two arbitrary probability measuresµ, ν on a countable setΩ it is defined as

H(µ|ν) =

{∑
ω∈Ω

µ(ω) log µ(ω)
ν(ω)

, if µ� ν

∞ , otherwise
(A.7)

whereµ� ν means thatµ is absolutely continuous with respect toν. It has the properties

H(µ|ν) ≥ 0 , H(µ|ν) = 0 ⇔ µ(ω) = ν(ω) for all ω ∈ Ω . (A.8)

In the proof of Theorem5.2 we use the sub-additivity ofH, namely if two measuresµ, ν
have marginalsµi, νi, i = 1, 2, then

H(µ|ν) ≥ H(µ1|ν1) +H(µ2|ν2) . (A.9)

The relative entropy can also be written as the solution of a variational problem

H(µ|ν) = sup
f∈Cb(Ω,R)

{
〈f〉µ − log

〈
ef
〉

ν

}
, (A.10)

whereCb denotes bounded, continuous functions. A direct consequence is the entropy in-
equality,

〈f〉µ ≤ α−1
(
log
〈
eαf
〉

ν
+H(µ|ν)

)
, (A.11)

for all α > 0. This can be used to estimate the expectation of a function with respect to a
probability measureµ in terms of exponential moments of a second measureν.
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[61] S. Großkinsky, G.M. Scḧutz, and H. Spohn. Condensation in the zero range process:
stationary and dynamical properties.J. Stat. Phys.113(3/4): 389–410 (2003).76

[62] S. Großkinsky and H. Spohn. Stationary measures and hydrodynamics of zero range
processes with several species of particles.Bull. Braz. Math. Soc.34(3): 1–19 (2003).
58, 100

[63] J.S. Hager. Extremal principle for the steady-state selection in driven lattice gases
with open boundaries.Phys. Rev. E63: 067103 (2001).27, 48

[64] J.S. Hager, J. Krug, V. Popkov, and G.M. Schütz. Minimal current phase and universal
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