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Abstract

Stochastic particle systems far from equilibrium show a great variety of critical phenomena
already in one dimension. Their understanding is a current topic of major research, especially
for systems with several particle species which exhibit a particularly rich critical behavior.
In lack of a general theory, the basic mechanisms are studied by analyzing the stationary
measures of minimal models. In this thesis we concentrate on systems where the number of
particles is locally conserved, of which there are two basic types:

Exclusion processes and in particular the asymmetric simple exclusion processes (ASEP)
and its variants have been studied extensively as minimal models showing boundary induced
phase transitions, which can be effectively described on a macroscopic level.

The zero range process (ZRP) without exclusion interaction is a minimal model for a con-
densation transition. This has become of recent interest providing a general criterion for
phase separation in exclusion models with periodic boundary conditions.

The first part of this thesis is devoted to boundary induced phase transitions. One open
question in this context concerns an effective description of complex boundary conditions.
We derive exact expressions for the stationary measures of the ASEP on a semi-infinite lattice
coupled to a particle reservoir. For more general boundary mechanisms we establish exis-
tence and unigueness of an effective reservoir density, by characterizing stationary product
measures with localized inhomogeneities. Another problem is the derivation of rigorous re-
sults on stationary measures with open boundaries in the presence of several particle species.
To this aim we introduce a multi-component version of the ZRP, establish the hydrodynamic
limit and solve the macroscopic system of hyperbolic conservation laws with open bound-
aries under very general conditions.

In the second part we present a rigorous analysis of the condensation transition in the
ZRP with periodic boundaries. If the particle density exceeds a critical value, the system
phase separates into a homogeneous background and a condensed phase. We prove this by
showing the equivalence of the canonical and the grand-canonical stationary measures in the
thermodynamic limit. We also show that for large systems the condensed phase typically
concentrates only on a single, randomly located site. The first result is generalized to a ZRP
with two species of particles, showing a far more complex critical behavior. Using random
walk arguments supported by Monte Carlo simulations, we also derive a coarsening scaling
law for the dynamics of the condensation. We discuss a generalization to two-component
processes, and the dependence on the symmetry of the jump probabilities and on the space
dimension.



Zusammenfassung

Stochastische Teilchensysteme fernab vom Gleichgewicht zeigen bereits in einer Raumdi-
mension eine grofRe Vielfalt an kritischend@iomenen. Deren Ve#sidnis ist Gegenstand
aktueller Forschung, vor allenif Systeme mit mehreren Teilchensorten, die ein beson-
ders reichhaltiges kritisches Verhalten aufweisen. Da eine allgemeine Theorie nicht vorliegt,
werden die grundlegenden Mechanismen anhand des staioiVerhaltens von Minimal-
modellen untersucht. In dieser Arbeit besafiten wir uns dabei auf Systeme, in denen die
Teilchenzahl lokal erhalten ist. Man unterscheidet zwei grundlegende Arten:
Exklusionsprozesse und insbesondere der asymmetrische einfache Exklusionsprozess
(ASEP) wurden ausihrlich untersucht als Minimalmodelléif randinduzierte Phas@éber-

gange, die auf makroskopischer Ebene effektiv beschrieben wetierek.

Der “Zero-Range” Prozess (ZRP) ohne Ausschlusswechselwirkung ist ein Minimalmodell
fur Kondensatiorigbergainge. Dies wurdeikzlich benutzt, um ein allgemeines Kriteriudr f
Phasenseparation in Exklusionsprozessen mit periodischen Randbedingungen aufzustellen.

Der erste Teil der Arbeit widmet sich offenen Fragen zu randinduzierten Ritzesen
gangen, wie zum Beispiel einer effektiven Beschreibung komplexer Randbedingungen. In
diesem Zusammenhang leiten wir exakte Aus#e fur statiorare Malle des ASEP auf
einem halbunendlichen Gitter mit Teilchenreservoir hén ¥erallgemeinerte Randmecha-
nismen zeigen wir Existenz und Eindeutigkeit einer effektiven Reservoirdichte, indem wir
statiorare ProduktmalRe mit lokalisierten Inhomogaten charakterisieren. Eine weitere
Frage betrifft rigorose Ergebnissarfstatiorare Mal3e bei offenen Randbedingungen mit
mehreren Teilchensorten. DaZihfen wir den ZRP mit mehreren Komponenten ein, zeigen
den Hydrodynamischen Limes und geben eine weitgehend allgemésung; des makro-
skopischen Systems hyperbolischer Erhaltungsgleichungen mit offenen Randbedingungen.

Im zweiten Teil pasentieren wir eine rigorose Untersuchung des Kondensabens
ganges im ZRP mit periodischen Randbedingungbbersteigt die Teilchendichte einen
kritischen Wert, separiert das System in einen homogene Hintergrund und eine kondensierte
Phase. Im Beweis zeigen wir diquivalenz von kanonischen und groRkanonischen sta-
tionaren Mal3en im hydrodynamischen Limes. @@er hinaus zeigen wir, dass die konden-
sierte Phase in grol3en Systemen typischerweise auf nur eir@hgaif Gitterplatz konzen-
triert ist. Das erste Resultat wird auf einen ZRP mit zwei Teilchensorten verallgemeinert,
der ein wesentlich komplexeres kritisches Verhalten zeigt. Unter Benutzung von heuristi-
schen Argumenten und Monte Carlo Simulationen leiten wir ein “Coarsening” Skalengesetz
fur die Zeitentwicklung der Kondensation her. Wir diskutieren eine Verallgemeinerung zu
Prozessen mit zwei Teilchensorten und die Abgigkeit von der Symmetrie der Sprung-
wahrscheinlichkeiten und von der Raumdimension.
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Notation

integer numbers

positive integer numbers

nonnegative integer numbers

real numbers

largest integer smaller or equaldos R

Kronecker delta function of?

indicator function of the set

Heaviside step function wit®(0) = 0 andO(k) =1,k >0
hypergeometric function (83)

minimum ofa andb € R

Pochhammer symbol (83)

partial derivative with respect to

cardinality of a set, absolute value, Euclidean norm
proportional

asymptotically equal, asymptotically proportional (8@, 100
scalar product in bra-ket notation with operatb(p. 22)
translation withz € A (p. 8)

vector with modified component(p. 59)

space dimension

number of particle species

lattice, connected subset %f

finite lattice of sizeL?

length of a lattice in one space direction

lattice sites

local state space, subsethdf

maximum number of particles per site

local configuration (number of particles) at a given site
configuration of the process

configuration after a particle jumped franto y (p. 6)
configuration after exchange 9fz) andn(y) (p. 20)

state space of the process &n

state space of the process bp

number of particles in configuratiape X (p.9)

fixed number of particles

canonical state space with fixed number of particle®)p.
canonical stationary measure i, (p. 9)

canonical partition function ([81)
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Cr(t)
ML(t)

set of right continuous paths with left limits

path (realization) of the process

probability measure on path space with initial conditign= n
expectation value with respect By

jump rate of a particle from site to y given a configuratiom (p. 7)
Markov generator of the process (pp116)

boundary and volume part of the generafor £, + L, (p. 8)
Markov semigroup of the process ([§.115

set of (bounded) continuous functiofis X — R

set of cylinder functiong : X — R (p.7)

set ofk times continuously differentiable functiorfs: X — R
set of Lipschitz continuous functions: X — R (p. 30)

set of probability measures on

expectation value with respect to a measure P(X)

k-point marginal of a measugec P(X) (pp.21, 79)

relative entropy of. € P(X) with respecttar € P(X) (p. 118
set of stationary measures ).

set of extremal stationary measuresqp.

particle density, vector fou-species systems

product measure of density p (p. 21)

chemical potential, vector for-species systems

product measure with chemical potential (p. 59)
fugacity ¢ = exp|u| € [0, 00), vector forn-species systems
product measure with fugacity, ¢ (p.31)

particle density as a function of fugacity or chem. potential Gdp60)
chemical potential as a function of particle density@p).
fugacity as a function of particle density (31, 89)

domain of R, R as a function of chemical potential (§0)
domain of R, R as a function of fugacity (831)

range of the functior, R (pp. 31, 60)

grand canonical partition function (B1)

grand canonical partition function (60)

radius of convergence &f(¢) (p. 31)

critical density (p.31), of species (p. 90)

stationary current as a function of density (g, 33, 61)
jump rates of the zero range process @.58)

jump probabilities of the zero range process @f.59)
typical condensate size, size of theh largest condensate (p04, 107)
set of cluster sites as a function of time {j0.1)

total number of particles in condensatesipl)

We use some shorthands to simplify notation concerning events and measurgsbd_at
measure on some countable €etThen we writeu(A) == > _, p(w) forall A C €, and
{f € D} :={w|f(w) € D} for measurablé C R and random variables: 2 — R.
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Chapter 1

Introduction

The stochastic particle systems we consider in this thesis consist of randomly moving par-
ticles on a lattice, whose motion is influenced by interactions between each other. They
are frequently applied in physics, biology or the social sciences as mathematical models for
various phenomena which involve a large number of identical components. A direct example
from epitaxial growth is given by diffusive motion of atoms on the surface of a crystal, cor-
responding to a lattice of abol®?° sites per square meter. But applications are not limited

to systems endowed with such a lattice geometry, since continuous degrees of freedom can
often be discretized without changing the main features. So depending on the specific case,
the ‘particles’ can also be cars on a freeway, molecules in ionic channels, or prices of asset
orders in financial markets, to name just a few examples.

In principle such systems often evolve according to well-known laws, but in many cases
microscopic details of motion are not fully accessible. Due to the large system size these
influences on the dynamics can then be approximated as effective random noise with a cer-
tain postulated distribution. The actual origin of the noise, which may be related to chaotic
motion or thermal interactions, is usually ignored. On this level the statistical description
in terms of a stochastic particle system is an appropriate mathematical model. It is neither
possible nor required to keep track of every single particle. One is rather interested in pre-
dicting measurable quantities which correspond to expected values of certain observables,
such as the growth rate of the crystalline surface or the flux of cars on the freeway. Although
describing the system only on the mesoscopic level explained above, stochastic particle sys-
tems are usually referred to as microscopic models and we stick to this convention. On a
macroscopic scale, a continuum description of systems with a large number of particles is
given by coarse-grained density fields, evolving in time according to a hydrodynamic partial
differential equation. The form of this equation depends on the particular application, and
its derivation from a microscopic particle model is one of the fundamental tasks of statistical
mechanics129.

The external conditions for real systems are usually constant or slowly varying with
respect to the system dynamics, so observations are typically available in a time stationary
situation. This is described by the invariant measures of the stochastic particle systems which
are thus of major interest in their analysis. In case of equilibrium or reversible systems, the
dynamics is governed by an energy function which also determines the stationary behavior.
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The stationary process shows a time reversal symmetry and additional tools for the analysis
become available. This is only the case if the stochastic dynamics have certain symme-
try properties, but on the other hand many systems show an inherent bias in the stochastic
dynamics. Examples are freeway traffic, where cars go only in one direction, or charged par-
ticles in an electric field. For such nonequilibrium systems the stationary distribution has to
be derived from the dynamics in lack of an energy function, and they are of primary interest
in this thesis.

Of particular importance in the analysis are phase transitions, resulting from collective
behavior of particles over large distances which leads to qualitative differences in the statio-
nary properties on changing the system parameters. A fundamental task of statistical mecha-
nics is to understand the emergence of such macroscopic phenomena from the microscopic
interactions. For equilibrium systems this has been studied extensively in the physics litera-
ture [72], and there is a well established mathematical theory of phase transitions in terms
of Gibbs measuresp]. For non-reversible systems this is still a topic of major interest,
and although there has been a lot of progress in the past years, there is no systematic, gene-
ral approach comparable to equilibrium statistical mechanics. So far the notion of a phase
transition has been used in a rather phenomenological sense, by studying generic model
systems and categorizing the observed critical phenomigna 124]. On the other hand,
non-reversible systems have a much richer structure than their equilibrium counterparts, and
a great variety of critical phenomena can be observed already in one spatial dimension.

A decisive influence on the dynamical and stationary behavior of a stochastic particle
system is given by the presence of conservation laws. In many systems there exist quantities
which are locally conserved during time evolution and may only enter or exit the system
through boundaries, such as on and off ramps for cars on a freeway (as long as one ex-
cludes events like car accidents from the consideration). Examples with non-conserving
dynamics such as spread of infection or reaction diffusion systé@v§ ghow a different
critical behavior and often exhibit phase transitions into absorbing stfedi this thesis
we concentrate on lattice gases, where the particles are locally conserved and the hydrody-
namic equation is given by a hyperbolic conservation 1a@.[ For such systems there are
basically two types of critical phenomena which are explained below. To understand their
basic principles, these phenomena have been studied for minimal models with limited direct
applications, but which capture the essential mechanisms of real systems.

A variety of minimal lattice gas models has been introducedlizf], for which one
can distinguish between two basic types. In exclusion processes, the maximum number of
particles on a lattice site is restricted to one, corresponding to a hard core or exclusion in-
teraction. A paradigmatic model of this class is the asymmetric simple exclusion process
(ASEP), where particles jump to (empty) nearest neighbor sites with biased rates on a one-
dimensional lattice. It was originally introduced as a model for the kinetics of protein syn-
thesis [L0Z] and has been studied extensively in the physics literature, since it can be applied
to various phenomena such as interface growth, directed poly®drsaf well as freeway
traffic [23]. Furthermore it can be mapped on vertex models and quantum spin cha#hs [
There are detailed results on the stationary properties of the ASEP which are summarized in
Part Il of [100. Itis a topic of current research to extend these results to exclusion models
with more complex interactions.
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The most basic model without restrictions on the number of particles per site is the zero
range process (ZRP), where the jump rate of a particle only depends on the occupation num-
ber at its departure site, resembling an interaction of range zero. The process is defined in
arbitrary space dimension and its stationary measures have product form under very general
conditions B]. This simple structure could be used for deducing several results for exclusion
models, in particular for disordered systems, since they can often be mapped on the ZRP. It
has also been applied to sandpile dynamics, to 1+1 dimensional interface growth by the step
flow mechanism or to structural glasses under the name backgammon model. In addition,
the process provides a minimal model for condensation transitions which can be analyzed in
detail due to the simple form of the stationary measure. For a review including applications
and results on the ZRP se&]] and references therein.

On the basis of these simplified models, there has been a lot of recent research concern-
ing the stationary behavior of driven lattice gases. In the following, we shortly describe part
of the results and some remaining open questions which are addressed in this thesis.

Unlike in equilibrium, for non-reversible systems which are in contact with particle reser-
voirs at their boundary, the stationary behavior is the result of an interplay between boundary
and bulk effects. This leads to boundary induced critical phenon&havhich can be cap-
tured in terms of an extremal principle for the curreh?], as the result of a macroscopic
analysis of the motion and stability of domain walls, separating regions of different densities.
A key ingredient in this analysis is the characterization of the boundary in terms of a single
density variable. If the system is not simply coupled to a boundary reservoir but shows a
more complex mechanism of particle injection and ejection, one expects that the latter can
be replaced by an effective density, but there are practically no rigorous results. We address
this question in Chapte3, where the ASEP is studied on a semi-infinite lattice giving an
exact expression for the stationary measure in case of reservoir coupling. For any genera-
lized boundary mechanism we establish existence and uniqueness of an effective density,
by characterizing stationary product measures for which boundary inhomogeneities remain
localized within a finite region. Our method allows an explicit calculation of the effective
density, but the approach is restricted to models with ASEP bulk dynamics. We also propose
a less explicit definition of the effective boundary density for general systems and discuss
the limitations of this concept.

Recently processes with two or more particle species have been of particular interest,
showing a much richer critical behavior than one-component systems, including for example
spontaneous symmetry breaking even in one dimendgiaf.[ A major topic is the iden-
tification of a principle governing the selection of stationary measures for open boundary
conditions, analogous to the single species case. The first step in this direction is the deriva-
tion of the hydrodynamic behavior which has only recently been understood in some specific
cases. In this context we introduce thheomponent ZRP in Chaptdrand characterize sta-
tionary product measures for periodic boundary conditions. Following the derivation for
one-component systemg/], we establish the hydrodynamic limit given by a system of hy-
perbolic conservation laws. Stationary solutions of these equations take a particularly simple
form in a transformed variable and are stated explicitly. With these results, the ZRP is one
of the few examples of multi-species systems, where the selection of stationary measures on
a macroscopic level is well understood under very general conditions.
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In addition to boundary induced phenomena, multi-species systems exhibit phase sepa-
ration also on periodic lattices.?5. In this context the (one-component) ZRP recently
received attention as an effective model of domain wall dynamics for such phenomena. The
correspondence to a condensation transition in the ZRP has provided a general criterion to
determine the existence of phase separation in driven systems with conserved déhsity [
Apart from this relation, the condensation in the ZRP is of interest in its own right as an
example of a phase transition in an exactly solvable model. So far this phenomenon has been
studied only non-rigorously4[)]. In Chapter5 we give exact results on the condensation
transition in the context of the equivalence of ensembles. We prove that a typical stationary
configuration in large systems consists of a background phase at some critical density, and
that essentially all excess particles condense on a single, randomly located site. The first
result is generalized to a ZRP with two species of particles, showing a far more complex
critical behavior, involving simultaneous condensation.

In Chapter6 we investigate the relaxation dynamics of the condensation with uniform
initial distribution, using non-rigorous random walk arguments corroborated by Monte Carlo
simulations. The time evolution of the condensed phase shows an interesting coarsening be-
havior which is a well known phenomenon in the context of phase separation. For the ZRP
we derive a scaling law, governing the cluster growth in the condensed phase, for which there
have been only numerical results in special cases so far. We discuss the dependence on the
symmetry of the jump rates, on the space dimension and a generalization to two-component
processes. For the late stage of the dynamics we derive an effective master equation which
governs the saturation of the system towards a typical stationary configuration. Given the
correspondence to exclusion models, the results of Chapterd6 also provide new infor-
mation on the stability and the dynamics of domain walls in two-component systems. This
already proved to be a key ingredient in the theory of boundary induced phase transitions in
systems with one conservation law and thus may shed light on similar phenomena in two-
component systems.

The thesis is organized as follows: In the first section of Chaptse give a precise
mathematical definition of interacting particle systems, based on material &6m \\Ve
introduce the notion of a phase transition in our context and explain the basic concepts of
hydrodynamic limits. The rest of Chapt2rcontains a detailed summary of previous work
on exclusion processes and the ZRP which is relevant for the subsequent presentation of
our results. As indicated above, in Chapt@@snd4 we address open questions concerning
boundary induced critical phenomena and the hydrodynamic characterization of stationary
measures for open systems. Chapfaaed6 are devoted to a static and dynamical analysis of
the condensation transition of the ZRP on a periodic lattice. We comment on the relevance of
individual contributions at the end of each chapter, where we also discuss possible extensions
for future research. In the appendix we shortly summarize the construction of stochastic
particle systems on the basis of the Markov semigroup, properties of the relative entropy,
and coupling techniques used in Chager



Chapter 2

Interacting particle systems

2.1 Definition and general properties

In this section we give a precise mathematical description of stochastic particle systems fol-
lowing the presentation irDp], and introduce the basic tools to study their critical behavior.

2.1.1 Construction of the dynamics
The Markov process

Interacting particle systems are continuous time Markov processes with a discrete state space
X = E*. The latticeA can be any countable set, but throughout this thesis we concentrate
on connected subsetséf. At each lattice site: € A the local state is denoted byz) € £

such thatn = (”(x))xe/x € X gives the configuration of the system. In general the local
state spacé’ can be any countable set, but to fix ideas we take: {0, 1, ..., 74} With

nmex € 277 and interpret)(x) as the number of particles at site In particular,n,,., < oo

implies thatE is compact and we can apply standard construction techniques. A generic
example for this are exclusion processes With- {0, 1}, discussed in Sectich2 Modifi-

cations necessary for non-comp&ttan be found in Sectio®.3.1, where we construct the

zero range process withi = N,

Endowed with the product topology, = £ is a compact metric space with measurable
structure given by the-algebra of Borel sets. The time evolution of the process is given by a
pathn : [0,00) — X, where the generic path spabé), co) is restricted to right continuous
paths with left limits.

Definition. A Markov processwith state spaceX is defined as a family of probability
measures{IP"{n € X} on D[0, oo) with the following properties:

a) P"[{¢ € D[0,00)| ¢, =n}] = 1foralln € X, i.e. P"is normalized on all paths
with initial configurationn, = 7.

b) The mapping) — P"[A] is measurable for every € F.
c) P7[{n,, € A} |F] =P™[A] a.s. foreveryn € X andA € F.

5
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The Markov property c) ensures that the probability of some future gugnt € A} de-

pends on the pask; only through the present configuratiap. (F;):>o is the filtration

on D[0, oo) induced by the process afl = | J,., F:- More precisely,F; is the smallest
o-algebra relative to which all mappings — 7, for s < t are measurable.

In [129 a variety of interacting Markov processes has been introduced. Throughout this
thesis we focus on processes with local conservation of the number of particles, so-called
lattice gaseswhere particles move on the lattice without being created or annihilated. The
dynamics is specified by transition rat€s, y, 7) at which a particle at site € A jumps to
sitey, depending on the current configuratignThe intuitive meaning of is

]P’"[{nt = Tny}] = c(z,y,mt+o(t) ast\ 0. (2.1)

n*~Y is the configuration resulting from after a particle at site jumped to sitey, i.e.
n*Y(z) = n(z)—d,.+9, forall z € A. Strictly speakingZ.1) is only correct ifA is finite,

since otherwise the probabilities on the left are typically zera for0. For infinite lattices

it is often not clear if there exists a Markov process which corresponds to that description.
This question was addressed &¥], giving a direct graphical construction of the process in
space-time foA = Z¢, limited to nearest neighbor interactions. For general interactions it is
more convenient to characterize Markov processes via the corresponding Markov semigroup
(see e.g.719). In the context of lattice gases this approach was first usedlinf¢r A = Z

and later generalized i®§] to arbitrary countable lattices. Since this approach is standard
by now, we only give a brief outline of the construction in the following and summarize
a precise version of the statements and definitions in the Appexdix A more detailed
treatment can be found i®9], Chapter I.

Markov semigroup and generator

Let P(X) be the set of probability measures &n C'(X,R) denotes the set of continuous
functionsf : X — R and is regarded as a Banach space Wjth = sup, . x | f(n)|. The rate
functionc is assumed to be nonnegative, uniformly bounded and continuous as a function of
n in the product topology otX. A one-parameter familyS(¢),¢ > 0} of bounded linear
operators orC'(X,R) is called a semigroup, i(0) = 7 andS(s +t) = S(s)S(t) for all

s,t > 0. It can be shown (see Theorell in the appendix), that every semigroup which

is strongly continuous, nonnegative afi(t)1 = 1 for all ¢ > 0, calledMarkov semigroup
uniquely defines a Markov process anvia

E"[f(n,)] :=S(t) f(n) forall f e C(X,R), ne Xandt>0. (2.2)

Such a Markov process has the additional propsfty f € C(X,R) for all f € C(X,R),

t > 0, and is called &eller process The operatorsS(t) determine the time evolution

of functions f € C(X,R), which can be interpreted as observables. According to the
Hille-Yosida theorem (Theorem.2) every Markov semigroup is generated by an operator
L: Cy(X,R) - C(X,R)andu(t) = S(t) f € C(X,R) is the unique solution to the
backward equation

gult) = Lu(t), u(0)=f. (2.3)
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Here Cy(X,R) C C(X,R) denotes the set of cylinder functions, which depend only on
finitely many lattice sites. Th®arkov generatoffor lattice gases is given by

Lfm)= > caym)[fn"") — f(m)] . (2.4)

ERTISH

The restriction ofC to Cy(X,R) is important for convergence of the sum under natural
summability conditions on(z, y, n).

Theorem 2.1 (Liggett) Suppose that

supz sup ¢(x,y,m) < 0o . (2.5)
yEA zeA nex

ThenCy(X,R) is a core (see Appendik.l) for the operator defined in 2.4) and the
closure ofL is the generator of a strongly continuous Markov semigroug’@i’, R) and
thus of a Feller Markov process ox.

Proof. See P9], Theorem 1.3.9.

By (2.5) the total rate of particles jumping to a sités uniformly bounded, which guarantees
a well defined first arrival event for every configuratign The time dependent distribution
of the process with initial distribution € P(X) is denoted byrS(¢) and uniquely defined

by
(Fasw = (S®f),» [fECXR), (2.6)

as a consequence of the Riesz representation theorem. This is connected to the description on
path space vi&"[{n, € A}] = §,5(t)(A) for all A C X with Dirac measuré,, € P(X),
but for the remainder of this thesis we stick to the semigroup notation.

Jump rates and boundary conditions

Theorem2.1is the most general result on the existence of lattice gases with compact state
space. In particular, it follows that the dynamics of processes with finite state space is well
defined. On infinite lattices one has to give extra conditions on the jump rates to éh8jure (

It is sufficient to assume thatis of finite rangeR € ZT, i.e.

c(x,y,m)=0 forallx,y e A, with|z —y| >R, (2.7)

and translation invariant. Sgzx,y,n) depends only on the differenae— y, and it can be
written as

c(z,y,m) =cly —z,m) forall z,y € A . (2.8)

Although much more restrictive than necessary, these conditions have an intuitive interpre-
tation and are fulfilled by the processes we consider in the following, so from now in we
assumeZ.7) and @.9).
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Note that 2.8) in general does not imply translation invariance in the sense
c(x,y,m) =clz+a,y+a,1,m) foralla,z,y € A, (2.9)

with (7,m)(x) = n(z — a). This is only true if the underlying lattic& also has this property,

i.e. ,A = A. Generic choices of such translation invariant lattices/fare Z¢ or finite
lattices with periodic boundary conditions suchfas- (Z/LZ)¢ that we consider in Chap-
ters4 to 6. Another typical choice are lattices with (non-periodic) boundaries which are not
translation invariant, such @s= {1,..., L} or A = Z* as in ChapteB. In this case, one
would like to allow for particle creation and annihilation within a certain boundary region
OA C A to describe, for example, the coupling to external particle reservoirs. This can be
included in the above description by adding a boundary fatb the generator(4),

Lof(m) = > (clb,a,m) [f("~") = F(@m)] + el b.m) [f(n*~") = f)] ) - (2.10)

z€OA

This is understood in the same way a8 whereb ¢ A is interpreted as a dummy boundary
site. The rates(b, ., ) andc(., b, 1) concentrate on the boundary regidh and to get well
defined dynamics they have to be uniformly bounded fonal X. analogous to4.5).

In the following, @.4) is called bulk or volume part of the generator, denoted’hy
In case of translation invariant or vanishing boundary rates, so-called closed boundary
conditions, no particles can enter or leave the system and it is cdtledd Whereas for
open boundary conditions, i.e. non-vanishing boundary rates, particles can be exchanged
with the outside and the system is callgagen To avoid complicated degeneracies we also
assume that

the jump rate: is irreducible on finite lattices (2.11)

so that every configuration can be reached within a finite time. On closed lattices this is

understood on a state space restricted to a fixed number of particles, so that the latter is
the only conserved quantity. We come back to this point when discussing the stationary
measures in the next subsection.

2.1.2 Stationary measures

Definition. A probability measure. € P(X) is said to bestationaryor invariantif it satis-
fiesuS(t) = pforall t > 0. The set of all invariant measures for a given process is denoted
by Z. The measure is callegversibleif { f S(t) g>u = (g S() f>u forall f,g € C(X,R).

It is clear that every reversible measure is invariant, taking 1 in the above definition.

The probabilistic meaning is that if is stationary, the procesg with initial distribution 4

has the same joint distributions g, , for everys € [0, c0). Therefore it can be extended to
negative times, and i is also reversible, the processgsandn_, have the same joint distri-
butions. So reversible measures can only exist if the dynamics of the process fulfills certain
symmetry relations. Analytically this corresponds to self-adjointness of the opef4tors
which greatly simplifies further analysis. A discussion of this can be four@BjrGhapter II,

or [129 Chapter Il.1, whereas the processes we consider are in general non-reversible.
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One central topic in the study of interacting particle systems is the characterization of the
setZ of invariant measures. Some general properties are summarized in the following.

Theorem 2.2 (Liggett) Consider a Feller process on a compact state sp&oeith gen-
erator £. Then the following statements hold.

a) p € T if and only if<£f>u =0forall f € Cy(X,R).

b) Z is non-empty, compact and the closed convex hull of its extreme fEpints

c) If the weak limity = lim;_, 7S(t) exists for some € P(X), thenu € 7.

d) Let u, € Z(L£,) be the stationary measures for processes with generators
L, : Co(X,R) — C(X,R) and y,, — p weakly. Therp € Z(L) if there is a
coreD C Cy(X,R) of £ such thatC f = lim,,_., £, f forall f € D.

Proof. See P9, Propositions 1.1.8. and 1.2.14.

Remarks.

i) Z is convex sincé’(X) is closed under convex combinations and the stationarity con-
dition of a) is linear ing.

i) Due toc) the invariant measures determine the long-time behavior of the process. If
the latter is positive recurrent, the limit exists forale P(X). Ifitis also irreducible,
the limit is independent of and the invariant measure is unique. Such a process is
called ergodic.

iii) d)is a consequence of the Trotter-Kurtz theorem (see Theé@jnthat ensures the
existence of the limiting process. It can be used to find elemed@fprocesses on
infinite lattices as limiting stationary measures of processes with iy varying
the boundary conditions, different extremal invariant measure<, can be found in
that way, but in general not all of them (see e9§]]] Prop. 1.2.14).

Canonical and grand canonical measures

On a finite lattice)\ ;, with corresponding state spa&g, we define the number of particles

Sim) =Y nx)eN forallne X, (2.12)

TEAL

If the system is closed it is conserved in time, kg.(n,) = X, (n,) for all ¢ > 0, which can
formally be seen by inserting the indicator functipr= x(x, -y in (2.3). So in this case the
locally conserving dynamics leads to a (global) conservationgf;) and non-uniqueness
of the stationary measure, since the state spacalecomposes into non-communicating
subsetsX; v = {n € X.|S.(n) = N}, N € {0,1,..., L0pe }. By assumptionZ.11)

the process is irreducible ok, x and thus has a unique stationary meagure for each

N € N. These so-calledanonical measureare the extremal stationary measures for closed
systems,

e ={pn |Ne€{0,1,..., L0na}} - (2.13)
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This is in contrast with open systems, where the number of particles is not conserved as they
can enter and leave the system through the boundary. Therefore such systems are irreducible
on X, and have a unique stationary measure|Lg.= 1.

Another standard concept for closed systems argridned canonical measurggiven by
convex combinations

L MNmaz

pro=Z(L,¢)" > ¢V Z(LN) L - (2.14)

N=0

They are normalized by (L, ¢) = >y ¢NZ(L, N), and sincey,,., < oo they are well
defined for everyp € [0, 00). Forn,... = oo the situation is different and is discussed in
Section2.3.2and Chapteb. In principle, the factor/ (L, N) > 0 are arbitrary, but in many
cases a generic choice is the normalization ofithe with respect to a ‘natural’ stationary
weight (cf. Sectior?.3.2. The variablep is calledfugacityand is often also written in terms
of the chemical potential: = log ¢ € R. In contrast to the canonical measurgs,, does
not concentrate on one of the canonical state spAges, andX;, is a random variable on

. . L . L,N
{0, ..., L } With exponential distributio (( s ¢)) ¢" and expected value

L Nmazx

(CL)pp, = 2(L,0) " > NNZ(L,N) = ¢dylog Z(L, ¢) . (2.15)

N=0

This formula reflects the fact tha&t(L, ¢) is the moment generating function &f L, NV).
(2.195 is a monotonic increasing function ofonto [0, L 1,,..]. The canonical measures are
usually more convenient to study because they are often of product form, whergdsas
extra correlations introduced by the constraipt= . In fact it is

UL, N = ,uL,q&( . ’EL = N) for all ¢ > 0. (216)

Usually there is a law of large numbers for the ski(n), so that both concepts are equiv-
alent in the limit. — oo, which is discussed in detail in ChapterFor periodic boundary
conditions the canonical and grand canonical measures are translation invariant due to trans-
lation invariance of the dynamic2.9).

For infinite lattices the number of particles is in general infinite and thus not well defined
and the decomposition of the state space into irreducible subsets is not so clear. The reason
is that the local conservation law does not imply the existence of a globally conserved quan-
tity, as it was the case for finite lattices. Loosely speaking, on an infinite lattice ‘infinity’
can be a source or a sink of particles (cf. Theofin Chapter3). The particle density
p(z) = (n(x)), is alocally conserved quantity and can be used to index translation invariant
measures. One expects that for translation invariant latfices Z¢, excluding for exam-
ple A = Z* in Section3, Z, contains a family of translation invariant stationary measures
{1olp € [0,1mmes]}. Regarding the full range of, this intuition can be false in case of a
phase transition, as we discuss in the next subsection and Chaptexddition, there might
also be non-translation invariant extremal measures, as we see in Se2tibn
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The stationary current

The local conservation of the number of particles can be written as

M) = ny(2) + D Jwwry ([s:t]) =0, (2.17)

lyI<R

where theintegrated current/, ,1,([s,t]) : D[0,00) — Z is a random variable on path
space, counting the number of jumps from site® x + y minus the number of jumps from
x + y to x during the time intervals, t]. Insertingf(n) = n(z) in the backward equation
(2.3) and taking the expectation with respect to some initial distribution P(X) we get
an averaged version a2 (17), thelattice continuity equation

0, (0(2)) 15 = > @ +y.x,)—clz,z+y, D rsio) - (2.18)

ly|I<R

The average current in an infinitesimal time interval is thus given by

E™ [ Jw oty ([t T+ dt])] = <c(x, r+y,.)—clx+y,uz,. )> (t)dt +0(dt?), (2.19)

where we use the notatidir[.] = (E7[.]) . Form = u € 7 the lefthand side of2,18
vanishes, leading to a condition for stationarity on the righthand sideislflso reversible,
the summands on the right hand side 2flQ) vanish pairwise according to the condition of
detailed balance

clz,y,m) uin) = c(y, x,nx_’y) ,u(n:”_’y) forall x,y € Aandn € X. (2.20)

In virtue of the situation in continuous space, discussed in Se2tibd one would like to
write (2.18 in conservative form, identifying a vector valued, local current
j(,m) : A C Z% — R?, such that the righthand side is given by a lattice derivativg. of
This is possible if the particles only jump along the standard basis vegtoks= 1, ...,d
of the latticeA C Z?. We can define the microscopic current in directiofor all z € A
andn € X as the sum of rates for jumps passing the bond: + ¢;) in positive direction
minus the sum passing in negative direction. In particular this is always possible in one space
dimension, for which we give examples in Sectib@ We do not give further details here,
since in higher dimensions this approach only works for restricted jump rates.

In the general case, we define therticle drift by

diz.m) =Y yclr,x+ym) eR?  foralzeACZ'neX. (2.21)

ly|<R

Note that in general this is not a particle current, but rather the average velocity of a particle at
sitex at a given configuration. However, its expectation value with respect to a translation
invariant measure € P(X) can be interpreted as a current by looking at a space integrated
version of .18. Summing over alkc in some volumel” C A, all terms except for the
boundary terms vanish on the righthand side, which can thus be written as

Z (cle+y,x,.)—clz,x+y,.)) = Z s(z) - (d(z,.))_ . (2.22)

z€V,|y|<R xedV
z+ygV
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We use the standard notatio = {z € V |34y [z — y| = 1} for the boundary of/
ands(z) = >_ oy ., -1 (¢ — z) is the inward pointing normal boundary vector. The above
notation motivates the following definition, since it is very similar to the continuum case
discussed in4.31). Consider a system on a finite periodic lattitg, for which transla-
tion invariant canonical measurgs |, exist for all denisitie € [0, 7),,..] (see discussion
above). We define theurrent-density relationalso calledundamental diagranof the pro-
cess as

i(p) = lim (d(z,.)) cRY  forall p € [0, Nma] - (2.23)

HL,pL]

For calculations it is usually more convenient to use the expectation values with respect to the
(equivalent) grand canonical measurgs;. By definition, .23 is a pure bulk property of

the system. But it is of great importance for open systems, since it enters the hydrodynamic
eqguation (see Sectidhl.4 and thus, together with the boundary conditions, determines the
bulk properties of the stationary measure as discussed in SEcidh

2.1.3 Phase transitions

The aim of this section is to specify the notion of a phase transition in case of non-reversible,
translation invariant lattice gases and to quickly review and put into context standard notions
from the theory of phase transitions for reversible systems. In the literature for equilibrium
statistical mechanics there are several general approaches, which are known to be equivalent
to some extent. One is the characterization of phase boundaries as regions of non-analyticity
of the large deviation functional, calldcee energy This approach is found in many text-
books (see e.g7p]) and is closely related to the theory of Yang and L&€( 94], defining

critical points as real roots of the grand canonical partition function. For nonequilibrium
systems a general quantity comparable to the free energy has not been identitied so far (for
recent work on this question see e.865,[37] or [20] and references therein). Below we give

a probabilistic characterization of phase transitions connected to the structure ofZhaf set
stationary measures.

It is well known that equilibrium systems do not exhibit phase transitions in one dimen-
sion at non-zero temperature, provided that the interactions are short range and the local
state variable takes only a finite number of possible values. Nonequilibrium systems have
a much richer structure and a great variety of critical phenomena can be observed even in
one dimension. On the other hand, there is no general concept such as the Gibbs ensemble
for equilibrium systems, which determines the stationary measures at least in principle. For
each system they have to be derived from the dynamics, which is in general a very difficult
task. Thus the notion of a phase transition so far has been used in a rather phenomenologi-
cal sense, by studying generic model systems and trying to categorize the observed critical
phenomena (for a recent review s&éT]). In contrast with equilibrium systems, there is no
canonical definition of phase transitions covering all these phenomena. The one we propose
below turns out to be a reasonable choice for the systems we consider, but should not be
taken as a general declaration. As we shortly discuss below, it also has weaknesses, and in
particular when working in a different context, there might be good reasons to use a different
definition.
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Definition of a phase transition

We know from the previous subsection that the set of stationary meagusason-empty

and it is the convex hull of its extreme poirfis which are also calledure phasesSince we
always assume irreducibility of the process on finite lattitgsthe structure of.. is clear

in this case. It is either a singletonAf;, is open, or consists of the canonical measues

if itis closed. So the possibility of a phase transition is only given on infinite lattices, where
7. may be more complicated due to the infinite state space. Consider a process with local
conservation of particles on the infinite lattide= Z¢. Since both, the dynamics and the
lattice, are translation invariant we expect that there exists a translation invariant, extremal
stationary measurg,, for every densityp € [0, n,,,,] and that these are the only extremal
measures, i.e.

Te = {1t | P €10, mae] } - (2.24)

Definition. If (2.24) is not fulfilled, the above process is said to exhibittease transition

There are different critical phenomena that can be observed in case of a phase transition,
which are introduced below in the context of the above definition. However, these notions
originate from the physics literature, where they are used to describe properties of typical
stationary configurations of large, finite systems. Although our definition is largely compati-
ble to the physics convention, there might be discrepancies especially for systems with open
boundaries, as is discussed towards the end of this section.

Spontaneous breaking of translation invariance: There are extremal measures 7.
which are not translation invariant.

Phase separation: There is some density € [0, 7,,..] for which there is no extremal
invariant measure, but only a mixture.

Condensation: This occurs only for systems with unbounded local state spadkthere
are no extremal invariant measures beyond a critical depsity co.

Remarks.

i) A very basic example of spontaneously broken translation invariance is given by the
so-called blocking measure®.43 of the asymmetric simple exclusion process in Sec-
tion 2.2.1 They are reversible and can be characterized as limit measures of systems
with closed boundary conditions. The existence of such measures is quite common
for non-reversible systems. Therefore one could argue that it might be reasonable to
exclude them from the definition, but we rather prefer to have a concise statement.
This example demonstrates that for non-reversible systems the boundary conditions
have a global effect on the stationary measures already in one dimension, because the
non-zero current can transport boundary properties into the bulk. For equilibrium sys-
tems this applies only in higher dimensions, which we briefly discuss below for the
most classical equilibrium example, the stochastic Ising model.
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In general, there can be other symmetries in addition to translation invariance, and the
system is said to exhibit spontaneaous symmetry breaking whenever there are extremal
measureg € Z, which do not reflect these symmetries. However, the presence of the
conservation law for the number of particles alone naturally breaks internal symme-
tries, such as the spin-flip symmetry for the Ising model discussed below. Thus for
the general formulation we stick to translation invariance which is not affected by the
conservation law, and below we discuss other symmetries in the context of boundary
induced critical phenomena.

i) Consider a system on a finite, periodic latticewith N = [pL] patrticles. If there is no
pure phase with densitythe limit L — oo of the canonical measures, y is usually
a mixture of two pure phases. In a typical configuration for large lattices both phases
are spatially separated in so-callédmains This does not have to imply symmetry
breaking, since the domain boundaries are fluctuating and the measure itself can still
be translation invariant. Phase separation in one dimensional systems with finite local
state spacé’ can occur in the presence of two or more particle species with different
jump rates, as is discussed in Sectn.4

iii) For unbounded local state spakkit is possible that the grand canonical measures
(2.14) are only defined up to a critical densjty, as discussed in Secti@i3.2for the
zero range process. In the setting of the previous remarkmwithp,., the system sep-
arates into a homogeneous background phase with distributioand a condensate,
which contains a non-zero fraction of the particles but concentrates only on a vanishing
fraction of the system volume. In the limit — oo, the canonical measures converge
to the critical background distributiom,, in a certain sense, which is shown in detail
for the zero range process in Chapier

There is an alternative dynamical interpretation of phase separation and condensation in
terms of the ergodic behavior of the process on the infinite laftic&tarting with a uniform

initial distribution with densityp for which there is no pure phase, the spatial separation
into domains evolves dynamically. In case of phase separation these domains tend to grow
in space and show an interesting coarsening phenomenon. The best known example are
presumably the domains of different magnetization in the Ising model, which we shortly
discuss below. In case of condensation, coarsening is not a spatial phenomenon but happens
on the level of the occupancy of condensate sites, which is studied in detail in Cédqter

the zero range process.

The analog toZ.24) for systems without conservation law would be to requirefthis a
singleton. In one space dimension this condition can be violated for nonequilibrium systems
due to the existence of one or more absorbing stéiéls s for example percolation. In
more than one dimension phase transitions can also occur in equilibrium systems such as the
Ising model, which is shortly discussed below.



2.1. Definition and general properties 15

The phase diagram

The occurrence of a phase transition depends on the system parameters, summarized in the
vectora € D, which determine the dynamics and thus the extremal measuies of the

process. Th@hase spacef a process with locally conserved number of particles is given

by [0, 7maz] X D, all possible tuple$p, a) of densities and system parameters. phase
diagramis a decomposition of this space into regions with qualitatively different behavior,
calledphases This nomenclature is of course related, but should not be mixed up with the
notion of pure phase®,. In particular, one phase of the phase diagram is the region of
extremal measures,

{(p,a) |3, € Te() } (2.25)

which is usually callechomogeneous phasén case of phase separation, its complement
is non-empty corresponding to the so-calfgthse separated phasehich is illustrated in
Figure2.1for the Ising model. This region is bounded above and below by the boundary of
the homogeneous phase at the critical densjtiggx) andp_ () respectively, and the sta-
tionary measures are mixturesof o) andg,, «). In case of condensation, the condensate
phase is unbounded from above and there are no stationary measures with gengity
which can be seen in Figukelin Chaptel5 for the zero range process. In general, phase di-
agrams are used in various contexts to characterize critical phenomena, which do not always
fit in the above picture for our context. In particular they can also be used to characterize
the ergodic behavior of the system, as can be seen in F&ylifer the asymmetric simple
exclusion process.
Phases can be characterized dngler parameters averages of certain observables

f € C(X,R), that show qualitatively different behavior depending on the phase. Generic
choices are one-point or two-point correlation functions {ilk)) or (n(0)n(z)), depending
on the model under consideration. These order parameters usually show non-analytic behav-
ior along phase boundaries, establishing the connection to the free energy approach men-
tioned in the beginning of this subsection. Depending on the degree of the non-analyticity,
phase transition are calldidst order, if the order parameter is discontinuous, @edtinuous
otherwise. An important example is therrelation length¢ defined as

¢~ = lim —1/wlog ((n(0)n(x)) — (n(0))(n(x))) , (2.26)

T—00

giving the exponential decay rate of two-point correlation functions. At a phase boundary
it usually diverges since this decay is subexponential, charactetaiggrange order In
general, the non-analytic behavior is governed by critical exponents which are independent
of the model details and may be classified intoversality classeésee e.g.§8, 10§).

A standard equilibrium example: The Ising model

For equilibrium models the above concept of phase transitions is well established, at least
for non-conserving dynamics (see e.@2f]). It can be applied in great generality since

the reversible stationary measures can be characterized by the Gibbs méasuhnesh is
shortly discussed below. By identifying the symmetry of the system and the nature of the
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order parameter involved in the phase transition one can usually find the universality class of
the transition and even obtain a rough idea of the possible phase diagram.

We illustrate the above concept for the stochastic Ising model, the standard example in
equilibrium statistical mechanics. For equilibrium systems in general, to each configuration
1, on a finite sublattice\ C Z? there is an associated enerljyn ,|n,.) which determines
the interaction of the particles depending on the (fixed) outside configuratith=+nZ?\ A
via boundary terms. A Gibbs measyr®n X = EZ’ is defined by requiring that its condi-
tional expectations are of the form

p(Malnpe) = exp [— H("A|"AC)}/Z(A) ) (2.27)

for all A andn,., whereZ(A) normalizes the right hand side to one (for details see e.g.
[56]). The energy can be connected to the jump rates of a corresponding particle system via
the condition of detailed balanc2.20. The Gibbs measures are given by theGeff all
solutions to 2.27), called DLR equations (Dobrushin, Lanford, Ruelle), under variation of
1. FOr systems with no conserved quantity, it can be shown under very general conditions
that for sufficiently small interaction the Gibbs measure is unique|dle= 1 (see e.g.
Theorem 11.1.8 in {29). The interaction strengtli is measured in some suitable norm
of the interaction potential which determines the energy. For systems exhibiting a phase
transition there exists a critical value such that for/ > J. itis |G| > 1. This is equivalent
to saying that the limit\ — Z? of (2.27) depends on the boundary conditiops .

A standard example is the ferromagnetic Ising model, with spin variables
E = {—1,1}, no external field and attracting nearest neighbor interaction0, i.e.

H(nylnye) =7 Y n(x) iz +y) (2.28)

z€EA |y|=1

(see P9, Chapter IV or 8], Chapter VIII). If the interaction is strong enough,> J., then

for dimensiond = 2 the extremal Gibbs measurés consist of two translation invariant
measures,,, , t,_ With positive and negative magnetization, = —m_ = (o,) o, T€-
spectively, whereas fof < J. itis G. = {uo}. This is true for (Glauber) spin-flip dynamics
without conservation. If the dynamics is such that the magnetization is locally conserved
(Kawasaki spin exchange), which is comparable to the systems in our injerestg. for

everym € [—1, 1] in case of weak interaction. For > J. there is no extremal Gibbs mea-

sure with magnetizatiom € (m_, m, ), as can be seen in the phase diagram in Figukte
Restricted on say: = 0, the equilibrium distribution is given by the mixtugam,+§um+ of

two extremal measures. As mentioned above, this measure concentrates on phase separated
configurations with domains of positive and negative magnetizations. Due to fluctuations
in form and position of these domains, the measure is still translation invariant in two di-
mensions. Fod > 3 there exist also non-translation invariant extremal distributions with a
localized interface between the two domains, manifesting spontaneous symmetry breaking.
In Figure2.1we also plot the grand canonical expectation value of the magnetizatibh

as a function of the conjugate varialllec R. This is analogous to the chemical potential

for lattice gases and can be interpreted as an external magnetic field, adjusting the average
magnetization in the system.
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Figure 2.1: Phase separation in the two-dimensional Ising model with nearest neighbor
interaction/ and conserved magnetization Left: The phase diagram shows the region

of pure stateg,,, (shaded in red), which is bounded by the spontaneous magnetizations
andm_ above the critical poinf.. At m = 0 there is a pure phagg for J; < J. (blue) and

only a mixture at/; > J. (green).Right: Magnetizationn as a function of the magnetic
field h (conjugate variable) fo/ = J; (blue) andJ = J> (green) as given on the left.

Boundary induced phase transitions

Consider a nonequilibrium system on a finite latt\ge= {1, ..., L} with fixed bulk dynam-

ics and open boundary conditions with rates denoted as a wectoD,,. We concentrate on

one space dimension for easier presentation. Due to the open boundary, the number of parti-
cles is not conserved and the process has a unique stationary mgasBseTheoren®.2.d)

we know that the limitim ... 7z)#, shifted away from the (fixed) left boundary, is in-
variant for the process ah = Z for every sequenck(L) € A with k(L), L — k(L) — oo

for L — oo. So the open boundary mechanism picks a stationary measure of the corre-
sponding infinite system, which is known in the physics literatursteady state selection
Moreover, we expect that the above limit is independent of the specific sequ@ncand is

an extremal invariant measure for the infinite process. Thus for every boundary mechanism
aitis

M Th) T = fpe) € Le (2.29)

where the limiting bulk density(a) = lim; ... (n(k(L))).e serves as an order parameter
and thus should be an analytic functioncafIf this picture is violated, for example the limit

in (2.29 may be non-extremal, the system exhibitbandary induced phase transition

Note that this is not a phase transition in the sers24, which is a pure bulk property.

In fact boundary induced critical phenomena can be better understood in terms of the order
parameter(a). Since there is no conservation law, the appropriate phase space of the
process is jusD,,. Possible critical phenomena include phase separation, which is illustrated
in detail for the asymmetric simple exclusion process in Secti@?2 and spontaneous
symmetry breaking. Systems with open boundaries are not translation invariant, but since
they do not have particle conservation either, they often exhibit other symmetries, such as
CP-invariance which can be broken for two-species models as discussed in Qe2tbn
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Note that for boundary induced critical phenomena a general classification similar th3age
is not possible in lack of a conservation law. However, the notions can be applied to specific
systems as will be illustrated for the examples mentioned above.

Boundary induced phase transitions do not have a direct counterpart in equilibrium sys-
tems. Their origin is the non-zero current, which can transport boundary effects into the
bulk, and that for nonlinear current-density relations, the domain boundaries can be stable
and well defined objects even in one dimension, as we discuss in SB@i@n

2.1.4 Hydrodynamic limits

Interacting particle systems as models of real phenomena are of course always finite, but
can consist of a very large number of components, for example a fluid or a gas. In this case
one is neither interested nor able to give a precise description of the microscopic pyocess
The primary interest lies in understanding the time evolution of quantities on a macroscopic
scale. Mathematically such a situation is idealized by introducing a lattice constant of order
1/L,i.e.rescaling the space variableras> u = =/L. The scald. ~ |A.| is proportional to

the size of the lattice, so that in the lindlit— oo the volume of the system is some bounded
subsetl’ c R?. To see the driven motion of the particles on the rescaled space one has
to look at large times$ — t/L, the so-callecEulerian time scalewhereas the appropriate

time scale to see the diffusive motion in symmetric systems woultl be t/L?. In the

limit L — oo the stochastic fluctuations are usually averaged out and the time evolution of
macroscopic observables can be described by deterministic equations. For the processes we
consider, the hydrodynamic equation of the density prefiteu) is given by

a1t p(t, u) +V, 'j(p(tv u)) =0, p(O,u) = p(“) ) (230)

wherej(p) € R? is the current density relation defined inZ3). This is aconservation lay
reflecting the fact that driven lattice gases locally conserve the number of particles. Using
Stokes’ theorem, this can be seen by the space integrated versibB@f (

at/vp(t,u) du = /Wj(p(t,u)) ~dS(u) , (2.32)

wheredS(u) denotes a vector valued surface elemendBt Particles can only enter or
leave a volumé’ C R? via boundary currents, and in any closed systemjj£. = 0, the
total mass is conserved. For questions on conservation laws on the level of the differential
equation we refer the reader &g and references therein.

In the following we sketch a typical result on the rigorous derivation208@. Con-
sider a translation invariant process op = (Z/LZ)? with stationary product measures,
a € [0, 1] and non-zero stationary current Suppose that : R? — [0, ) is a reasonable
function and the initial distributiop of the process is close to a product measure with site
dependent density

(n(x)) = p(z/L) forallz e A, (2.32)

a so-calledocal equilibrium measureThen for largeL, the distributioru.S(Lt) of the pro-
cess attimd.t > 0 is approximately a product measure with dengity = /L), wherep(t, u)
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is the solution of the hydrodynamic equatidh30). This property is calledonservation of
local equilibriumand is a key point in the derivation. There has been a lot of work to rigor-
ously prove this statement mostly for attractive particle systems (seel&4y9[3]), which

is explained in detail ing4] (see also references therein). The first derivation in the context
of exclusion processes was given irif.

In general, the current density relatigfp) is a nonlinear function and solutions to hy-
perbolic conservation laws develop discontinuities after finite time even for smooth initial
data. So they have to be understood in the sense of distributions, but such weak solutions are
not uniquely determined by the initial data (see eZf],[ Chapter IV). However, the time
evolution of the underlying particle system is of course well defined, and one possibility to
single out the relevant solution that describes it is the entropy criterion. Defieateopy
entropy-flux pairS : R — R, F' : R — R? as a solution of the relationsS’;’ = F' for
which S is convex. Then there is a unique weak solutidh «) of (2.30 that fulfills

9, S(p(t,u)) + V- F(p(t,u)) <0. (2.33)

for all entropy entropy-flux pairs. The name of this criterion comes from the facttatan
be interpreted as the physical entropy of the system. Indeed, the integrated ver@&@3of (
gives that the total entropy |, S(p(t, u)) du of the system should increase monotonic in
time. This increase is due to discontinuities of weak solutions, for classical, differentiable
solutions of 2.30 the entropy is conserved, i.e. equality holdsarB@). In general there can
be more than one solution to the defining relations of entropy entropy-flux pairs, which are
purely technical and are not related to the physical entropy. For equati@® for example
the entropies are given by the one parameter fasiily) = |u — ¢|, ¢ € R [114].

Another uniqueness criterion is obtained by adding an artificial viscosity term to the right
hand side ofZ.30). This leads to the viscous equation

d
8tp(ta ’LL) + vu : j(p(@U)) =€ Z ak,lai;mulp(t’ u)7 p(oau) = p(u) : (234)

k=1

This equation is parabolic and thus has a unique solyti¢h.) € C>(R%,[0,00)) for

all t > 0, even if the initial data do not have this proper6]. If one can show that the
limit lim._ p. exists in an appropriate sense, which is in general very difficult 2, [
Chapter XV), it defines a unique solution &.80. In more than one space dimension this
depends in general on the choice of the diffusion maf#ix; )y, —1.... 4, Which one has to
choose properly (cf.4A.59 in Section4.4.]), to get the same solution as from the entropy
criterion. On the equivalence of both criteria see alg),[Chapters VIl and IX.

If there is more than one conserved quantity in the system (e.g. several species of parti-
cles) the corresponding macroscopic description is given by a system of conservation laws.
Up to now there is only little rigorous work on the hydrodynamic limit for systems with
more than one particle species. For references see Cldapteere we address this question
and derive the hydrodynamics of the zero range process with several particle species. In this
case there are also very few results on existence and uniqueness of solutions of the macro-
scopic equation, in particular the equivalence of the above criteria is no longer certain. Thus
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a general result corresponding tblff] cannot be obtained in this case and we explain the
problems arising in Chaptd

Settinge = 1/L in (2.34) it can be interpreted as the lattice constant and the viscous
term as the first order correction in the derivation&B(Q) for L — oo. If the particles have
no drift, the current vanisheg(p) = 0, and the second order term dominates the long time
behavior. But this can be seen only on the diffusive time scdlé and the limit is given by
the parabolic heat equation (see el® 1, Chapter 9). For rigorous hydrodynamic limits in
this case seedff] and references therein.

2.2 Exclusion processes

In processes with exclusion interaction the maximum number of particles per site is restricted
toone, i.e.F = {0,1}. Ajump to sitey is only allowed if this site is empty, s@z,y,n) = 0

if n(y) = 1. In the following we concentrate on simple exclusion processes, where the
particles only jump to nearest neighbor sites, i@, y,n) = 0 if |x — y| > 1, and we

focus on one-dimensional latticds C Z. We collect basic results on stationary measures
and explain the matrix product ansatz, an important technique in this context which is used
in Chapter3. We introduce the theory of boundary induced phase transitions and steady
state selection, the main topics of Chapte@end4. Finally we summarize results on phase
separation in two-component systems which is one of the motivations for the analysis in
Chapters and6.

2.2.1 The asymmetric simple exclusion process

The paradigmatic model of this class is the asymmetric simple exclusion process (ASEP),
originally introduced in 102. Particles jump to the right with rageand to the left with rate
q,l1.e.

c(z,y,m) = n(x) (1 =) (pOywi1 + qye-1) - (2.35)
The bulk part of the generator is given by

Lof(m)=>_ [pn(e)(1=n(z+1)) +gn(a+1) (1=n(2)) ] [f (0"~ )= f(n)] . (2.36)

zEA
x+1eA

To ease notation we introdueg ¥ to be a symmetrized version gf—?, the configuration
where the occupation numbers @em@andy are interchanged, i.e.

n(y), z=u
(=) =), 2=y . (2.37)
n(z), otherwise
First we consider the ASEP on the finite, periodic latilge= Z/LZ. When the number
of particles is fixed ta>; = N, one can show that all possible configurations have equal
weight [LO5 29), i.e. the canonical measure defined in Secfidn?2is given by

() = 1/(@ = NI(L— N)I/L!. (2.38)
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The average number of particles per siteNisL. and the corresponding grand canonical
measures are the product measurgsvith densityp € [0,1]. That means the one-point
marginals are independent and given by

v,(k) = v,({n(x) = k}) = pk+ (1 = p)(1 = k), (2.39)

forall z € Ar, k € {0,1}. Thus, as defined ir2(23, the current density relation for the
ASEP is given by

jlp)=@—q)p(l—p). (2.40)

The system on the lattice;, = {1,. .., L} with reflecting or closed boundary conditions
is studied in detail in]24]. In this case the stationary measure is reversible and the current
vanishes. The grand canonical version is of product form with site dependent density

p(z) = %(1 + tanh [1/2(z — n) log(p/q)}) : (2.41)

This density profile has the shape of a step, extending over a region with length of order

1/log(p/q) independent of., and centered at € A, which determines the expected num-

ber of particles in the system. In analogy to phase separation in equilibrium systems, one
may regard the region of the step as a domain wall separating an empty and a completely
filled domain of the system. The canonical stationary distributiang are lengthy to write

down and can be found i1p4 and [117, 123.

Another common choice is to couple the systemAon= {1,..., L} at both ends to
particle reservoirs with density; andp, respectively. Formally this is done by adding two
sitesn(0) andn(L+1) with fixed distributions/}, andv) . The boundary part of the generator
is then given by

(Lof)m) = [pp(1=n(1)) +q (1= p)n(V)][f(n*7") = f(m)] +
(L)1 = pr) +q (L= n(L)pe] [f(n"50) = f(m)] . (2.42)

We discard the degenerate situatigns 0, p, = (1 —p,) =0andp =0,p, = (1 — p,) = 1,
which are analogous to special reflecting boundary conditions. If non-degenerate, the num-
ber of particles is no longer conserved and the process is irreducib{g, evith the unique
stationary measurg}"*", that depends on the boundary paramete®@nd p,. Asymptotic
properties of these measures for lagaevere first characterized iff], using certain re-
cursion relations on the system size. B®[127 such relations were used to give an exact
solution in the totally asymmetric cage= 0. The same idea independently led to formulate
the stationary measures as a matrix produc8ij, [which is described in Sectiadh 2.2

According to Theoren2.2.d), invariant measures on the infinite lattise= 7Z can be
obtained from those on, in the limit L — oo for various boundary conditions. The set
has been completely characterized96][and its extreme points are given by

I.={v,, p0,1]}U{v™ nez}. (2.43)
The so-called blocking measure®’ are of product form with site dependent densities

p(x) = (n(x)) o =@/ /(1+ (/)" ") . (2.44)
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The profile approaches exponentially fast the densiteesd1 to the left and right ofc = n.

The measures are reversible and can be characterized as the limiting measures for reflecting
boundary conditions. In5Z] they have been studied for asymmetric exclusion processes
with more general transition probabilities and are mentioned again in Sec8dh

2.2.2 The matrix product ansatz

The totally asymmetric simple exclusion process (TASEP) with 0 and open bound-
ary conditions was solved ir8f], using thematrix product ansat{MPA). This technique
was previously applied to the problems of directed lattice anintésdnd quantum anti-
ferromagnetic spin chain8§]. For the ASEP this approach simplified the derivation of the
previous results and could be generalized to the partially asymmetric case with The
idea is to represent the stationary weight of a configuration {0,1}** as a product of
certain linear operators (matrice8) D on some auxiliary space. The product is closed by
two vectors(w|, |v),

WH”? ) D+ (1 —n(2)) E|v) . (2.45)

We use Dirac’s bra-ket notation familiar from quantum mechanics to denote the scalar prod-
uct (w|D|v) = (w, Dv). D represents an occupief,an empty site and the matrices are in
general infinite and non-commuting. LB, F, (w| and|v) fulfill the algebraic relations

pDE—qED=D+ FE
(w|(mpE—(1—-p)gD)= <w}
(prpD—(l—pT)qE ‘U>_| : (246)
If in additionn, is irreducible, and if the expressions 45 are normalizable, i.e.
=Y W(n)=(w|(D+E)")#0, (2.47)
neXr

then the invariant measure is given p§f*"(n) = Wt(n)/Z(L). A proof can be found in
[10q Section I11.3, using the same recursion relations on the system size, which were first
noted in P7].

Typical quantities of interest are for example the density profile or two-point correlation
functions. WithC' = D + E they can be written as

<7]($)>Hl£l.,ﬂr =(w|C* ' DC**|v)/Z(L)
{(n(z)n(z+ y)>ﬂ,£l,w =(w|C* ' DCY* ' DCF Y| w) ) Z(L) (2.48)
For one-dimensional systems one can define a stationary, site independent current also for

open boundary conditions (cf. discussion in Sec#idh? and with .35 it is given by

Z(L-1)
Z(L)

71" = p(n(@) (1= n(@+1))) oo = a{ (1 = n(2))0(z+1)) ror = - (2:49)
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* MC: Maximum current phase,
bulk dominated withp,, = 3 indepen-
dent of the boundary conditions, maxi-
Poo=Pr mal currentj = (p — q) /4
» LD, HD: Low and high density phase,
boundary dominated with,, = p; and
o e et Poo = pr rESpectively
« ——: phase coexistence line
MC first order phase transition between HD
Do =V2 and LD withp, > p,
+ — —: continuous phase transition be-
tween HD, LD and MC

Figure 2.2: Phase diagram for the bulk density of the ASEP with open boundaries.

which follows directly from the first relation oR(46). As the matrices are in general infinite
dimensional the evaluation of such quantities can still be a formidable task, but often it is at
least possible to obtain asymptotic expressions. However, in certain regions of the parameter
space the matrices can be chosen to be finite dimensid84|l [A simple example is the

case of one-dimensional matrices fgr= p,, which leads to the product measurg. See
Proposition 111.3.6 in LOQ for general properties of the matrices.

In the totally asymmetric casg= 0 the relations 2.46) have a recursive structure that
allows to calculate:-point functions without knowing, E, |v) and (w| explicitly. On the
other hand, for; > 0 one has to find a representation for the matrices and vectors. This
Is possible using the close relation to creation and annihilation operators @fdéfermed
harmonic oscillator. In]16, 38, 104] this idea was used to give exact solutions for special pa-
rameter values which allow finite dimensional representations, whereda0arl[L9, 22] the
full solution is given for a slightly simplified model, where particles at the left boundary can
only enter, at the right only exit the system. Those results show that the stationary measures
have asymptotic product form in the bulk, i®. pu* — v, weakly for L, k(L) — oo
with L — k(L) — oo (see L0, Theorem I11.3.29). The bulk density., depends on the
boundary conditiong; and p, and is explained in the phase diagram given in Figug
The only exception to this is fos, + p, = 1 andp, < 3 where the above weak limit is
given by the mixturew,, + (1 — a)v, with a = lim;_. k(L)/L € [0, 1] (see [LOJ, Theo-
rem 111.3.41). So for these parameters, marked as a red line in the phase diagram, the system
exhibits a boundary induced phase separation as explained in S2cti@ The domain
wall, separating the densitigg andp,., has the form of a shock as given i 41) with dif-
fusively moving position. So in a typical configuration both phases with dengitiasd p,.
are present, known ghase coexistencd he phase diagram can actually be understood by
studying the motion of domain walls on a macroscopic level, as is explained in SB@&i8n
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In [130, 131, 118 the MPA was used to find time dependent distributions of the ASEP.
In the stationary case, it was generalized to the ASEP with impurities, such as a slow particle
[103 or a slow bond introduced irvH], for which exact results have been obtained only for
deterministic update with a stochastic defectGf][ In [70] the MPA was used to recover
solutions of certain integrable reaction-diffusion models. It also turned out that the MPA is
not just an ansatz. The stationary measure of a one-dimensional stochastic model with finite
interaction range and a finite number of different particle species can always be written as
a matrix product §8, 85]. Generalized quadratic algebras resulting from nearest neighbor
interactions have been studied systematically7ig [L11] and in [5, 6] or [82] (see also
references therein) in the context of the multi-species ASEP. In this context the case with
two species was studied extensively, which we discuss in se2tibdh The MPA was also
applied to the ASEP with different update procedures, $&é] [and references therein. It
is not limited to finite lattices, in35] it was shown that it can be used to calculate finite
correlation functions for systems on an infinite one-dimensional lattice (see also Segfion
For a partial review on application of the MPA sed]and [29].

2.2.3 Boundary induced phase transitions

Boundary conditions have decisive influence on the stationary measure of nonequilibrium
systems, since the non-zero current can carry boundary effects into the bulk. As was shown
before for the ASEP, stationary properties are the result of an interplay between bulk and
boundary effects. It turned out that this behavior can be understood by analyzing the mo-
tion and stability of domain walls, that separate regions of different particle density. On a
macroscopic scale, stable phase boundaries take the form of sharp edges (discontinuities) in
the density profile and are therefore called shocks. On the microscopic scale of the lattice, a
shock is still a rather smeared out object and it is not a priori clear how to define its position.
Consider the ASEP oA = Z with initial product distributiony,, , with densitiesy; for
x < 0 andp, for x > 0. Assume that the particles are driven to the right,si.e: ¢. Then
there exists a stable shockiif < p,. Its position can be defined by coupling two processes
with initial distributionsv,, , such that the configurations differ only at sig = 0. The
location X; of this defect then marks the shock location. This was first showh3g §, 27]
for special values o, and in 1] for the general case. Inif] it was shown for a similar
coupling thatX,; can be interpreted as the position of a second class particle. The precise
statement is that there exists a measuye, of asymptotic product fornv,, andv, for
xr — *oo respectively, which is stationary in the reference frame of the shock, i.e. for
the processy,n,. It was also shown that the position obeys a law of large numbers, i.e.
X/t — vs a.s. fort — oo wherev, = (p — q)(1 — p; — p,) is the shock velocity. In the
reference frame moving at constant spegdhe stationary measure is not given/byput is
rather a translation invariant mixture of, andv,, due to diffusive fluctuations of the shock
position {4, 48]. This phenomenon was first studied ih3f] and calleddynamical phase
transition(see also00, Section 111.2). As we see below, this is closely related to boundary
induced phase transitions. A nice discussion of the direct analogy to phase separation in the
2D Ising model (cf. Sectio.1.3 can be found in33]. Exact results for the shock measure
Ip,.0. Were obtained in33, 34, 35] using the MPA. In 9] the question of multiple shocks
was addressed. A detailed review of this subject can be fourldi#, [Section II.2.
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On the level of the hydrodynamic equatidh30), the above phenomenon is well known
as shock solutions of hyperbolic conservation laws. The shock velocity for general systems
with current;j(p) is found to be

o, = 2P = 3(pr) (2.50)
PL— Pr
as a simple consequence of the conservation of mass (se2@).gkpr the ASEP the current
density relation is given by2(40), leading to the result for, mentioned above. This was
used in B9 for the ASEP on a finite latticd ; with open boundary conditions € [0, 1]
andp, = 0 to establish a maximum principle for the stationary currgntor L — oo. In
[87, 109 this was generalized for ali. € [0, 1] to the extremal principle

max ](IO> ) for PL > Pr

. pr,pr ) pElpL,pr]
Z}EIO].OJL - min j(p) , forp <p.’ (2.51)
pElp1,pr]

in the case of positive driff(p) > 0, and analogous for negative drift. The claim is that for
large L the stationary current of the open system is selected from the current density relation
for the bulk dynamics.4.51) results from the analysis of the motion and stability of domain
walls on the level of the hydrodynamic equation. These are given by stable shocks with
speed 2.50) if the characteristic velocities satisf{(p;) > vs > j'(p,), i.e. the domains are
drifting towards each other. If they are drifting apart the domain wall is unstable and given
by a so-called rarefaction fan. The macroscopic time evolution consists of a combination of
these two types of solutions and is a standard topic in the theory of hyperbolic conservation
laws [26]. The stationary measure is then dominated by one of the boundary domains or by
bulk domains with vanishing characteristic velocity and densities determined by the maxima
and minima of the current density relation.

The main point of these studies is that the phase diagram for open boundary conditions
of any driven diffusive system in one dimension (like Figargfor the ASEP) can be con-
structed from the knowledge of the current density relation alone. The microscopic details
of the bulk interaction are therefore subsumed in the relatiph while the boundaries set
the range of the above extremal problem.

In general it is much easier to calculaté) which is defined for periodic boundary
conditions in .23, and then apply4.51) rather than solving the model exactly with open
boundary conditions. One example is the KLS mo@é] [Katz, Lebowitz, Spohn), a gen-
eralized version of the TASEP with next nearest neighbor interactions given by the jump
rates

0100 2% 0010, 1100 5 1010, 0101 =S 0011, 1101 -2 1011, (2.52)

with parameters, § € (—1,1). The model is exactly solvable for periodic boundary condi-
tions and using4.51) the phase diagram for the open system was constructeidth [In

case of sufficiently strong repulsive interactior 0, j(p) has a double hump structure with

a minimum, leading to a minimal current phase. This is illustrated in FigiBew~here the
parameted # 0 accounts for the asymmetry ¢fp). Note that the extremal principl@.61)

is conjectured to hold in general, but this has not been proven rigorously. So far its validity
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Figure 2.3: Boundary induced phase transitions for the KLS mo@e$23) with repulsive
interaction for parametees= 0.995 andé = 0.2. Left: Fundamental diagranp) defined

in (2.23. Right: Corresponding phase diagram for the bulk densitywith open boundary
conditionsp;, p., via graphical construction froip) using the extremal principl€(51).

MC | and MC Il are maximal current phases, the phase boundaries are given by straight
lines—— (first order), and broken lines — (continuous).

is only assured for models like the ASEP which can be solved exactly for open boundary
conditions. For the KLS model the validity a2.61) is supported by phenomenological sta-
bility arguments and Monte Carlo simulatioriOf]. Rigorous results for a particular line

in the phase diagram are given ifl.[ An alternative strategy to prove.61) would be to
derive hydrodynamic limit (cf. SectioR.1.4 for systems with open boundaries, since it is
rigorously known on the level of the hydrodynamic equation.

It was also noticed in7] that the role of the boundary conditions is crucial for the validity
of (2.51). The generic choice is to couple the bulk with reservoirs of fixed distribution, like it
was done inZ%.42 for the ASEP. Apart from that, the dynamics for the reservoir boundaries
is the same as in the bulk. But one can also specify arbitrary birth and death rates for parti-
cles in some finite region at the boundaries, which have nothing to do with the jump rates in
the bulk. This causes a local perturbation and the boundary densities, important variables for
the extremal principle.51), are no longer well defined. However one expects, that the bulk
behavior of the system is still governed [#/%1), leading to the following conjectur&[64].

Conjecture. For any local boundary mechanism (however complicated) thereeffastive
boundary densities; andp,., such that the stationary bulk properties are identical to a model
with reservoir boundaries, andp,..

Thus in these effective variables the phase diagram of the process is universal, i.e. indepen-
dent of the details of the boundary mechanism. But it is possible that for certain mechanisms
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not all effective densitieg;, p, € [0, 1] can be realized. Such an example was giverd,
where a part of the universal phase diagram is not accessible by the boundary mechanism.
The only rigorous results on the existence of an effective boundary density are given in
[104, 22] for the partially asymmetric simple exclusion process with independent injection
and exit rates at the boundaries. These lead to the same phase diagram as the coupling to
reservoirs at specific densities, for which the rates are related by the bulkpdrivdt is
an open question if there is an effective density for more general systems and how it can
be properly defined. We give a partial answer to this in Chaptellustrated for a toy
model on a semi-infinite lattice with a generalized boundary mechanism. Another related
open question is if there is an equivalent extremal principle for systems with more than one
species of particles. In this context we introduce theomponent zero range process in
Chapter4, and study the hydrodynamic conservation laws with open boundary conditions.

2.2.4 Phase transitions in two-component systems

A first example of a boundary induced phase transition in this context has been given in
[41, 42] on the latticeA, = {1,..., L}. The two species- and— move in different direc-
tions and pass each other with rate
+0 0+, 0—— -0, +— -5 —+;
05+, =05 oS-, + 0. (2.53)

The boundary rates are given in the second line, where the boundary is dendtezhby
they are assumed to be non-degenerate so that the process is irreducible and has a unique
stationary measur;e%’ﬂ. Due to the lacking conservation law the system is CP-invariant, i.e.
symmetric under charge conjugatien— — together with space inversian<— L — x + 1.
Therefore this is also true for the measufgeg and in particular it means that the expected
numbers of+ and — particles in the finite system are equal. But within a certain range of
the parameters, 3 andq the measure mainly concentrates on configurations with a pair of
different particle densities, and its counterpart related by CP-inversion. Thus the limiting
measurdim;_, Tk(L)/L%’ﬂ is a CP-invariant mixture of two extremal stationary measures,
which themselves are not CP-invariant. The existence of these measures alone is not surpris-
ing, since the infinite system is in general not CP-invariant due to local conservation of both
particle species. The process exhibits boundary induced phase separation and in contrast to
the ASEP discussed in Secti@r?.2there is no phase coexistence but symmetry breaking in
the following sense. The system shows only either one of the two density pairs and the above
limit is independent of the sequenkél). So the domain wall is not fluctuating but rather
pinned to one of the boundaries. kor= co or § = 1 the matrix product representation of
the stationary measure can be solved exactly. In the [imit 0 exact results were obtained
in [59] by mapping the process on a biased random walk model. For other parameter values
the result is based on non-rigorous mean field calculations, corroborated by Monte Carlo
simulation data9, 24).

From the discussion in the previous subsection it becomes clear that phase separation in
periodic systems with finite interaction range is not possible, since one of the two resulting
domain boundaries is generically unstable. This situation can be avoided in the presence of
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two or more species of particles. In such systems all phase boundaries can be stable and one
can observe phase separation on periodic lattices. This can be interpreted to be the result of
an effective long range interaction when the different particle species block each other and
form clusters occupying a positive fraction of the volume.

Such a phenomenon was observed for the first timé4n45] on the latticeA;, = Z/LZ
with three particle specied, B andC', where one of them can be regarded as empty sites.
The rates are cyclic id, B andC' and given by

q q q
AB= BA, BC=CB, CA= AC. (2.54)
1 1 1

Forg = 1 the particles undergo symmetric diffusion and the system is homogeneous, i.e. in
the limit L — oo the extremal stationary measures are given by translation invariant distri-
butionsi,, ,.pc, With densitiespa, pp, pc € [0,1] andps + pp + pc = 1. Forq # 1 the
particle exchange rates are biased. Since the model is invariant under the exdhange
qg — 1/qitis sufficient to consideg < 1. Itis shown that in this case phase separation occurs
due to an effective long range interaction. For large systems typical stationary configurations
are of the form .. AAABBBBBCCCCCAA ... with vanishing current. The boundaries
fluctuate only locally, indicating also spontaneous breaking of translation invariance. Exact
calculations are presented in the case of equal particle numbers, where the current vanishes
and the model satisfies detailed balance with respect to a long-range asymmetric Hamilto-
nian. For general non-zero particle numbers the statements are confirmed by heuristic argu-
ments. Note that in contrast to boundary induced phenomena this result strongly indicates
phase separation for the infinite system. One expecs, 110,10 andzg 1 to be the only
translation invariant extremal measures, besides a series of blocking measures analogous to
the ASEP 2.43. However in this model breaking of translation invariance is not a trivial
phenomenon, since blocking configurations occur also for periodic boundary conditions.

In [10, 12] the first model .53 was considered with periodic boundary conditions, with
the additional jump—+ — +— at ratel and with equal particle numbers. This system
is also CP-invariant and far < 1 strong phase separation with vanishing current occurs,
just as in the previous mode2.64). For largeq the system is homogeneous, confirmed by
Monte Carlo simulations and exact results via MBA][for ¢ = 3 (product measure) and
g = 4. The authors also claimed the existence of a mixed phase forq < ¢. =~ 1.4,
where the system shows phase separation with a non-vanishing current. This result was only
based on Monte Carlo simulations, mean field calculations and a phenomenological exten-
sion of Yang-Lee theory for this syster@]] In [13] the previous results were heuristically
extended to general particle numbers, studying the macroscopic equivalent Burgers equation
corroborated by Monte Carlo simulations. However,liad 121] the mixed phase was not
found in exact calculations for the grand canonical ensemble. The previous observations
leading to its postulation are due to a sharp crossover with an anomalously large but finite
correlation length. This was proven iii€, 78] using a mapping to the zero range process
(see Sectior2.3.3 and exact results on a condensation transition for this model, which is
the main topic of Chaptes. In view of this result, a system showing phase separation with
a non-vanishing current has only recently been introducedh [For a recent review on
critical phenomena in one-dimensional two-component systems 88je [
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2.3 Zero range processes

The zero range process (ZRP) is an interacting particle system without exclusion interaction
and was originally introduced inLpg. Besides being of interest on its own as a model

for bosonic lattice gases, it has gained much attention due to its close relation to the ASEP,
explained in sectior2.3.3Other important features are that the stationary measures are of
product form under very general conditions, and the possibility of condensation transitions,
which are the topic of ChapteEsand®6.

2.3.1 Definition and construction

The local state space of the zero range procesgs4sN, so the number of particles per site
is unbounded. At a given sitec A, the number of particleg(x) decreases by one with rate
g(n(x)) and the leaving particle jumps to site y with probability p(y). So the transition
rates are given by

c(z,z +y,m) = g(n(x)) py) , (2.55)

depending only on the configuration at sitewhich can be interpreted as a particle inter-
action of range zero. In general, the functignandp could also depend on the site(cf.
Section2.3.9), but here we focus on translation invariant systems. The jump probability
p:Z — |0, 1] is normalized and assumed to be of finite rafge Z™,

Y ply)=1, p0)=0 and p(y)=0for|y > R. (2.56)

yeEA

To exclude hidden conservation lawshould be irreducible on finite periodic lattices, so
that every particle can reach any site with positive probability. For the dynamics to be well
defined on infinite lattices and to be non-degenerate, the rate functibih— [0, co) has to
satisfy

sup |g(k +1) —g(k)| =g < oo, g¢g(k)>g(0)=0forall k> 0. (2.57)
keN

Since the generic state spa¥e= N* would not be compact, the construction of the dynam-
ics for general lattices given in secti@ril.1has to be modified. In3], 96] this is done on the
restricted state space

X ={neN|nl.<oo}, where |nflo=">[n(z)a(x) (2.58)

zeEA

for somea : A — (0, 00) with

Za(y) < oo and Z p(y) a(z +y) < M a(zx) (2.59)

yEA y:—R

for all z € A and a constant/ > 0. Such anx can easily be found, for instanegz) = b/*!
for b € (0,1). The measurable structure éhis given by the smallest-algebra so that the
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mapn — n(x) is measurable for each € A. Note that if{n(z),z € A} are nonnegative
random variables with uniformly bounded means, tiyea X with probability one. Thus
X is large enough to contain many distributions of interest. #0{ € X the distance
|ln— || as defined inZ.58 provides the topology oX . Let L( X, R) be the set of Lipshitz
continuous functiong : X — R, i.e. forall f € L(X,R) there exists af\ f) € [0, c0) such
that

1f(m) = FOI < Uf)ln—Clla foralln e X. (2.60)
The next theorem was proved i8] and shows that the formal generator
R
L) =D > g(@) ply) (f (") = f(m)), (2.61)
z€A y=—R

for f € L(X,R) defines a Markov process on.

Theorem 2.3 (Andjel) Under the above conditions grandp (2.56) - (2.59, £ generates
a semigroupS(t) of operators onl.( X, R) with

[S(2) f(m) = S(t) F(Q)] <Uf) ™ g = la (2.62)
forallm, ¢ € Xandf € L(X,R).

Proof. See B], Theorem 1.4.

This defines the procesg analogously toZ.2) with a restricted sek(X,R) c C(X,R) of
observables. In facf(¢) is not strongly continuous ofi (X, R), so no direct application of

the Hille-Yosida Theorem (see Appendix1, TheoremA.2) is possible. Nevertheless, all
results of sectior2.1.1can be obtained without general semigroup the8nip1]. The in-
equality .62 assures thd&’"[{nt € X}} = 1forall m € X, so the process does not leave
the restricted state space during time evolution. The above construction is also pogsible if
andg are not translation invariant, as longzass irreducible andZ.57) is fulfilled uniformly

in z. For further details on the construction of the dynamics Sgar{d references therein.

2.3.2 Stationary measures

In the following we summarize results on stationary measures for the ZRP which are well
known and can be found for example B 10, 84]. Under very general conditions there are
stationary product measures with one-point marginals

v ({n(z) = k}) o« W(k)¢F  with weight W (k) = H 1/g(i) . (2.63)

Theg, € [0, 00) can be interpreted as site dependent fugacities of grand canonical measures
in the context of open boundary conditions (see below). They have to fulfill the stationarity
condition .18, which becomes

> lely,xm) —clwym), = > py) oy — 62 =0 (2.64)

yeA ly|<R
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for all 2 € A, since with the weight inZ.63) itis (g(n(x))), = ¢.. This is the most general
ansatz for stationary product measures for the bulk generaf) (see e.g. Theorem 1.8

in [3]). The problem is now to find solutiong.).cx to (2.64) on a given lattice\, such

that 2.63 can be properly normalized. Note that the equation depends only on the jump
probabilitiesp, whereas the jump rategsdetermine the allowed range of the solution, as we
see in the following.

Periodic boundary conditions

On the periodic lattice\;, = (Z/LZ)? the only solution to 2.64) is the constant function
¢, = ¢. Thus .63 defines a translation invariant grand canonical product mew.
Section2.1.2 with one-point marginals

7 (k) = W (k) 6*/2(6) . (2.65)
with the (one site) normalizing partition function

Z(¢) =Y  W(k)¢". (2.66)
k=0
The expected particle density as a functioma$ denoted a2 : D, — D, and given by
R(¢) =Y kig(k)=¢0dslogZ with p. = lim R(®) . 2.67
(¢) kz_o v(k) = ¢ 0y 1og Z(9) pe= Jim R(¢) (2.67)

The measures are well defined on the domajn which is determined by the radius of
convergence). € [0,00] of Z(¢). Itis easy to see that. > liminf; .. g(i), whereas
equality holds in many interesting cases, for instanderif ... g(i) € [0, oo] exists. Often
Dy = [0,¢.) and R has full rangeD, = R(D,) = [0,00), i.e. the critical density,
diverges. This is for example the casg(f) is non-decreasing (seé(] and Lemmab.1).
But depending on the weight/(k), p. < oo is also possible and in this case we have
Dy =[0,¢.], D, = [0, p.] and the system exhibits a condensation transition as discussed in
Chapters. Itis R(0) = 0 and R(¢) is monotonic increasing ob, and thus invertible. We
denote the inverse functioh: D, — D, by ®(p).

With (2.16) the corresponding canonical measures are givephy = 7}(. |X, = N)
with arbitrary¢ € [0, co) which is canceled by the normalization. It is

i) = ey T W @) a(Sim). N) (2.68)
’ TEAN],
where the canonical partition function is given by
Z(L,N)= > [ W) s(En(n), N). (2.69)
neXyp x€AL

In the limit of large system sizé, N = [pL] — oo with fixed particle density € D, the
canonical measure (68 is expected to be equivalent to the grand canonical mea31@® (
with ¢ = ®(p). A rigorous result on this equivalence is available8d][ Appendix 2, but it
only covers the case. = oo. In Chaptel5, we generalize this result to densitieg [0, o)
even ifp. < oo, and explain the precise meaning of the term 'equivalence’.
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Closed or reflecting boundary conditions

In this case 2.64) is altered whenr is within rangeR of the boundary. For every finite,
connected lattice, it can be interpreted as the master equation of a random walker with oc-
cupation probabilityp,.. Sincep is assumed to be irreducible, there is a unique stationary
distribution (¢, ).cx, and every positive solution 02(64) has the formp (¢, )., for some

¢ > 0. To get a well defined grand canonical measure with fugagityis necessary that

b o, € D, forall z € A;. Inthis case the grand canonical product measure has site depen-
dent marginals

v ({n(x) = k}) = v} (k) = W(k) &} ¢*/Z(. 0) . (2.70)

This leads to site dependent densitRs(¢) = R(¢, ¢) with R given in 2.67), and the
canonical measures are also analogout6g and .69, where the WeightsW(n(x))

have to be replaced By (1(x)) 3.

Open boundary conditions

Consider the ZRP on the lattice, = {1,...,L}%. For non-degenerate open boundary
conditions there is a unique stationary measure, but in contrast to the previous lattices, this
is in general not of product form. We take boundary conditions which are compatible with
the bulk dynamics, i.e. we fix boundary valugsfor all x ¢ Ay with |z — Ay | < R. If
these are non-degenerage@4) has a unique solution, but this is positive only under special
conditions. Seed] and references therein for a discussion of boundary value problems of
linear difference equations. If there is no positive solution, then the stationary measure is not
of product form. The case of general open boundary conditions or dimenaisrishas not
been studied so far, but we expect a similar situation as for the ASEP (S2@idn namely
that in the limitL. — oo the measures are asymptotically product.
Note that for every solution, of (2.64), a¢, + b is also a solution for alt, b € R, so
there are at least two degrees of freedom for the boundary conditions. This can be used to
get an explicit solution for the most basic example. Consider the one-dimensional lattice
= {1,...,L} and nearest neighbor jump probabilitie§) = pd,1 + ¢d, 1 with
p,q > 0,p+ g = 1. In this case one can specify = ¢, and¢,., = ¢, independently to
get the unique solution

_ oy (/g -1
bz = Q1+ (&r — B1) EER (2.71)
Thus there exists a stationary product measundth site dependent marginals
v({n(z) =k}) = W(k)¢;/Z(42) , 2.72)

if and only if ¢;, ¢, € D¢, since @.71) is monotonic ine. For largeL the fugacity profilep,

is essentially constant except for the neighborhood of one of the boundaries. Depending on
the drift direction the bulk value is equal#g if p < gortog, if p > ¢g. Forp = ¢ the solution

to (2.64) is a linear profile, which has been studied i8[19]. For jump probabilitie®(y)

with rangeR > 1 one has to specify more than two boundary values.oBut to get a
solution to @.64) they can in general not be chosen independently.
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The infinite lattice

The translation invariant product measurgs¢ € D, defined in .65 are also stationary

for the process on the infinite lattice= Z<. If g(k) is non-decreasing, a sufficient condition
for Dy, = [0,¢.) andD, = [0,00) (see {0 and Lemmab.1), it was shown in §] (Theo-

rem 1.9) that these are all translation invariant elements .off in addition p is symmetric

and not positive recurrent (e.g. symm. random walkZoar Z?), the complete characteri-
zationZ, = {%}qﬁ € [0,¢.)} is given in B], Theorem 1.10. But in general, just as for the
ASEP, there exist also non-translation invariant stationary measures, which can be obtained
as limit solutions to open boundary problems. Consider the exapiple= pd, 1 + g, 1

from above withA = Z. Then, for¢, = oo, ¢, = (p/q)* gives a non-translation invariant
stationary product measure for asymmetric jump probabilitigsq. On the other hand, for

¢. < oo these solutions are ruled out afid= {74|¢ € [0,¢.)} if g(k) is non-decreasing
(see B] Theorem 1.11). A crucial idea of the above results is to use attractivity, defined in
the appendixA.6). For the ZRP this is equivalent to non-decreasing jump rates &&ge [
Theorem 11.5.2), and if this is not fulfilled there are basically no other results on the infinite
lattice than the existence of the product measuges € D,.

The stationary current

As discussed in sectiok1.2the microscopic current is in general hard to write down, but
the drift takes the easy ford(z, 1) = 3, <, yp(y) g(n(x)). For the translation invariant

product measures; we have<g(n(ac))>% = ¢ and with¢ = ®(p) defined afterZ.67), this
leads to the current-density relatidhZ3

j(p) = m(p) ®(p) R (2.73)

Herem(p) = Zf}Ryp(y) € R? denotes the first moment pf For non-symmetric jump
probabilities this is in general non-zero and determines the direction of the current. The ab-
solute valudj(p)| is monotonic increasing ip with j(0) = 0, approaching its maximum
|m(p)|o. for p — p.. The ZRP is reversible if and only jfis symmetric and in this case it

is j(p) = 0.

The grand canonical measur@sgb can easily be generalized to inhomogeneous jump
ratesg, [40]. They keep the same form with fugacity site dependent weightd/, (k),
partition functionZ,.(¢) and densitieg,.(¢) (2.67). The current is of course site independent
and still given by; = m(p) ¢. They are well defined for alb < ¢., whereg, is now the
minimal radius of convergence of th&.. A special case for non-translation invariant jump
probabilitiesp is discussed inZ.74) in the next subsection.

Note that due to monotonicity ¢f(p)|, there are no boundary induced phase transitions
for the ZRP. But since the local state space is infinite there are condensation transitions which
we discuss in Sectiod.3.4and Chapteb.
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Figure 2.4: Equivalence of the dynamics of the ASEP and the ZRP.

2.3.3 Relation to the asymmetric simple exclusion process

On translation invariant one dimensional lattices, the ASEP seen from a tagged particle is
equivalent to the ZRP with nearest neighbor jumps and constant jump(fgte= ©(k)g.

This was first noticed in46, 83] and is shortly explained in the following. Consider the
ASEP onA; = Z/LZ with N < L particles, each labeled with a numbet {1,..., N} in
consecutive order. Take € A to be the position of theé-th particle. We tag the particle

1 = 1, i.e. we choose a reference frame with = 0, leading tox; < ... < xy. This

order is preserved, since the particles cannot pass each other. Every pantitie ASEP

is regarded as a lattice site of the ZRP, whose occupation nunibes determined by the
number of empty sites to the right of the ASEP patrticle. So the ZRP is defined on the lattice
Ay = Z/NZ with L— N particles and the configurations are mappedyia= x;, 1 —x;—1.

In the ASEP particles jump to the right with rgtg(2.39, corresponding to a jump of an
empty site to the left. So the choige= (p + ¢), p(1) = ¢/(p + ¢) andp(—1) = p/(p + q)

in the ZRP maps the dynamics of both processes, which is illustrated in Rigur8o the

ASEP can be described in terms of the particle distances by a particular ZRP with nearest
neighbor jumps. Since the ZRP has stationary product measures with fugacities = g

this mapping can be used to find the stationary distribution of particle distances for the ASEP.
As the above mapping works also for more general exclusion processes, it can be useful in
situations where the stationary measure is not known.

First we would like to apply the mapping on the infinite lattite= Z. If the particle
positionsz; € Z are not bounded above or below the ZRP is also defined. dhthe x; are
bounded below, i.e. there is a first particle with position tagged te 0, the corresponding
ZRP is defined on the semi-infinite lattice = Z*. To fix ideas we take > ¢, so the
ASEP patrticles are driven to the right. For simplicity we assgmeq = 1 without loss
of generality. Then the blocking measures for the ASEP described.43 (correspond
to a stationary product measupefor the ZRP given in Z.72 with boundary conditions
¢o = p+q = 1andlim,_, ¢, = 0. The solution to 2.64) in this case i, = (¢/p)* and
the density is given by(z) = (¢/p)*/(1—(q¢/p)*). We have}_, .. p(z) < coforallg < p
since the ZRP particles are driven to the left out of the system. The one-point marginals of
v decay exponentially (cf.2(72), so there are only finitely many particles in the ZRP with
probability one, corresponding to finitely many empty sites between the ASEP particles in a
blocking configuration.
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The mapping also works, when each partidlethe ASEP has individual jump ratgsto
the right andg; to the left. In the ZRP this leads to site dependent jump rates
gi(k) = ©(k)(pi + ¢i+1) and jump probabilitie® (i, + y) = giy1dy1 + p; 0, —1 Which
are not translation invariant. On a periodic lattice, the analogu. &a)(

> pli—y,i)¢iy— ¢ =0 forallie{1,...,N}, (2.74)

lyl<1

has constant solutions, = ¢ if and only if p is doubly stochastic. This is equivalent to
pi—1qi+2 = pi+1q; for all i, which is fulfilled for example in the totally asymmetric case where

¢; = 0 for all .. Then the stationary measure of the ZRP still has simple product structure
with site dependent jump rates as discussed at the end of the previous subsection. This
mapping was used irB[l] to study phase transitions for a disordered ASEP on a periodic
lattice, where the, are quenched random variables. 17|the casey; # 0 with p; +¢; = 1

for all - was studied on\ = Z, involving a non-constant solution o2.(74). We give more
details on this phase transition in Sectid8.4

Note that there exists a similar mapping in the theory of reaction-diffusion models,
stochastic particle systems without conserved bulk dynamics. Under certain conditions on
the transition rates, one has closed equations for the time evolution of the size distribution of
empty intervals between particles. This is known as empty interval method or interparticle
distribution function method, described ibJg6, 81] and references therein.

2.3.4 Condensation transitions

Condensation transitions in the ZRP have been studied the first time in the context of phase
transitions in exclusion models with particle-wise disorder. The particles move at individ-
ual random rates with a common drift direction on a one-dimensional lattice with periodic
boundary conditions. Since particles cannot overtake, the one with the slowest drift can
cause an obstruction. This is not the case as long as the particle density exceeds a critical
value,p > p*, because for high densities the mobility of all particles is reduced anyway due
to the exclusion interaction. In this laminar phase, disorder causes only local perturbations
and on a macroscopic scale the stationary distribution looks uniform with a product distribu-
tion for interparticle distances. For small densities particles can move almost freely, and if
p < p* they pile up behind the slowest particle, which has macroscopic region of empty sites
ahead. In this jammed phase, disorder causes a global effect and the interparticle distances
have a stationary distribution which is not of product form. This result was obtainéd]in [

for the disordered totally asymmetric exclusion process and ihfpr partial asymmetry

by calculating the stationary distribution of interparticle distances. Due to the mapping ex-
plained in Sectior2.3.3this is given by the stationary distribution of a corresponding zero
range process with site-wise disorder. An independent analysis using the matrix product
ansatz (cf. Sectio.2.2 is given in [39], where also the close relation to the corresponding
condensation transition is pointed out.
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On the level of the ZRP, the mechanism is the following. There are invariant product
measureg, as given in .65 for ¢ < ¢. = min, ¢.(i), the critical fugacity for the slowest
site. These measures have the denBity) = (R;(¢)); averaged over the quenched distribu-
tion P(i) of site-wise disorder. Depending on the form of this distributjons= R(¢.) < oo
is possible, defining the critical density for the ZRP. por p. the product measurg, is no
longer well defined and an extensive fraction of particles piles up on the slowest site, forming
a condensate. In the ASEP this corresponds to the free headway of the slowest particle in the
jammed phase. The critical densities in both models are relatea al/(1 + p.) since
the ZRP describes the interparticle distances of the ASEP. In the laminar phase the patrticle
density in the ZRP is below,, resulting in product invariant measures. For a review on
phase transitions in disordered exclusion models 48e90]. The hydrodynamics of this
phenomenon has been studiedia(.

The analysis of condensation transitions in the ZRP is an interesting topic on its own and
the above transition is closely related to Bose-Einstein condensation. A similar phenomenon
can occur also for translation invariant systems which does not have a corresponding equiva-
lent in finite range exclusion processes. The statics and dynamics of this type of condensation
are studied in detail in Chaptebsand6.



Chapter 3

Boundary induced phase transitions
and the effective density

3.1 Introduction

Stationary properties of nonequilibrium lattice gases with open boundaries are the result of
an interplay between bulk and boundary effects. In Se@iarBit is demonstrated that this
behavior can be understood by analyzing the motion and stability of domain walls. This leads
to the conjecture of an extremal principle for the stationary curt&btl), that characterizes

bulk properties of the stationary measure for large system sizes. In this way it is possible
to deduce the phase diagram of the model from the current-density relation of the process
(2.23. One key ingredient for the extremal principle is that the effect of any boundary
mechanism on the stationary bulk properties of an exclusion model can be summarized in a
single variable, the effective boundary dengity < [0, 1]. So apart from differences in the
boundary region, the stationary system should behave as if it was coupled to reservoirs, for
which there is only one degree of freedom, the density. In these effective variables the phase
diagram is supposed to be independent of the particular boundary mechanism and is simply
determined by the bulk dynamics that enter the current-density relation. The only rigorous
results on the validity of this conjecture are givening2, 104 by the exact calculation of
stationary measures for the partially asymmetric simple exclusion process. For independent
injection and exit rates at the boundaries, the bulk properties of the stationary measures are
found to be identical to reservoir coupling with an effective density (see Seg#od. For

more general models, the existence of an effective boundary density is still an open question,
for which we present some progress in the forthcoming chapter.

In general, we expegt.; to be the result of boundary as well as bulk properties of the
system. The right context to isolate this interplay and study it for generalized boundary
mechanisms is a semi-infinite system with only one boundary. This excludes for exam-
ple boundary induced phase separation, and the boundary of a semi-infinite system always
selects a pure phase of the bulk dynamics.7]nt[is suggested thai. s is given by the sta-
tionary bulk density of such a semi-infinite system. As we see in the next section, this has to
be further specified and only makes sense in a certain region of the phase diagram, since the
stationary measure of a system with infinite state space and conservation law is not unique.

37
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In Section3.3we define an effective boundary density and prove existence and uniqueness
for ASEP bulk dynamics and general boundary mechanisms. It turns out that in this case the
effects of boundary inhomogeneities remain localized in a finite region at the boundary, and
the effective density.; can be directly computed by solving the stationarity conditions for

a finite system. We illustrate this by using a toy model with a slightly generalized bound-
ary mechanism. This method seems to be restricted to bulk dynamics with nearest neighbor
hopping and stationary product measures. We shortly discuss these limitations towards the
end of this chapter, and propose a less explicit definition of the effective boundary density
for general bulk dynamics.

3.2 The semi-infinite ASEP

First we introduce the semi-infinite ASEP and characterize its stationary measures with a
simple boundary reservoir. To use the matrix product method in an efficient way we re-

strict ourselves to the totally asymmetric case, which highly reduces the complexity of the

calculations.

3.2.1 Stationary measures with the matrix product ansatz

In the following we consider the totally asymmetric simple exclusion process on the semi-
infinite latticeA = Z* = {1, 2,...}. In the bulk particles jump to the right with rate

c(z,y,m) = n(x)(1 = n(y)) yat1 , (3.1)

and at the boundary they are injected with rate R*, which corresponds to a reservoir of
densitya if « < 1. Fora > 1 the system shows the same stationary behavior as ferl,
as we see below. The full generator is given by

LEm)=> nx)(1=nlx+ 1)) = f(n)]
+a (1 =) [f(m"") = f(n)] . (3.2)

In contrast to systems with two boundaries the state space {0,1}%" is infinite and
uniqueness of the stationary measure is no longer assured. In fact it was notigédiaf
there can be several asymptotic densitiesifer oo, summarized in the following ergodic
theorem:

Theorem 3.1 (Liggett) Letr be a product measure @i for whichp = lim, .o (n(z))
exists. Fora = 0, p = 1 the additional assumptioly.>” , (1 —#(x))_ = oo is required.

T

py 5 if p>1/2  (bulk dominated)

It a > 1/2then lim m5(t) = {M?/g ,if p<1/2 (maximum current)

py , if p>1—a (bulk dominated)

If o < 1/2 then tILIEO mS(t) = { Vo , Ifp<1—a (boundary dominated)
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The stationary measures are asymptotically product with depsitg. lim 7,u = v, de-

noted byuj ~ v, andug, = v,. The limits are understood in a weak sense with test functions
feC(X,R).

Proof. See P7], Theorem 1.8.

We summarize the statement of the theorem in a phase diagram for the ergodic behavior
in Figure 3.1 (bottom right) on pagd4, where we plot the stationary bulk densjty, as a
function of« and the initial density. In the boundary dominated phase the stationary bulk
densityp,, = « is determined by the boundary rate and the measures are product. They are
independent of the initial density, which is also true in the maximum current phase with
Pso = 1/2, whereas in the bulk dominated phasgis equal to the initial density. Note that
in contrast to systems with two boundaries the bulk extends to infinity in the semi-infinite
context. The bulk dominated measures are determined by the density of the bulk, whereas
the maximum current phase is a result of the bulk dynamics. This information can also be
obtained on a hydrodynamic level by analyzing the motion and stability of shocks as was
explained in Sectio.2.3

So far, the measures were only characterized asymptotically. In the following we derive
exact expressions for arbitrary correlation functions of the stationary measure using the ma-
trix product ansatz (MPA), which is shortly explained in SectibR.2 Although a direct
application to infinite lattices is not possible, one can make the ansatz

W(n(1),...,n(L)) = (w|[[n(z) D+ (1 - n(x)) E|v) (3.3)

for the weight of all finite cylinder configurations of length € Z* (cf. [35]). With

these weights one can calculate any finite correlation function of the measure, which is thus
uniquely determined. The normalization for the above weights depenfisad is given by

Z(L) = (w|(D + E)*|v).

Theorem 3.2 Let the matricesD, £ and the vectorsw| and |v) fulfill the algebraic
relations

a) DE=c¢(D+E)
b)  a(w|E = c(w|
c) (D+ E)|v) = |v). (3.4)

Then the measurgS defined by the above weight$.g) is stationary for the process3(2)
with boundary ratex if and only if

a<l/2,c<all—a) or a>1/2,ce[0,1/4]. (3.5)

The normalization iZ(L) = (w|v) = 1forall L € Z* and the parameter determines the
stationary current, i.e.

j=(n(z)(1 - 77(””+1))>ug —c¢ forallzeA. (3.6)

For ¢ = a(1 — «) the measure is product with constant density.e. u5, ;) = Va-
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Remark. Note that withD = D/c and E = E/c the algebra3.4) can be written as
DE = D+ E, a(w|E = (w| ande(D + E)|v) = |v). So in fact only the third relation
differs from the system with two boundaries, and the paramedecounts for the freedom
in the asymptotic density, which is not fixed in the semi-infinite system. Thus we use the
same notation:® as in TheorenB.1, where it is clear that is not a density. The form
(3.4) of the algebra is more convenient, since the matching condi8ahc) removes the
L-dependence from the normalization.

In contrast to finite lattices, where it is obvious that the expressi®!8 defining the
measure are positive (see e.f0(], Section 111.3), this has to be shown in our case. More-
over, it is only this positivity requirement that yields the constraints on the parametads
a given in 3.5), as can be seen in the following proof.

Proof. Due to @.4.c) it is obvious that for everyl the normalization is given by
Z(L) = (w|(D + E)‘v) = (w|v) which can be chosen tb by scaling the vectoréuw|
and |v) appropriately. Using3.4.a) the stationary currenB(6) calculated at some bond
(x,z + 1) is given by

j = (w|(D+EyDEv) = e (w|(D+ By |v) = . 3.7)

It is easy to see that there is a one-dimensional representati@pivith matricesD = «
andE =1 — «ifand only ifc = a(1 — «). In this case the measure is product with density
(w|(D + E)*"'D|v) = aforallz € Z*.
Next we show that with3.4) the stationarity condition for the procest?) is fulfilled,
<£f> = 0 for any continuous cylinder functiofi € Cy(X,R). The argument is kept

rather short since it follows along standard lines giver3ib|.[ Supposef concentrates on
sites{1,..., L}. Then using 8.2) for the generator and the shorthand) = 7, for better
reading we have after a rearrangement of terms,

(L), Zf {

x+1—>m>

|: 1 - 7790) Nz+1 M?’L(TI — Nz (1 - nx—i-l) M?’L("?)}

-1
r=1

+ [(1 - 77L) NL+1 Mc’ (("7, 77L+1)L+HL) = (1= nrs1) M?’LH(("?, 77L+1))}
+a [m pet M) — (1 —m) u?’L(n)} } : (3.8)
wheren denotes a configuration dn, . . ., L} andu” the corresponding measure. For the

termx = L one site is added to the configurations and the measures with obvious notation.

Every configuration can be seen as a finite sequence of empty and occupied blocks. Sup-

posen =F...ED...D...E...E consists ofx such blocks of lengths;, i = 1,...,n,
H/—/W—/ ——

Tn

starting and endlng W|th an empty block without restriction. We denote a configuration as
T = (7i)i=1,..» and at the boundary between a full bloc&nd an empty oné+ 1 we can
apply the bqu rule §.4.a) of the algebra to get = c( ‘ + 7-”1) Herer' results fromr
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it has non-zero values only at the block boundaries, the sumaowe(3.8) is found to be
telescoping,

n—2
ZC aL 1 +M?L 1( z+1)) _(M?L 1( z+1)_'_luguL 1( z+2)>} —

[

R

— PN ) — et (1) (3.9)

The remaining terms are exactly canceled by the boundary terms, which is easy to see by
applying @3.4.a) and 8.4.c) to the second, an®@{.b) to the third line of 8.9). If the first or
last block ofn are different, the same argument works analogously. Thus for the sung over
in (3.8) every term vanishes individually and |t4$2f> = 0foreveryf € Co(X,R).
It remains to show that the expressions are posmve With the r8ldsthe probability
of any cylinder set can be directly transformed into a sum with terms of the foti*|v),
k € N, with positive prefactors. Thus it suffices to show that these terms are positive. They
can be calculated by using the recursion

(wD**2|v) = (w|D*(D + E)Jv) — (w|D*DEv) =
— (w| DM [o) — c{w] Do) (3.10)

with initial values(w|D|v) = 1 and(w|DJv) = 1 — ¢/a. The eigenvalues of this linear
recursion are given by

)\172:1/2:‘:\/1/4—07 (311)

which are real numbers if and only if € [0,1/4]. In principle the imaginary part could

be non-zero, corresponding to oscillating solutions which then have to become negative, as
a consequence 08(10. But for obtaining a probability measure the solution has to be a
monotonic decreasing positive sequence.d~arl/4 it is given by

M —c/a . A —c/a
Vi—de ' J1—4de

which is positive if and only if the prefactor off > )5 is positive, i.ea); — ¢ > 0. Since
¢ < 1/4 and thus\; > 1/2, this is equivalent to

(w|D*v) = PR (3.12)

a<l/2, c<a(l—a) or a>1/2,cec|0,1/4). (3.13)
Forc=1/4itis Ay = Ay = 1/2 and the solution t03.10 is given by

a—1/2

(w|D*|v) = (1 + k)u/z)k , (3.14)

which is positive if and only iftx > 1/2. Thus in addition to.13 the measure is also well
defined fora > 1/2, ¢ = 1/4. O
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3.2.2 Correlation functions and the phase diagram

Using the algebra3(4) one can find recursion relations to calculate correlation functions.
In the following we demonstrate this for the density profiler) = <77 > o (one-point
function) and analyze the asymptotic behavior of the profiles and hlgher order correlation
functions.

Corollary 3.3 The density profile for > 2 of the measure:> defined in Theorer8.2 is
given by

o~ (= D@ —1) = k) AN = Xa/AF LNk
ple) = ¢ kz:; = 1) (xR [ SV V. (2) ] : (3.15)
for c < 1/4 and by
FRR SIS EL PRSRRESC R

forc=1/4. Itisp(1) = 1—c¢/a and\; and X, are given in 8.11) as eigenvalues of a linear
recursion.

Proof. Using 3.4.c) and B.4b) we havep(1) = (w|DJv) = 1 — ¢/a. In general it is
p(xz + 1) = (w|C*D|v) and we use the relation

for all z € Z*. This can be shown by induction using only the bulk relati®m.g), as it is
done in B2, relation (A.5). Multiplying with(v|, |w) and using 8.4.b) we obtain

. k@ -1-k)! ., e\ ktt
wlCmDl) =3 = ¢ Q= (5) ], (3.18)
where@, = % (¢)' '(w|DF=|v). For the sumQy, k € Z+ one can derive the same
recursion relation as3(10), so that
Qri2=Qry1 —cQr, With Q=0 =1. (3.19)

The solution is given in terms of the same eigenvalugs= 1/2 + /1/4 — ¢ from (3.11)
and forc < 1/4 we have

— =\ \E 3.20
A= b N — )\2 2 (3:20)

Inserting this into 8.18 and using\; A\, = ¢ we get 8.15. Forc = 1/4 and\; = Ay = 1/2
the solution i), = (1 + k)(1/2)* leading to 8.16). O

Qr =
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Forx — oo the density tends to a constant vahug with the asymptotic behavior

p(z) = poo + Blav,¢) " expl—z/€] (3.21)
for some constanB(«a,c¢) € R. The correlation lengtl§ € (0,00] may be infinite and
characterizes the exponential part of the decay of — p... For long range correlations, i.e.
¢ = oo, the approach to the asymptotic bulk dengity is given by a pure power law with

exponentd € R. The values of these parameters depend.@mdc and can be computed
using the asymptotic form for — oo of the sum

x+1
(k—1)(2x — k)! - 1 4
kZQ ol (x+1—Fk) (1/2) = r 2 = 1) forz > 1/2
2 4*
= ao forz=1/2
~ (1 - Z)<z(1_z)> orz<1/2. (3.22)

These relations can be found ibd0, Lemma 111.3.2.4 and were first given i8%]. Using
A1 > 1/2 and); < 1/2 one can determine the parameter valuesi1) as a function ofx
andc. The bulk density is given by

B a , fore =a(l — a) (3.23)
P =\ = 1/2++/1/4 — ¢ , for all other parameter values (%.5) . '

The values fort and 5 are summarized in the phase diagram in FigBu®e(top), which
shows all stationary measures characterized land p... The results are compatible with
Theorem3.1 and of course closely related to the phase diagram of the ASEP with two
boundaries, given in Sectiéh2.2 There one has a unique stationary measure which depends
on the two boundary variables and 3, while here we only have one boundary and the
set of existing stationary measures is indexed by the asymptotic bulk densityNote
that for p., = « (red) the measure is product everywhere and thus the density profiles are
flat. For the bulk dominated measures (blue) with > « the profiles are increasing, i.e.
B(a, ¢) < 0, and decreasing fgr,, < a. The current is always given by= p..(1 — ps),
indicating that the measures are asymptotically product, which is proved below. We also
show the corresponding phase diagram where the measures are indexed by theg eurrent
in Figure3.1 (bottom left), since it is the original parameter in Theorgia
Using the recursion3(10, higher order correlation functions can be easily calculated as
a function of the density. This is only interesting away from the line of product measures
wherep,, = A; and leads to
Gt (phil = (1= poc)™1) , for j < 1/4
— Pt = (3.24)
(2p(z) — 1) k(1/2)**  forj=1/4.
So all truncated correlation functions with fixédzanish forr — oo with the same asymp-
totic behavior as the density profitéx), and the measures are asymptotically product. Thus

pe ~ v, forz— oo, (3.25)
with p., defined in 8.23, recovering the result of Theorednl

<77(x) on(z+ k)>

e
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Figure 3.1: Phase diagram for the semi-infinite ASHI@p: The set of stationary measures

is given by the blue region and along the red line of product measures as a function of the
boundary ratex and the bulk density,,. Values of the exponent and the correlation
length¢ (3.21) are given in the various regionBottom left: Corresponding phase diagram

in terms of the currenf = p(1 — po). Bottom right: Ergodic behavior according to
Theorem3.1, giving the stationary bulk densipy, as a function ofv and initial densityp.
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3.3 Generalized boundary mechanisms

Following the exact solution of the semi-infinite TASEP with a simple reservoir boundary,
we now analyze the effect of a generalized boundary mechanism. For that purpose we con-
sider a toy model with a slightly more complicated injection mechanism, which serves as an
example throughout this section. Its generator is

Lfm)=> n@)(1=nlz+1)[f(n"""") = f(n)]

+(1 = (1)) [arn(2) + aa (1 —n@2)] [f(n°=Y) = f(n)] (3.26)

so the entrance rate of particles at site one depends also on the occupation of site two, namely
it is o If site two is occupied and; if it is empty.

3.3.1 Matrix product ansatz for the toy model

The most direct way to see the effect of the above boundary mechanism on the stationary
measure would of course be an exact computation. As showsblnthe stationary mea-
sures of any lattice gas with finite range interactions can be written in matrix product form.
Moreover, specific rules are given how to construct the algebra relations from the generator.
But of course the larger the interaction range, the more complicated are the algebraic rules.
Besides the matricek and D, these relations contain 4 new unknown operafgg Xo1,

X1 and Xy; in our case, as a result of the next nearest neighbor interaction at the boundary.
Following [85], the relations for the boundary are given by

Oéz('LU’EE:—<w‘X10 Oél<’LU’ED = —<lU‘X11
s (w] BE = (] Xoo a1 (w]ED = (1| Xor (3.27)

The new operators arising from the boundary interactions also change the bulk relations,

DEE=XnE — EXy DED = XnD — EXy,
DEE=DXy — X1o& DED = DXy — X10D
XolbE=EXyw, XuD=DXy, XoD=EFEXyn, Xuk=DX. (3.28)

This demonstrates that a priori the effects of the boundary mechanism might also effect
the bulk dynamics. For the original system there were only two unknown operators, which
one could choose to be real numbels, = —X; = ¢ (cf. Section3.2 and [32]). Here
the boundary relations3(27) suggestXyy + X190 = 0 and X;; + Xo; = 0, and moreover
Xo1 + Xoo = ¢(D + E) from (3.28 by comparison with3.4). Under these assumptions
the relation at the right boundary is given, as3¥j, by (D + E)|v) = |v). To use these
matrix relations for a solution a representationaf, and X,; at least in terms o2 and
D is needed, which we could not identify. Simple choices like linear combinations led to
contradictions when the algebraic rules were applied in different order.

There have been several systematic approaches (se€®.41{] or [5, 6]) concerning
the classification and representations of quadratic algebras, as they arise for nearest neighbor
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interactions. But the above algebra contains a product of three operators and the methods
that have been used so far to find representations for such algebras are more improvised
rather than systemati@®$] and work only if the boundary rates are bulk compatible, i.e.

for coupling to a reservoir. In particular, so far there has been no exact solution with the
MPA for a system with a lattice inhomogeneity similar to our case. Some deeper systematic
understanding of the algebra structure analogous to the quadratic case seems to be necessary.
This is of course an intricate problem, but out of scope for this thesis since the MPA is only
used as a tool to determine stationary measures, which is the main interest here. To achieve
this, we pursue a different strategy in the following, which gives less complete results but in

a much more general context.

3.3.2 Product measures and the effective density

In this section we consider the ASEP with partial asymmetry\oa- Z* and show that
for any boundary mechanism with a finite range there exists a stationary measure, which is
product outside the boundary range. The density of this measure provides a properly defined
effective boundary density.;. In general the existence of such measures is restricted to
systems which have nearest neighbor hopping and stationary product measures in the bulk.
We discuss this point and a possible alternative definition for other models in Seg#ons
and3.5.

In the partially asymmetric simple exclusion process particles jump to the right with rate
p and to the left with rate (cf. (2.39). To fix ideas and avoid lengthy distinctions of cases
we takep > ¢ for the rest of this section. The results can be used directly for thepcase
with a particle-hole transformatiom(z) — 1 — n(x). The bulk part of the generator of the
ASEP is given in 2.36) and the boundary mechanism should be of finite raRge Z™,
where

n= (77(1), . ,n(R)) —n = (n’(l), . ,n’(R)) with rated,, ,, . (3.29)

Note that all possible transitions are allowed, for example also simultaneous movement of
particles. On top of that, particles {1, ..., R} are subject to the bulk dynamics. In this
description, the toy modeB(26) corresponds tét = 2 with d 1),(1,1) = a1, d(0,0),(1,0) = @2
andd,, ,, = 0 otherwise.

Now consider the same process restricted to the boundary renge{1, ..., R}, cou-
pled to a reservoir with density, € [0, 1] at the right boundary. The boundary part of the
generator for this finite process is thus given by

Ebf(n) = Z dn,n’ [f(n/) - f(ﬂ)} +

[pn(R)(L—p,) +q (1 —n(R)p] [f(n"™ ") = f(m)] - (3.30)

Due to the finite state space the process has a unique stationary m@fﬁgﬁr&)r every
pr € [0, 1]. In the following we fix the left boundary mechanistp,, and denote the measure
by 1.,,. We consider the density at sifeas a function op,., writing simply

p(or) = (n(R)), - (3.31)
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The boundary rates, ,, should be non-degenerate such that the proceds;asirreducible

for everyp, € [0, 1], to guarantee uniqueness of the measure. Possible problems can arise
through absorbing states fpr € {0, 1} and total asymmetry, but these cases can be iden-
tified and treated easily for specific systems (cf. the example in the next subsection), so we
exclude them from the general considerations.

Theorem 3.4 If there exists a fixed point* = p(p*) € [0,1] of (3.31), the process on

A = Z* has a stationary measure which is of product form with densitfor all x > R.

For every non-degenerate boundary mechanism, there exist at least one and at most two such
fixed points. In the second case one of thepiis 1 (p* = 0 for p < ¢) and corresponds to

fully occupied configurations with zero current.

This suggests the following definition of the effective boundary density, which we also for-
mulate for negative drift.

Definition. For every non-degenerate boundary mechanigm we define theeffective
boundary density. g to be the unique fixed point" € (0, 1) of Theorem3.4. If the latter
does not exist it ip.; = 0,1 depending on the drift, i.e.

p* i p*=p(p*) € (0, 1) exists

q (3.32)

Pelf = otherwise if’ z .

O Y
Remark. Note that this is not only an abstract definition®f;, but gives also the recipe

definition is finite,| Xz| = 2%, the stationarity relations can be solved explicitly. The com-
plexity of this calculation depends of course on the raRgd the boundary mechanism, but
for small R this is straightforward, as is illustrated in the next subsection.

Proof of Theorem 3.4. Let 11, be a stationary measure witllp*) = p* of the finite pro-
cess. We extend this measuréoin the following sense. Let,, . = (n(z1),...,n(zx))
be any cylinder configuration based on sitgs...,z, € Z* with z¢,...,2; < R and
T, ..., > Rforsomel € {0,...,k}. Then we define

=
—~
S
8
B
ol
~
|
=
b*
—~
S
g
b
~
t)—I

o (77(%)) . (3.33)

Sincev,- is stationary for the bulk dynamics of the process afyt) = p* with matching
currentj = (p — q)p*(1 — p*), it is evident that this product continuation of- is stationary
for the process ofd ™.

Fix some non-degenerate boundary ratgs,. For the process onp, the stationary
current as a function qf, is given by

j(pr) = pp(pr)(l - pr) -9 (1 - p(pr)) Pr - (334)
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Note that althoughp > ¢, the current of the finite system ok can still be negative as

an effect of the left boundary mechanism, spanning the whole system. In case of a fixed
point p,. = p*, (3.34) reduces to the current density relation for the ASEP giver2ia(,

7 (p*) = (p—q)p* (1 —p*) > 0. Thus fixed points are characterized by the intersection
points ofj andj*. With (3.34 we have

§(0) =pp(0) > 0= j*(0) and j(1) = —q(1—p(1)) SO=j°(1), (335

where positivity of;j(0) is ensured, since the boundary is supposed to be non-degenerate.
Sincej(p,) is continuous for a finite system, there is at least on fixed pgirt (0, 1].

Now we assume that there are two fixed poipts# p* € (0,1) for some boundary
ratesd,, ,,. Then one can construct a corresponding mechanism for the right boundary with
the same effective densities by using that the bulk dynamics is particle hole symmetric under
space inversion. Consider the process with these boundary mechanisms on a finit& jattice
with L > 2R. Due to non-degeneracy df,,, it is irreducible and has a unique stationary
measure. This is in contradiction po # p**, yielding two different stationary measures.

At this point the reader might have a look at Fig®.8 where the fixed point relations for

the toy model 8.26 are plotted, illustrating the arguments in the proof and the discussion
below. For partial asymmetry in the bulk with> ¢ > 0 and for the boundary mechanism

itis p(1) < 1 and with 3.35 we havep.; € (0,1). The extreme values.; € {0,1} only

occur in the case of total asymmetry of the boundary rétgs or the bulk rates or in case of
other degeneracies as a result of zero rates. This leads to the question if models with totally
asymmetric bulk or boundary rates can have effective boundary densities (0,1). The
answer is part of the next proposition that specifies the range of the effective densities under
variation of the boundary rates.

Proposition 3.5 Consider a fixed collection of allowed transitions in the boundary region
Ag, denoted by the set of pai3 = {(n,7')}. Sop.z : [0,00)Bl — [0,1] as defined in
(3.32 can be regarded as a function of the corresponding réte,sn) ()eB and we take

pegr™ = SUp pogy to be the supremum df, oo)!Bl. Then for every € [0, p.s*) there exists
a set of rate(dy,y) , .., SUCh thatoy = p. If the setl3 is non-degenerate, in the sense
that particles should be allowed to enter the system, we hgyve> 0.

Remark. In particular this ensures the existence of non-degenerate effective densities for
every boundary mechanism as long as particles are allowed to enter the system, which is of
course a minimal requirement. In fact, for most ‘reasonable’ systems the boundary mecha-
nism has full range, i.ea.s* = 1. But there are also counterexamples, for instanc&3h |

where part of the generic phase diagram is not accessible due to degeneracies in the deter-
ministic bulk dynamics. An analogous result can be formulated if the allowed rates only vary
on a connected subset [6f oo)Zl with non-zero volume.

Proof. We keep the notation of the proof of Theoré&. The key point is that due to
the finite system sizg(p,) andp(p,) and thus alsg.; as defined in%.32 are continuous
functions ofp, and the boundary rate{sl,,’n,) ()" If those vanish altogether it is clearly
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Figure 3.2: The coupling used in the proof of Propositi8ré.

j(pr) = 0 forall p, € [0,1] and alsop.g = 0. If particle injection is allowed, take the
rated; for this process positive (but small) and all other rates equal to zero. Then we have
j(0) > 0 = j*(0) but if d; is small enough, the maximum of the currgnfa continuous
function of d;) is still smaller than the maximum of the fixed point currght The latter
depends only on the bulk ratpsandq and is given by(p — ¢)/4 atp, = 1/2. So there has

to be a fixed point in0, 1/2) and thusp.z* > 0. The existence of intermediate fixed points
per € (0, peg™) follows by continuity ofp.; as a function of the boundary rates. O

3.3.3 The bulk dominated phase

So far we only showed that there exist measures which are product outside the range of
the boundary mechanism, i.e. we identified a set of product measures which is equivalent
to the red line in Figure3.1 (top). We still have to show the existence of the bulk domi-
nated measures (blue region in Fig@té) for p.; > 1/2 and that in this case the boundary

can still be described by an effective density. Heuristically this is clear, since in this phase
the characteristic velocity of the bulk given BY(p) is negative and therefore the boundary
mechanism causes only perturbations which decay fer co. But in contrast to the bound-

ary dominated phase, we expect that the effect of generalized boundary mechanisms is not
restricted to a finite region and that the effective description of the boundary can only be
valid asymptotically.

Proposition 3.6 For every boundary mechanisdy, ,, and all p € [1/2, 1] there exists a
stationary measurg?»»’ of the semi-infinite ASEP which is asymptotically dominated from
above by the product measurg

Proof. The proof uses the coupling method explained in the AppeAdsx The process
of interest with generalized boundary ratgs, of rangeR on the latticeA = Z* is called
processA in the following. We couple it with procesB, the usual semi-infinite ASEP as
defined in 8.2) with left boundary reservoir of density, defined on the latticE&™\Ar =
{R+1,R+2,...}. Its generator is given by

Lfm)= > [pn)(1—nl+1)) +q (1 =n(x) n)] [fn") = f(n)]

9 (1= n(R+ 1) [F™=") — F(m)] . (3.36)

We know from Theoren3.1 that this process has stationary measwﬁ& v,, which are
asymptotic product measures with densities [1/2,1]. We use the basic coupling for
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which the bulk jump rates are given IA.6) in AppendixA.3. The boundary of the coupled
process is given by the bori@®, R + 1), where we have the rates

A 10 , 01 x1, x1 00,00 01 410
— — — .

37
B x 1 0 1 0 1 x x (3.37)
In each case the wildcard can be eithef or 1 without changing the corresponding rate. In
the region{1, ..., R} the processi evolves according to its definition independent of pro-

cessB. This situation is illustrated in Figuré2 From @3.37) it is clear that both marginal
processes are Markovian with the same jump rates as prdcasd B respectively. Itis also
obvious that only discrepancies of the t)/})ean be created at the boundary. Take the initial
measurer for the coupled process to have the marginal= p}), which is stationary for the

B process for somg € [1/2,1], andr4 < 7w onz > R. Thus the configuration of the A
process is dominated by < nZ onZ*\ A for all timest > 0 and the stationary measure
of the coupled process concentrates on such configurations. With Théodelimere exists

a stationary measure of processvith pdn» < u}, onz > R. The statement of the theorem
follows, sincey), ~ v, for 2 — oo with Theorem3.1 O

This is general statement ensures the existence of at least one stationary measure which
is dominated by, », independent of the boundary ratés,,. Dominating the measures

from below in a suitable range @f; would show that they are asymptotically product and
exist for every density in that range. Thus one would have to prove the following conjecture.

Conjecture. For everyp € (1 — p.g, 1] there exists a stationary measure which is asymp-
totically dominated from below by a product measuye

We are not able to prove this in general, but one can try to show this for specific systems
using coupling arguments similar to the one above. This is done below for the toy model
(3.26 in Proposition3.7. Another strategy might be to show a law of large numbers for the
time evolution of initial shock measures as it was done for translation invariant systems (see
[100, Section 11l.2 and references therein).

3.4 Applications

3.4.1 The toy model

For the toy model defined irB(26 the range of the boundary dynamicsis= 2 and we

have total asymmetry = 1, ¢ = 0. On the finite latticeA = {1,2} coupled to a right
reservoir of density, one has to solve the following® = 4 relations, resulting from the
stationarity condition L f),, = 0 and the normalization,

Hp, (07 0) Qg = :uﬂr(
Mpr(170> ::upr(

Npr(la 1) (1= pr) = i, (
(

1:/’LPT +/’LPT(170) —’_Mpr(O? ]‘) +/“LP1(171) . (3'38)
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Figure 3.3: Fixed point relation for the toy modelLeft: p(p,) as given in 8.31) for several
values ofo; andas. Right: Corresponding relation for the stationary curréh8é), as used
in the proof of Theoren3.4.

A straightforward calculation leads to

as(1+ a1 — pr)
1—p )2 +aa(l+ar—p)2=pr)
The effective boundary density is determined by the fixed points of this equation,

p2(pr) = 1p,(0,1) + p1p,(1,1) = ( (3.39)

(3.40)

o (1 —FOQ) Ozg/(]_ —|—042) , for o < 1
Peff = 1 , foraqa, > 17

This is illustrated in Figurd.3 (left), where the fixed point relatior8(39 and the effective
densities are plotted for several valuesngfanda,. The fixed points correspond to inter-
sections of the current(p,.) = p2(p,)(1 — p,) with j* = p,(1 — p,), which are both plotted
in Figure3.3(right) to illustrate the argument in the proof of Theor8m. Due to the total
asymmetry of the modejyp,) is nonnegative and the fixed pointl) = 1 exists for anyx;,
ap corresponding to the fully occupied configuration as an absorbing state. Non-degenerate
fixed points only exist fora, < 1.

Fora; = oy = o we havep.; = a A 1, with A denoting the miminum, sd3(40 is
of course compatible with the results of Secti®@. Another special case s, = 0, for
which the empty configuration is an absorbing state independentandp,, which is due
to the total asymmetry of the bulk. As soon as the first two lattice sites are empty, which
happens with probability one during time evolution, no particle can enter the system any
more. Thus the system is degenerate in the sense of S8cB&and for every, there are
two absorbing states with densityand1.

For a; = 0 the situation is different. We havyey; = a2/(1 + az) < 1 and the system
can be solved exactly on the lattiZe. Whenever a particle enters sitavith ratea,, site2
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Figure 3.4: Exactly known stationary measures of the toy model, characterized by the bulk
densityp.,. The red surface represents the measures which are productXo with
densityp.s = (1+a1)az/(1+ a2). The model is exactly solvable far; = 0, ap = 0 and

a1 = ao and the corresponding bulk dominated measures are shown in blue.

is empty and it jumps there with rateindependent of the system configuration on the rest
of Z*. So the arrival process of particles at sites independent and Poisson with effective
rate(1/as + 1/1)7' = ay/(1 + aw). In this case the toy model is equivalent to an effective
model onA = {2, 3, ...} with boundary density.; even on the level of the dynamics. In
particular this implies of course that all stationary measures are exactly identical to the ones
computed in SectioB8.2in terms of the effective rate. This can be seen indhe= 0 plane
in Figure 3.4, where we plot all stationary measures that are known exactly in the phase
diagram of the toy model.

To show existence of other bulk dominated measures with asymptotic densitye
have to find measures asymptotically equal/jg that dominate the process from below,
since domination from above is given by Proposit®f This can be done by coupling the
general process to one of the exactly solvable cases mentioned above. This is enough in
order to obtain all expected measures at leastfox a, > 1/2.

Proposition 3.7 For a; # ay the process3.26) has stationary measures which are asymp-
totic product with densities

Poo > 1/2 ifa; Nay>1/2 and pe >1—a1Aay ifag Aay <1/2. (3.41)
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Proof. We couple the procesd with boundary ratesv;, o, to processB with simple
boundary ratev; A as, which was solved exactly in Secti@2 For the basic coupling the
bulk rates are given inA.5) and fora; > «; the boundary rates at sites= 1,2 are

A 00 4, 10 00 ay—a, 10 01 o 11
— — —
B 00 10 00 00 0 x 1x
A OO%)lO Olgll 1><2>1><’ (3.42)
B 1 x 1 x 1 x 1 x 0 x 1x

wherex denoted) or 1. In the casev; > «, the rates can be specified analogously. Starting
the coupled process with a configuratigff = ¥ leads ton?! > n? for all timest > 0 as

a simple consequence of the coupled boundary rates. For the initial measure of gfocess
we can take any stationary measpfe”*2 from Sectior3.2with asymptotic densitieg., as
given in 3.41). Thus for every such density there exists a stationary measure of précess
which is asymptotically dominated from below by _. Together with Propositio.6 this
proves the statement. O

The above coupling argument can be generalized to other systems as long as there are exactly
solvable cases with special rates. For our particular model one could still slightly improve
the statement for; A s < 1/2, by distinguishing various cases. But the full phase dia-
gram cannot be derived without some deeper insight. A possible strategy for this has been
mentioned at the end of the previous subsection.

3.4.2 Other applications and limitations

First we would like to apply the above results to the partially asymmetric simple exclusion
process on the lattick = Z*, where particles jump with rateto the right and with rate
to the left. At sitel particles enter with rate and exit with rates,

o0

Lfm=>_ [pn(@)(1 —nlx+ 1))+ q(1 —n@)nle + D] [f (") = f(n)]

=1

+a(l = (1) + Bn()] [f(n°h) = f(m)] - (3.43)

If these rates are related such that pp;, 8 = ¢(1 — p;), this corresponds to the coupling

to a reservoir of density, € [0, 1]. But in general the boundary rates can be chosen inde-
pendently with rangé0, oc) and in this case the effective boundary density is a nontrivial
function of «, 3, p andq. This is of course already known through the exact solution of
this model via the MPA which is, however, rather involved and was addressed in a series of
publications listed in SectioB.2.2 Using Theoren8.4 we obtain the existence of station-

ary product measures &1, since the range of the boundary mechanismiiis 1. To get

peg ONE has to solve a single site system coupled to a reservoir with densitythe right
boundary,

fo, () (B+ (1 = pr)) = 115, (0) (0 +qpr) ;  4,(0) + 1, (1) = 1. (3.44)
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This leads to

a+fB+p—qg—/(a+8+p—q)?—4dalp—q

2(p—q) ’
recovering the previous results. The same could be done for a toy model with partial asym-
metry, but the formulas become long and the qualitative behavior is the same as for the totally
asymmetric case, so we skip this discussion.

Although applicable for any kind of boundary mechanism the method is restricted to sys-
tems with nearest neighbor bulk dynamics that have stationary product measures. If either
of the two conditions is violated, the effect of the boundary mechanism is in general not lo-
calized in a finite region and the ansatz does not work. We demonstrate this for two models
with more general bulk dynamics, which have been analyzed in the context of boundary in-
duced phase transitions. They include three site interactions with a generalized fundamental
diagram, as mentioned in Secti@r?.3

First we consider a modification of the toy model where the jump rates in the bulk also
depend on the occupation of the second site to the right, just as the boundary rates. The bulk
generator is

Lof(m)=>_pn()(1 —n+1)n(x+2)[f"*) = f(n)]

FASIAN

+pan(z) (L —n(z+1)) (1 —n(@+2)) [f(n""") = f(m)],  (3.46)

with ratesp;, p, € R*. This is a special case of the KLS model introducedd],[where
it was shown that on a periodic lattice for every dengitg [0, 1] there exists a stationary
measure which is in general non-product. Ththe model was studied with open boundaries
in the context of boundary induced phase transitions and a solution in terms of the MPA was
given in [85]. In both cases the boundary rates «, are chosen such that they correspond to
a bulk like reservoir, leading to a translation invariant stationary measure. For other choices
of the boundary rates, the stationary statistics of the first lattice site is certainly changed. But
since the measure is not product this effect is not localized in a finite region but decays only
asymptotically.

In the next model we would like to mention, a particle can also hop two sites to the right
if both sites ahead are empty. The bulk dynamics is given by the generator

Lof(m) =) pin() (1 —n(x+ 1) [f(n"*") = f(n)]

zEA

+pan(x) (L —nlz+ 1) (L=nlz+2) [f(n"*) = f(m)]  (B.47)

with ratespy, p. € R™. On a periodic lattice this process has stationary product measures for
all densities € [0, 1] with currentj(p) = p(1 — p)[p1 + 2p2(1 — p)] as shown ing5]. It was
also found that these product measures remain for the open system, if the boundary rates

peﬁ = (345)

0,...—|1,... witha; and 10,0,...—10,1,... with ay, (3.48)

are chosen as; = pipa(p1/p2 + 1 — p1), aa = pip2, corresponding to a reservoir of density
p1. Using the ansatz of Theoredmd for the semi-infinite system with general anda; there
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are now two matching conditions that have to be fulfilled, due to the next nearest neighbor
jumps. The extra relatiofn(1)(1 — ’7<2))>u = p.(1 — p,) imposes a condition on the
system parameters, which turns out to be &actly the condition for the coupling to a reservoir
given above. But in this case the existence of product measures with dgnisity priori

clear and moreover, the system can be solved exactly.

3.5 Discussion

As a result of the last section, the definition of the effective boundary density given in Sec-
tion 3.3.2is limited to systems with nearest neighbor bulk dynamics and stationary product
measures. However the analysis of this chapter suggests an alternative for general lattice
gases which is, roughly speaking, the asymptotic density of the boundary dominated mea-
sures. We shortly specify this idea more precisely in the following using non-rigorous argu-
ments, which are inspired by the well established theory for the corresponding hydrodynamic
equation.

We consider lattice gases that have translation invariant stationary measures for every
density, i.e. for allp € [0, 1] in case of exclusion models. This excludes systems with bulk
phase transitions that are studied in Chapfeasnd6, since our focus here is on boundary
induced phenomena. For such systems there exists a well defined current-density relation
7(p), which is generically (at least)@!-function, except for degenerate cases involving for
example some zero rates, which we want to exclude. Then it is natural to define

M, = {,o‘j'(p) >0} and M, = {p|j’(p) <0} (3.49)

to be the set of densities which are accessible by the left and right boundary respectively,
since;’ determines the characteristic velocity of density fluctuations. This means that for all
p € M, there exists a translation invariant, boundary dominated stationary measure of the
semi-infinite process coupled to a reservoir with dengityror a general boundary mecha-
nism fix an initial distribution with density € M, for simplicity we just take the product
measure/,. This determines a unique stationary measure with some asymptotic degsity
as a function op. Take

M} = { lim lim (n(z)),,s¢) | p € M} (3.50)

T—00 t—00
NS >

-~

poo(p)

to be the set of all possibje,,, under variation of the initial density. It is M;* C M, since
densities inM,. are not accessible from the initial condition. Moreovwéf and M, have at
most one value in common, defining the effective boundary density, i.e.

On the other hand i/ N M, = () there is in general no well defined effective density for
the boundary mechanism under consideration. In this case one can only identify one of the
intervals/ C [0,1]\M, via |I N (M; U {1})| = 2. This characterization is unique since

for all other intervals/ c [0, 1)\ M, itis |J N (M; U {1})| < 1. The interpretation is that



56 Chapter 3. Boundary induced phase transitions and the effective density
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Figure 3.5: Definition of the effective boundary densipy; for the KLS model intro-
duced in Sectio2.2.3 using the fundamental diagram.g is well defined inA/; (left) and
arbitrary inM,. (right).

for initial densitiesp € M, the system evolves towardsas far as possible, no matteniis

larger or smaller than the densities/inThese ideas are illustrated in Figg& for the KLS

model introduced in SectioR.2.3 All choicesp.; € I lead to asymptotically equivalent
measures, which can also be seen directly in the phase diagram since it is independent of
the left boundary density in the intervalsof [0, 1)\ M, (cf. Figure2.3 or 3.1). In general,
deviations of the real and the effective measure for finiteecay with the correlation length

of the system which is a pure bulk property and thus independenj;of

However in special cases, there might be a certain generic choieg; aflso outside
M,;, as for example in SectioB.3.2through the existence of stationary product measures
for ASEP type bulk dynamics. But it is important to note that in the bulk dominated phase,
these measures only exist for the special bulk density= p.; (red line in Figure3.1). For
all other bulk dominated measures (blue region in Figu¢ deviations due to a boundary
inhomogeneity decay asymptotically as explained above.

In contrast to the situation in Secti@3 the above generalization is of course a rather
academic definition, since the exact computatiorpgf still involves the solution of the
semi-infinite system. But the description can be used at least in simulations to numerically
determinep.y in an efficient way.



Chapter 4

Zero range processes with
several species of particles

4.1 Introduction

For one-component systems the analysis of the hydrodynamic limit equation led to the theory
of boundary induced phase transitions, which provides a general framework for a quantitative
description of the steady state selection in systems which are in contact with particle reser-
voirs (see Sectiof.2.3. In systems with more than one conserved quantity interesting new
phenomena have been found such as phase separation and spontaneous symmetry breaking
as explained in SectioR.2.4 for a recent review se€ 5. Again it is natural to ask for
principles governing steady state selection and the resulting phase diagram in systems with
many species of particles. The macroscopic behavior of such systems has been examined to
some extent only recentlyL L] and there are very few rigorous resuliSp, 133, 134).

In the next section we generalize the zero range processliiferent types of particles.
The jump ratey; of thei-th component depends on the occupation numbers ofsdecies at
a given site. It turns out, that for the process to have stationary product measures, the rates of
the different species cannot be chosen independently. In general these measures are nontriv-
ial and do not factorize with respect to the different components. Our goal is the derivation
of the hydrodynamic equations on the Euler scale (cf. Se&iar), which are given by
a system ofn conservation laws. For this purpose we use the relative entropy method of
Yau [141], which was previously applied to the one-component ZRP, summarizetijn [
Chapter 6. While directly applicable to the present case, this method has the disadvantage
of yielding the desired result only up to the first shock. So far we did not attempt to extend
our result to all times following the lines il 4. The derivation is given in Sectiof.3,
where we also show that the system of conservation laws is hyperbolic and the thermody-
namic entropy of the stationary measure is a Lax entropy. This property follows from certain
reciprocity relations for the steady currents of the components. Such relations have been
established for special ZRPs i63, 54] and recently in the more general context of so-called
bricklayer models I33. In Section4.4 we analyze the system of conservation laws with
open boundary conditions in terms of entropy variableX] where it takes a particular sim-
ple form. For stationary solutions the system decouples, and we are able to derive stationary

57
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density profiles under very general conditions, which we state explicitly for one-dimensional
geometry. The contents of this chapter have been publishéd]in [

4.2 The n-component zero range process

In the following we introduce the-component zero range process and construct the dy-
namics analogously to Secti@:3.1 We identify necessary and sufficient conditions for the
existence of stationary product measures.

4.2.1 Definition of the dynamics

Consider a zero range process on the periodic lattice- (Z/LZ)¢ with n different species
of particles. Let);(x) € N denote the number of particles of componest {1,...,n} on
sitex € Ay. The state space is given by, = (N")*z and for a particle configuration we

use the notationg = (n(z)),_, = ((nl(x),...,nn(x))) L At a given siter € Ap,

L xeAL
the jump rate of-type particles is given by; (7)(96)) and the leaving particle jumps to site
x + y with (translation invariant) probability;(y). The jump probabilities; : Z — [0, 1]
are normalized and assumed to be of finite raRge Z", i.e. we assume2(56) for every
1=1,...,n

> piy)=1, pi(0)=0 and pi(y) =0forlyl >R, (4.1)
yeAL

To exclude hidden conservation laws theshould also be irreducible and since we are
interested in the hydrodynamic limit on the Euler scale, the first moments should not vanish,
l.e.m(p;) = >_,ca, ypi(y) # 0. For each, the rate functiory; : N* — [0, co) vanishes for

allk = (kq,...,k,) € N*with k; = 0 and is otherwise positive, i.e.

The generator is given by

LHm) = > D ai(n@) ply) (£ ) = ). (4.3)
z,yeNp i=1
The configurationy*—**¥ results fromn after one particle of componenthas jumped
fromztox +y, i.e.n/* " (2) = n;(2) 4+ 0:j(0s aiy) — 0.0) fOrall z € Ap, i =1,...,n.

The number of particle&? (n) = >, ., ni(x) of each speciesis conserved, and these
are the only conserved quantities. They divide the configuration space into canonical sub-
setsX,n = {n € X.|SL(n) = N;, i = 1,...,n} with fixed particle numberN =
(Ny,...,N,) € (Z*)", cf. Section2.3.2 Restricted to such a subset the process is well
defined and irreducible.

However, to show the hydrodynamic limit we also need existence of the dynamics in the
limit L — oo, i.e. on the infinite lattic&. Thus we assume the extra condition

sup sup lgi(K' ki + 1) — gi(k)| < 00, (4.4)
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analogous to4.57). We use the shorthan@’, k; = 1) = (ky, ..., ki1, ki £ 1, ki, ..., ky)
here and in the following. Similarly ta2(58 and .59, X has to be restricted to configu-
rations with||n|l, < co, where we selin||. = >, >oiy [mi(2z)]a(z) in this case. With
these assumptions the resut@?, proving the existence of the dynamics, can be readily
generalized to the multi-species case with the same techniques as u3etiifj.|

To ensure the existence of nontrivial stationary product measures with positive particle
densities, we tighten the positivity requirement on the jump rated.l) 6uch that they
are uniformly bounded away from zero. The relevant quantity for later analysis is the limit
inferior

g7 := lim inf g;(k) >0 foralli=1,...,n. (4.5)

n—oo |k|>n
k; >0

4.2.2 Stationary product measures

For the one-component process with= 1 there exists the family,, of translation invariant
stationary product measures (cf. SectioB.2). Instead of using the fugacity € (0, o0), the
notation with the chemical potential = log ¢ € R turns out to be more convenient in this
chapter, so we write

1 (2) 1
1 ith ! ‘ |
xg[L Z et g e with Z (1 Z o ’}_[1 "G (4.6)

The only difference to the description with fugacities is that the degenerate cagsg cor-
responding to zero particle densities, is not covereg layR. We also keep the superscript

L for the product measures to explicitly denote the system size. This should not lead to
confusion although the lattice actually consistd.éfsites. In the case > 1, the stationary
measures are of product form only under the following condition on the jump rates:

Assumption. Foreveryi,j € {1,...,n}, k= (k1,...,k,) € N*with k;, k; > 0 let

This assumption is equivalent to the existence of a pote@tiaN"” — R for the logarithm
of the jump rates such that

log gi(k) = G(k) — G(k', k; — 1) . (4.8)
Given G, the jump rates defined vid Q) clearly satisfy 4.7) by construction. On the other
hand for given jump rateg; obeying @.7) one can defin& recursively via 4.8) by fixing
G(0,...,0) = 0. This construction does not depend on the order of summation, since by
(4.7) the sum over closed loops of indices vanishes. For example one can choose

:Zloggl(jlaoa"'a()) +

Jji=1

ko kn
> 1ogga(ki, j2,0, .., 0) + ..+ > log gk, kno1,n) - (4.9)

j2:1 jn,:l
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The stationary weight is given by (k) = exp[—G (k)] and the grand canonical measures
are of product form, as formulated in the next theorem.

Theorem 4.1 (Stationary product measures)

The zero range process defined/onin (4.3) with more than one component,> 1, has sta-
tionary product measures if and only if the conditi@nj, or equivalently 4.8), is fulfilled.
In this case the grand canonical family of stationary measures can be written as

) =TI 51 0 [~ G + 3w (o) (4.10)

rEAL (IJ/

with the chemical potentialg = (1, ..., 1,) € D,. D,, is the open domain of convergence
of the partition function

Z(w) =Y exp [— Gk) + 3 k} . (4.11)

keNn

Proof. See Sectiod.2.4

Remark. If the jump rates are site dependent and satigf®) (with potential G, for ev-

ery sitex, the measure defined analogously4d.() is still stationary, since the terms in the
proof (4.26) cancel for each site individually. However, it is not clear how to generalize the
reverse argument to space-dependent rates.

4.2.3 Properties of the stationary measures

We denote the particle density of componért {1,...,n} as a function of the chemical
potentials byR;. Due to translation invariance it is site independent and given by df5))

Ri(p) = (mi(0)), = O log Z(p) > 0. (4.12)

Note that in this chapter we defi® = (Ry,...,R,) : D, — D, = R(D,) C (0,00)"
only on the open domaif, of convergence of. Therefore, unlike in Sectiod.3.2and
Chapter5, we neglect a possible extension to the boundar of

Lemma 4.2 D, C R"is a convex region with infinite volume measure, and‘it D, then
{p|pw <p; i=1,...,n} C D,. For u € D, the measure’ has some finite exponential
moments. The functidR : D, — D, is invertible, i.e. its derivative (called compressibility)

DR(p) i= (9, Ri(w)) = D*log Z(p) = (02, log Z(n)) (4.13)

1,] 1,J

is a symmetric, positive definitex n matrix andlog Z () is strictly concaveD, is simply
connected and there exists an> 0 such thatp € D, for all |p| < «a.
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Proof. With condition @.5) D, is non-empty. The convexity dP, easily follows from the
concavity oflog Z(u) given below in ¢.15, and the monotonicity of the logarithm. This
implies Z(qu' + (1 — q)p?) < Z(p")1Z(u?)' 1 < oo for all ', u? € D, andq € [0, 1],
thusD,, is convex. For every* € D, we have{p | p; < pf,i=1,...,n} C D, dueto
monotonicity ¢.12 andD,, has infinite volume measure.
The existence of some finite exponential momentspnfollows from (e (0))1-,L =

Z(p+0)/Z(n) < oo for sufficiently small@ € R™. Therefore the densitR is well defined

on D, and the compressibility is given by the matrix of second derivatives as

DR(p) = (<m<0> nj<0>>§£), , (4.14)

Z?j

where(n;(0) 1;(0));, := (m:(0) > — (1:(0)),,. (n;( > . ThusDR () is symmetric
and positive deflnlte because g

T . (D?log Z(p) <<Zazm >>V >0 (4.15)

for all a € R" with |a|] = 1. Hence the eigenvalues @f* log Z(u) are real and positive,
which ensures thabg Z () is strictly concave an® is invertible onD,,.

SinceR and its inverse are continuoud,, is diffeomorphic to the convex sé?, and thus
simply connected. The existence®f> 0 in the last statement is a direct consequence of
the properties oD, and the regularity oDR. O

We denote the inverse & by M = (M,,...,M,) : D, — D, and define the measure

vy = Iy, Which is indexed by the particle densitipsDue to Lemmad.2, v, is defined

at least for small densities, and in many cases Ijs= (0, 00)" as for example under the
assumption4.35 or (4.36) in Section4.3.1 However, there are also cases where there is no
stationary product measure for large densities and a condensation transition occurs, which is
discussed in detail in Chapt8r In this case the behavior af(11) andR () at the boundary

oD, is of importance, but in this chapter we do not discuss this point any further and restrict
ourselves to open domains.

Analogous to 2.73 the stationary current of componeris given by

Ji(p) = m(ps) <9i>u,g = m(p;) exp [MZ(P)} e R’ (4.16)

as a function of the particle densities. We denote it by cagital this chapter only, to
avoid possible confusion with lowercase indigeJ he first momentn(p;) € R¢ determines
the direction of the current, whereas the absolute valljex exp [M;(p)] depends on the
chemical potential of componenbnly and is thus monotonic increasingdn

Definition. The thermodynamic entropy : D, — R of the stationary measurd.(0
is the convex conjugate &fg Z () given by the Legendre transform

)= sup (me log Z( >):p-M<p>—logZ<M<p>). (4.17)

rEDL N0y
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Figure 4.1: lllustration of example4.21). Left: log Z as a (concave) function of the
chemical potentialg; and . The domainD,, is given by the grey region in the, jio-
plane with the black line{—) as boundaryRight: EntropysS as a function of the densities
p1 andpy with domainD,, = (0, c0)?.

In principle the Legendre transform is defined for@k [0, co)”. But for densitiepp ¢ D,
the expression usiniyI(p) is not valid and the supremum is attained at the boundéry,
which is discussed in Sectid4in the context of phase transitions. F@e D, we have

9p:S(p) = Mi(p) (4.18)

foralli € {1,...,n}, and thusDM(p) = D?*S(p) € R™". This leads to the following
relation for the determinants, denoted|dy

|D?S(p)| = |[DM(p)| = [DR(M(p))| " = [D*log Z(M(p))| ' >0.  (4.19)

Thus S is strictly concave ornD,. Note that due to the grand canonical structure of the
stationary measure the densities are given as derivatives of the partition function with respect
to the chemical potentials. Wit (16) this leads tdog(g;)., = J,,5(p) and thus

0p;108(gi) s = Op, log(g;).s (4.20)

foralli,j € {1,...,n}, which can be considered as the macroscopic analogue of condition
(4.7) on the jump rates.
As an example we consider a two-component system with jump rates

k’l kQ
14k 14k

g1 (k1 ko) = ( )k  galky, ko) = (4.21)

They obviously fulfill conditions 4.2) to (4.4) and @.7), so the stationary product measure
(4.10 exists with weightiV (ky, ky) = (1 + k;)*2 /k,!. The partition function4.11) can be
calculated explicitly as

exp|e’?]
1 —expler + ]’

Zjur, p2) = (4.22)
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with domain of convergenc®,, = {p |1 < —exp[uo]}. In Figure4.1 (left) we plot the
logarithm of Z, which is concave and diverging at the boundarylpf Writing £, ,,, =
exple”? + py], the particle densities are given by

By s
1-F ’

1,142

ex
Ro(p, po) = % 7 (4.23)

1,42

Ry, po) =

with full range D, = (0, 0)?, sinceE,,, ,,, — 1 for (u1, u2) — 0D,,. These relations can be
inverted to get

P1 P2 P2
My (py. py) =1 ( ) _ C My(py, ) =1 ( ) . 4.24
1(p1, p2) = log T+ T+ 2(p1, p2) = log T+ (4.24)

So the entropy4.17) can be computed explicitly and is plotted in Figdré (right).

4.2.4 Proof of Theorem 4.1

First we assume thati(7) and @.8) are satisfied and show thfa,f defined in .10 is sta-
tionary. SinceG exists by assumption, the measﬂﬁeis well defined onD,,. This part of
the proof is a straightforward generalization of the standard argument forl, given for
example in §4], Proposition 11.3.2. To prove stationarity 6ﬁ we have to show that for all
feC(XL,R)

Che=3 3 Zgz pily) (F' =) = () )okm) = 0. (4.25)
neXp x,yelAp i=1
Foreveryr,y € Ap,i=1,...,none has
Z Gi (n(x))f("’lz’xqﬁy) 175(’1’]) = Z gi ((7717 s Mt L., nn>(x)>f(’r’) Dﬁ(,’,’i;x—i-y—m) )
nexy, neXr

with the shorthand., ..., n,)(z) = (m(z), ..., 7.(x)). Using this and a change of variables
in the summation over we can rewrite4.25 as

(Lfor = f(n Z > nily T—y)) v <(7717--777i_1>-~777n)<x)>

neXy i=1 z,yeAp,

gi((m, it ..,nn)(fv—y)) D,i((nh it ..,nn)(l’—y)>
7L (n(z—y))

gi(n(x)) 7, (n(z)) .
) 7, (n(2)) =0. (4.26)
DL(OYL--,?%—L-.,nn)(:c)> ZGAL\I{E_W} (n(2))

Analogous to a single species the crucial relation for the square brackets to vanish is
(K k= 1)

S ol (4.27)
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foralli =1,...,n,k = (ki,...,k,) € N*with k; > 0. In our case4.27) easily follows
from the assumption4(8). Thus @.26) vanishes for every € C(X,R), (4.25 is shown
andz/; is stationary.

Assume now that is an arbitrary stationary product measure of the zero range process
with generatoi given in @.3). Then

(Lf), =0 forall feC(XL,R) (4.28)

and, by inserting special functiorfs one can deduce conditions on the jump rates. Consider
a configurationy where there ar& = (ky,...,k,) € N” particles at a fixed site and the

rest of the lattice is empty, i.€)(z) = ¢,k for all z € A,. From the stationarity condition
(4.28 with the indicator functiory = x5 we obtain for the one-point marginal

[gl(k) ot gn<k)} k) =S v R - 1), (4.29)

=1
where we set! (k) = 0 if k; < 0 for somei € {1,...,n}. To get .29 we used

ki

v'0,.,0,k:,0,..,0) =" (0) ]|

=1

1
¢:(0,..,0,1,0,..,0) ’

(4.30)

which is known from the stationary measure of the one component sy&téf). (Now let
f be the indicator function ofy*~**¥, with = (4. .k) as above and; > 0. Using
(4.28 to (4.30 we obtain

pily)v! (0) [as() ! () — v (16, b = 1)| =

=— ij(—y) v (k" k= 1,k; — 1) [gj(el- +e;)v'(e; +e;) —v'i(e;)| (4.31)
i

zENL,

with the shorthandk™/, k; — 1,k; — 1) = k — e; — e;, wheree; € R™ is the unit vector in
directioni. (4.31) holds for ally € Ay, and is obviously fulfilled if the two square brackets
vanish individually. Under the assumption that the brackets do not vanish, one can easily
construct a contradiction t@(31) or (4.29. Thus we obtain

(k) = v (K R —1)/g9:(k) (4.32)
foralli € {1,...,n}. Applying (4.32 twice in different order for arbitrary # j we get

1(k) l/l(ki’j, k’z — 17 k?j — ].) l/l(ki’j, kz — 1, k’j — 1)
v = , = , ,
g9i(k) g;(k', ki — 1) 9i(k) gi(k, k; — 1)

and @.7) immmediately follows.

(4.33)

4.3 Hydrodynamics

In this section we derive the hydrodynamic limit for thesomponent zero range process and
analyze the properties of the resulting system of conservation laws.
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4.3.1 The hydrodynamic limit

Analogous to the outline given in Secti@ri.4we show that under Eulerian scalihg- ¢/ L,
r — u = z/Linthe limit L — oo the time evolution of the local particle densitie&, u) is
given by the following system of conservation laws:

d
Oupit,u) + > 0y JF(p(t,u)) =0, i=1,...n, (4.34)

k=1
whereJf (p) is thek-th spatial component of the curreft p) of species defined in ¢.16),

andu = (uy,...,uy) € T¢ = (]R/Z)d is the continuous space variable on thdimensional

unit torus. To prove convergence t.84), the dynamics of the zero range process has to

be well defined in the limi, — oo which is guaranteed by}(4). We also need to impose

an extra condition on the stationary measure, which is needed for the one-block estimate as
one important part of the convergence proof (see Lemfian Section4.3.3. There are

two alternatives. The first one is to require that the partition funcd¢n) is finite for all

w1 € R™, which is equivalent to the existence of finite exponential moments, i.e.

{ exp|6 - "7(0>]>m =Z(p+0)/Z(p) <xforal@ eR" < D,=R". (4.35)

Note that this impliesD, = (0, c0)", avoiding possible problems in cap¢t, u) reaches
the boundary ofD,,. Alternatively, we can impose sublinearity of the jump rates, i.e. for all

ied{l,...,n}
lim sup g;(k)/k; =0 and lim Z(u)= oo forall u* € oD, . (4.36)

0 |k|2n H—pr
k; >0

The second statement is needed to ensyre- (0, c0)", since sublinearity does not rule out
D, C R". Given a solutiorp(¢, u) of (4.34) we denote the corresponding local equilibrium
measure by/f;(t,.), which is compared to the time dependent distributiérof the zero range
process:

vy = 1] vpeey  and =7tS,, (4.37)
zEAL
whereS,;, is the semi-groupd; associated to the generatbrspeeded up by.. The proof
of the following theorem is an application of Yau's relative entropy metHotl]] which
requires some regularity of the solutigrit, »). Since the solutions of4(34) in general
develop shocks after a finite time even for smooth initial data (cf. Seétibd), the con-
vergence proof is valid only up to the tin¥e of the appearance of the first discontinuity.

Theorem 4.3 (Hydrodynamic limit)

Letp € C*([0,T] x T4, [0,00)") be a solution 0f4.34) for somel" € (0, co) with smooth
and bounded initial profilep(0, .), satisfyingp;(0,u) > pf > 0,7 = 1,...,n. Under the
assumption4 35 or (4.36) let 7 be a sequence of probability measures ¥p, whose
entropyH (. ]z/ ) relative tov” 0, 1S Of ordero(L¢). Then

H(w}|vh,.,) =o(L%) forall te0,T]. (4.38)
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Proof. The proof of Theorerd.3is close to the ones given i84, 133 and its most impor-
tant steps are sketched in Sectbf.3

Applying the entropy inequalityA.11) in the standard way, Theorem3 implies the fol-
lowing.

Corollary 4.4 Under the assumptions of TheorehB, for any continuous test function
feC(Td),te[0,T)andi = 1,...,n, we have the limit

i (|5 32 s/ o) = [ S0 e

> ~0. (4.39)

Proof. See B4], Corollary 6.1.3.

This shows convergence of the density profiles, but in prinejgle) could also be replaced
by any bounded cylinder functidn andp; (¢, v) by <h>VL(t : respectively.

4.3.2 Properties of the limit equation

We introduce the matrice®J*(p) = (0, Jl.’“)l.j giving the derivative of the current in
directionk € {1,...,d},
DJI*(p) = A*(p) DM(p) with  AF;(p) = 6iymu(p:) exp [Mi(p)] , (4.40)

whereA¥ is a diagonal matrix anch,(p;) is thek-th space component af(p;). Using this,
one can rewrite4.34) in the quasilinear form

d
op(t,u) + Z DJI*(p(t,u)) Oy, p(t,u) =0. (4.41)
k=1

Definition. A system of conservation laws in quasilinear forf4(l) is calledhyperbolig
if the matrixY}_, wy DJ* is diagonalizable for alb = (wy, . .., wy) € R? with |w| = 1 (cf.
[135]). The system is calledtrictly hyperbolic if additionally all its eigenvalues;(p) are
non-degenerate in the (strict) uniform sense

{X(p)|pe D} n{Ni(p)|peD,} =0 (4.42)
foralli # 5 € {1,...,n}.

Definition. A strictly convex functionS € C'([0,00)",R) is calledLax entropyof the
system 4.41), if there exists aentropy fluxt” € C1([0, o)™, R¢) such that

Za S(p) (DI¥), (p) = 0, Fr(p) , (4.43)
forallj:1,...,n,k:1,...,d.

For weak solutions of4.34) the Lax entropies obey an inequality analogous2t83.
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Proposition 4.5 The limit system of conservation laws41) is hyperbolic and the nega-
tive thermodynamic entropyS(p) defined in 4.17) is a Lax entropy for this system.

The question of strict hyperbolicity, i.e. whether all eigenvaluei}jff:1 wpDJ* are non-
degenerate, cannot be answered in general. It depends on the dynamics of the ZRP, in partic-
ular also on the moments of the jump probabilities as discussed below, and one has to check
for each system separately. With40 we also see thabJ*(p)D*log Z(M(p)) = A*(p)

is diagonal. In particular this means that the Onsager reciprocity relations, requiring the
symmetry of this matrix (cf.43, 133), are fulfilled for our system.

Proof. Since DM(p) = D?*S(p) is symmetric and positive definite there exists a unique
matrix A € R™" with the same properties antt = D25, so we writed = (D25)'/2. With
(4.40 we haveforallk =1,....,d

DIk — (DQS)—l/Q ((DQS) 1/2Ak (DQS) 1/2) (DQS> 1/2 . (4.44)

ThusDJ* is similar to the real symmetric matr(>i)25)1/2A’C (DQS)W, which implies that
ZZ:1 wp DJ* is diagonalizable for alkw| = 1 and that ¢.41) is hyperbolic.

With (4.18 and @.40 it is easy to see thet(p) satisfies4.43, provided we sel’(p) =
> m(p;)(M;(p) — 1) exp[M;(p)). o

The equations4.43 are thedn defining relations for entropy entropy-flux pairs of hyper-
bolic systems (cf.Z.33 and 6, 135]). In the single species case= 1 there can be many
solutions for thel + 1 unknowns as discussed in Sectiba.4 But for general systems with
n > 2 these equations can be overdetermined and the existence of an entropy entropy-flux
pair is not guaranteed. A special casevis- 2 andd = 1 for whichdn = d + 1 and there
is a well defined solution, as discussed 138 137. However, as we just have shown, the
hydrodynamic equation of the ZRR.80 has always a strictly convex entropys, defined
in (4.17), with corresponding entropy fluk.

Systems of conservation laws with entropy are studied in detail3g]] In general, by
transformation to the so-called entropy variables the quasilinear equéti gimplifies
to a symmetric system. In our case these variables are given by the chemical potentials
p(t, u) :=M(p(t,u)) and the derivative of the current with respecttds even diagonal,

d
DR (pa(t,u)) Oypalt, w) + > A*(pa(t,w) Oy palt, u) =0, (4.45)
k=1
whereAF () := 8; ; my(p;) exp|u;] as defined in4.40).

To summarize, we have shown that the limit equati®i4) is a hyperbolic system with
globally convex entropy. General results on the existence and uniqueness of solutions of
such systems are rare, even for the simple fofm5). So further results for systems with
open boundaries are based on solid arguments rather than rigorous proofs and presented in
Section4.4. Existence and uniqueness of weak solutions for strictly hyperbolic systems
has been established far= 1,2 in d = 1 dimensions under some additional assumptions
involving the nonlinearity of the currentdf], Chapters X1 and XIlI).
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\\\‘

o L

A1 051 N\

Figure 4.2: Eigenvalues\;, )\, of the current derivativéJ (4.40 as a function o, and
p2, for the model given by the partition function i4.46). Left: m(p;) = —1, m(p2) = 1
and the system is strictly hyperboliRight: Strict hyperbolicity is violated for the choice
m(p1) = 0.9, m(p2) = 1.

For two-component systems in one dimension strict hyperbolicity is guaranteed if the
moments of the jump probabilities have different sign, for example,) < 0 < m(p2).
The reason is that the determinant of the current md¥dxp,, p2) (4.40 is proportional to
the productn(p;) m(p2) < 0, and thus the eigenvalues also have different sign. But if both
species are driven in the same direction strict hyperbolidi®d is in general not satisfied.

We illustrate this for example4(21) with modified ratey; (ki, k2) = k; ( 2, where

)
log Z(p1, j12) = explusa] + exp [,ul + 6“2] , (4.46)

with D,, = R?, so @.39 is fulfilled and Theoren#.3applies. The densitieR (x) and their
inverse can be computed in direct analogy4®® and @.24). Thus the current matrioJ

with eigenvalues\; (p1, p2), A2(p1, p2) are given explicitly, but we omit the lengthy formulas.

In Figure4.2we plot the eigenvalues as a function of the densities and see that they are well
separated as long as(p; ) andm(p,) have different sign (left). This is not true if both have

the same sign and can be seen especially well if they have similar absolute value (right).
In general the eigenvalue surfaces can also intersect, which could be seen for the original
example 4.21), although our proof of the hydrodynamic limit does not work in this case.

4.3.3 Proof of Theorem 4.3

The proof follows closely the one given i84], Chapter 6, and[33 and we only sketch the

main steps. The only part where we have to use the special structure of the stationary mea-
sures fom-component systems i4.62), where additional terms cancel due to the symmetry

of DM(p). Sincer! and ’/ﬁ(t,.) are absolutely continuous with respect to each other and
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with respect to an invariant reference measyyea € (0, o)™, one can define the density
N T -2 M@) _ppee @) i(p(t.a/L))]
t dvg Z(M(p(t,z/L))) i1 exp [mi(z)Mi(a)]

TEA],
Let H,(t) := H(n] \up " )) be the entropy of” relative t0uﬁ(t7.). To establish the estimate
(4.38, we prove a Gronwall type inequality

(4.47)

t
H(t) < H,(0) + C / Hp(s)ds + o(L%) (4.48)
0
with uniform error bound for alt € [0, T']. The entropy production is bounded above by

1 * L
0HL(0) < ( greos (LE7H ) — 0w ) (4.49)
where£* is the adjoint ofZ in L?(vL), the set of square integrable functions wirf. This
inequality is proved in§4], Lemma VI1.1.4, under very general conditions covering our case.

Using the regularity oM (p(¢,.)), the right hand side o#(49 can be rewritten as

(i (m) " LL G (n Z > Zaukﬁ (t,2/L))

i=1 xzeAp k=1

S Mt/ 1)) (o) 0 (me) — (o2 13)) + O

1= 1I€AL’€ 1

(vF ()"0t (n —ZZ@ (plt./L) (mi(x) = pilt.w/L) ) (4.50)

i=1 z€A,

The right hand side of the first line is a telescoping sum and vanishes up to a®ékror).
Because of the regularity &f(p) a summation by parts permits to replace the local variables
by their block averages. Those are defined as

451
i (x) %Jrlem , gi(n)(z) 2£+d292 (4.51)
|lz—y|<£ |lz—y|<e

fori = {1,...,n} and? € Z*. Using the hyperbolic syster.34) and the symmetry of
DM we obtain

O M;(p(t, /L)) ZZ@ JE(p(t,z/L)) 0, M;(p(t,z/L)) . (4.52)

7=1 k=1

Inserting ¢.51) and @.52 into (4.50), we get
(splont - 1)), -

Tt

(305 S0ttt/ (o) ) 20

i=1 zeAp k=1

<ZZZ&%M (t,z/L)) f, <,,7z(;g),p(t,x/L)>> : (4.53)

i=1 zeAp k=1
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where we define
ff(a,b) = Jf(a) = Jf(b) = VJi(b) - (a—b) (4.54)

foralla, b € R". A bound for the second term on the right hand sideld@ can be derived
from the entropy inequality given in the appendix11). Dropping the argument of*

<Z > 0uMi(p(t,z/L)) | fﬁ|> < CH(mf|vk, ) +OLY") . (4.55)

i=1 z€AL k=1 L

The first term is estimated integrated over the compact time intérva) ¢ < 7', by using
the so-called one-block estimate, which we quote in a slightly specialized version to fit our
purposes.

Lemma 4.6 (One-block estimate)
With either one of the two regularity assumptiods3§ or (4.36) on the stationary measure
itisforall ¢t € [0, 7]

i £ 325 Sttt )] ) <0 ase

i=1 zeAy k=1 i

Proof. A proof in a more general context can be foundgd][ Lemma V.3.1.

Inserting @.59 and @.56) into (4.53 we obtain .48 via (4.49 and Theorend.3follows.

4.4 Stationary solutions for systems with
open boundaries

We turn to one of the motivations of this chapter and apply the results of the previous sec-
tions to determine stationary density profiles of multicomponent systems with open boundary
conditions. The following results are based on solid arguments rather than rigorous proofs,
since general results on hyperbolic conservation laws Hk&4| are rare. They have to be
analyzed from case to case and we explicitly state our assumptions, which one would have
to prove to make the arguments rigorous.

4.4.1 Uniqueness criterion for the physical solution

Although @.34) is derived only up to the first discontinuity, we assume in the following the
validity of the hydrodynamic equation in the sense of weak solutions. They are in general
not unique and we have to use a criterion to single out the physical solution, as explained
in Section2.1.4 One possibility is to add a viscosity term with a small parametgr

the right hand side of4(34). A natural choice is the diffusive first order correction term
which was neglected in the derivation, where the small parameter is interpreted as the lat-
tice constant = O(1/L). This is of the formZZ’l:1 Dy, 0z ., Where for every species

Up U
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i = 1,...,n the coefficients of the mixed spatial derivatives are given by the bulk diffusion
matrix D! € R%*? which is a function ofp. This can be calculated by the Green-Kubo
formula for the corresponding reversible ZRP with symmetric jump probabilities {$€k [

Prop. 11.2.1). Since the symmetric ZRP is a gradient system, the dynamic part of the formula,
involving current-current correlations, vanishes and the viscosity is already determined by
the stationary measure itself. The diffusion matrix is given by

n

Diy(p) =Y (DM(p)), ; exp [M;(p)]ows(p)) . (4.57)
j=1
fori = 1,...,n, with o, (p;) = erAL xpx; pi(x). Since this involves the inverse of the

compressibilityDM = DR ! the viscosity decouples with respect to the particle species in
(4.49 in terms of the entropy variables,

n

d d
D (DR(u)),, 0t + Y mu(ps) Ou explpsf] = € > ona(pi) 07, explysf] - (4.58)
j=1 k=1 k=1
The solutionu(¢, ) of this equation is unique and globally well defined (see €@)[since
the second derivatives on the right hand side are positive definite, since they can be written
asop(pi) 02, = (2100, + ... + xnaun)2>pi. If u¢(t,u) converges in a proper sense for
e \\ 0, the limit u°(¢,u) is a weak solution of4.45. This convergence is in general very
hard to show (see e.gL35 Chapter 3.8 orZ6] Chapter XV and references therein), and in
the following we just assume that it holds.

In general, ford, n > 1 the limit solutionu’(¢, v) depends on the choice of the diffusion
matrix. A hint that ¢.57) singles out the right physical solution is given by comparison with

the alternative entropy criterion. Siné&S(p) (5i7jak7l(pi)8p]. exp [Mi(p)D ~ is similar to

/Lh]
a symmetric, positive definite matrix (analogous 404)), we have for someé > 0 and
arbitrarya, e R", k=1,...,d,

S al D25(p) (31s001() 8y, 50 [Mi(0)] )

Z7
k=1

This expresses the viscous dissipation for the entropy and ensured §§geChapter 3.8)
thatu®(t, u) satisfies the inequality

d
a >0y la>>0. (4.59)
J k=1

0,5 (R(pO(t,u)) + Y Ou Fi(u(t,u)) <0, (4.60)

as to be expected for a physical solution (&.3Q in Section2.1.4. Thus we expect that

the zero viscosity limi(¢, u) describes the macroscopic chemical potential profiles of the
zero range process. Note that for time independent solutions, the sy&tndecouples

and stationary profiles can be obtained very easily. They are only determined by the first
and second moment of the jump probabilities and the boundary conditions, whereas they are
independent of the jump rates. The rates only enter the partition fun€tipn and thus the
transformation to density profiles vRa(p) = Dlog Z (), which is illustrated in the next
subsection.
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4.4.2 Stationary profiles for one-dimensional systems

There has been considerable activity to understand the structure of the nonequilibrium steady
state of systems with open boundaries as discussed in Se2tdB3sand2.2.4 Here we

study this issue in one dimension on the level of the hydrodynamic equations, where the
space variable is no longer defined on the torusubat [0, 1]. For the rest of this chapter,

we switch to the fugacity variables, := exp[u;], since they are more convenient in the
following.

The analysis of the previous subsection suggests, that for one-dimensional open systems
coupled to reservoirs with densitigg0) at the left andp(1) at the right, the stationary
fugacity profile¢! for everyi € {1,...,n} is given by the limit solution for \, 0 of the
equation

m(pi) udi(u) = € (p;) 9565 (u) | (4.61)

whereo(p;) = 3.y, #’pi(z) > 0. The boundary conditions are given by the fugacities
$:(0) = exp [M;(p(0))] and¢;(1) respectively. Note that the equations are decoupled and
the solution is easily found to be

¢s(u) = ¢:(0) + (¢i(1) — 6:(0)) (' = 1) /(r}) = 1) , (4.62)

with the asymmetry ratie; = exp [m(p;)/co(p;)]. The profiles 4.62 have a very simple
structure. They are bounded above and belowlo§) and¢; (1) respectively, so the solution
lies within the domainD, as long as the boundary values do. Fox, 0 they converge
pointwise to flat curves{(u) with a discontinuity at one boundary, d(0) # ¢;(1). The
location of the jump depends only on the sigmefp;), which corresponds to the direction
of the current. The coupled transformation to the stationary density ppbfilg involves the
fugacities of all components and is given ify= R;(log ¢!, ..., log ¢) defined in ¢.12).

Note the similarity of 4.62 to exact density profiles for the ZRP with nearest neighbor
jumpsp(y) = pdy,1 + qd,—1 With p + ¢ = 1 given in 2.71). In this case; = exp[2p — 1]
for the hydrodynamic solution as compared to the asymmetry paraméter- p) for the
exact expression. Both coincide in the symmetric gase 1/2, where the solution would
be a linear profile rather thad.62. Forp # 1/2 the profiles are different for non-zero
e = 1/L, but¢? gives the correct profile in the limit — oo and it can be applied to systems
with completely general jump probabilities, whereas the exact solution is only available for
nearest neighbor jumps. Although there is no quantitative agreement, we expect that the
hydrodynamic profile qualitatively shows the correct behavior also for finite

We illustrate this result for the two-component system with rates

k1
14k

ks

4.63
o (4.63)

ko
gl(k17k2) =k < ) ) 92(k1>k2> =

which has been studied before at the end of Seeti8r2 The partition function is given by
Z(¢1, d2) = exp [¢2 + ¢16”?] (cf. (4.46) and the densities can be calculated explicitly

Ri(¢1,¢2) = ¢1 expla] ,  Radr, d2) = ¢2(1 + ¢1 expleo]) (4.64)
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Figure 4.3: Stationary fugacity profileg{ (---), ¢5 (- - -) and density profileg| (—),
p5 (—) with e = 0.05 for an open system with jump rate.§3.

Left: m(py) = 1, m(p2) = —2, ¢1(0) = 0.4, ¢2(0) = 0.3, $1(1) = 0.6, $2(1) = 0.6.
Right: m(p1) = 1, m(p2) = 2, $1(0) = 0.35, p2(0) = 0.5, ¢1(1) = 0.8, ¢p2(1) = 0.1.

The jump probabilities are chosen such thgt;) = o(p,) = 1 andm(p;) = 1. Therefore

the bulk valueg{(u), v € (0,1) is equal to the left boundary, (0). Form(py) = 2 the

same is true fop, and also the density profiles are determined by their left boundary value.
This can be seen in Figure3 (right), where we plot the profiles for small= 0.05, for

better illustration. The only peculiarity in this case is that the density profiles do not have to
be monotonic, in contrast to the fugacity profiles. Faip,) = —2 the particle species are
driven in opposite directions, leading to a combination of fugacities in the bulk, which is not
present at either of the two boundaries. So the bulk densities do no longer agree with their
boundary values, as shown in Figur& (left).

4.5 Concluding remarks on steady state selection

We have seen ird(40 that the current derivativ®J (p) € R"*" is a regular matrix and thus
the mappinge — J(p) is invertible. So coexistence of two phases with different densities
p' # p? but equal currentd(p') = J(p?) is not possible and there are no boundary induced
phase transitions for the-component ZRP, as have been explained in Se@i@rs for
exclusion models. This also includes that the eigenvalue3Xifp) which determine the
characteristic velocities are non-zero for alle D, so that there are no bulk dominated
phases. The steady state selection in open systems is particularly simple in terms of chemical
potentials or fugacities. In these variables the stationary viscous equation decduples (
and the solution®; have the form 4.62 for every process. The bulk value, given by the
zero viscosity limitp!, is selected from one of the boundaries, and depends only on the sign
of the first momentin(p;) but not on the boundary values. The jump ratesnly enter the
transformation to density profild(u) = D log Z () through the partition function.

To summarize, the qualitative behavior of the stationary measure of multi-component
zero range processes is fixed by the particle drift alone and is independent of the boundary
conditions. This is in contrast to one-dimensional driven lattice gases with exclusion dynam-
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ics, where a change of sign of the characteristic velocities is the key ingredient for boundary
induced phase transitions as explained in Se@i@r3 But despite the absence of boundary
induced critical phenomena, the zero range process is a very important interacting particle
system, last but not least due to its close relation to exclusion models (cf. S2&i8n As

has been shown in this chapter, it is one of the few examples of multi-species systems, where
the selection of stationary states is well understood under very general conditions.



Chapter 5

Condensation transition in the
Zero range process

5.1 Introduction

In [21, 40] it was noticed that for translation invariant zero range processes a condensation
phenomenon can occur, which is similar to the one induced by disorder explained in section
2.3.4 The idea is to choose the jump rates such that the critical de@s@y) (s finite, i.e.
p. < oo, which characterizes a condensation transition according to Seztlod This
can be realized, if the jump rate$k) have a slowly decaying tail fot — oo, inducing
an effective attraction between particles. #]the borderline case was identified to be
g(k) ~ a4+ b/kEY with parameters;,7 > 0 andb € R. For0 < v < 1 andb > 0,
or fory = 1 andb > 2 one hasp. < oo, whereas fory > 1 or faster decaying rates
there is no condensation. Mapping such a ZRP to an exclusion model, this fgrmanfld
correspond to a long range dependence of the jJump rates. So there is no equivalent for this
condensation mechanism in finite range exclusion processes, in contrast to the one induced
by disorder. However, in7g] it was noticed that the finite size correction of the current
of particles leaving a cluster of siZein phase separated two-species exclusion models is
just of the formj (k) ~ jo + b/k” for k — oo. So this type of (one-component) ZRP can be
used as an effective model for the domain wall dynamics of two-species exclusion processes.
Depending on the coefficiehtand the exponent of the first order correction of the current,
the results for the ZRP can be used as a criterion for the occurrence of phase separation,
discussed in Sectioh2.4

In addition to its applications to exclusion models this condensation transition is an in-
triguing phenomenon already for the ZRP itself. In this chapter we study it on the level of
the stationary measure, the question of the relaxation dynamics is addressed in Ghapter
the next section we establish rigorous results for the condensation transition in the context of
the equivalence of ensembles (cf. Sectioh.?). For general rateg(k), imposing only the
regularity assumptions of Secti@i3.1, we prove that in case of condensation the canonical
measures are asymptotically equivalent to product measures with critical densityis is
consistent with the non-rigorous results obtained for special jump rated,id({]. Under
additional assumptions we further show that, besides the homogeneous background phase

75
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with densityp., the condensed phase typically consists of a single, randomly located site,
where any additional mass is concentrated. This is based on results for large deviations of
independent, subexponentially distributed random varialllés1[36 and closely follows

a similar proof given in T5]. For the model introduced intp] with parametery = 1 we
analyze the critical behavior and statistical properties of the background phase in detail in
Section5.3. Up to this point, the results have been publishedit.[In Section5.4we gen-

eralize the rigorous result on the equivalence of ensembles to systems with two species of
particles, and discuss a generic example, which has been studied non-rigorods)\6id|.[

5.2 Stationary measures above criticality

Consider a ZRP on the periodic lattide = (Z/LZ), with jump rategy(k) and jump prob-
abilities p(z), that fulfill the regularity assumption2.66 and @.57) in Section2.1.3 We

restrict ourselves to one space dimension only for simplicity of the presentation. In fact, the
results in this chapter do not depend on the structure of the lattice at all, as long as the sta-
tionary measures exist as discussed belowA@the process has translation invariant, grand
canonical stationary measurgswith fugacity ¢ € D, as defined inZ.65. We recall that

D, is the domain of the particle densify(¢), given in 2.67) with rangeD, = R(D,,). It

can be eitheD, = [0, ¢.) or Dy = [0, ¢.|, where¢, is the radius of convergence of the par-
tition function Z(¢) defined in £.66). In contrast to Chaptet we are especially interested

in the behavior at the boundary 6f;,. We recall the definitions in this context,

vy(k) = W(k) ¢ /2(0), Wk) =[]1/90), 2Z(e) =3 Wk)e". (1)

k=0

If the particle density exceegs = lim,_.,, R(¢), which could also be infinite, there are no
stationary product measures and the system exhibits a condensation transition. In addition to
the grand canonical measures there are the canonical stationary measures

1

prn(m) = 2N wEAIL W(n(z))6(SL(n),N) , (5.2)

given in 2.69 for every fixed number of particle¥ € N.

5.2.1 Equivalence of ensembles

To formulate our results we have to impose some (mild) regularity conditions on the jump
ratesg(k). In order to avoid the degenerate case= 0 we assume that theg(k) are uni-
formly bounded away from zero, analogous4dy. We further require the existence of the
Cesaro limit

lim %Zlogg(i) € (—o00,00] . (5.3)
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For example, this is fulfilled if the rates are uniformly bounded from abovelonjf .., g(k)
exists in(0, oo, which could also be infinite. The next lemma summarizes an important
relation between the critical valueés andp. and elementary properties of the corresponding
grand canonical measures.

Lemma 5.1 Given the above assumptionspif= oo it is necessarily, = oo, whereas for

o. < 00, p. can be either infinite or finite. In the second case the partition function is also
finite, Z(¢.) < oo, andz;_is a well defined probability measure with finite first moment

It decays only subexponentially

1 1
kh_}rgo z log g (k) = 0. (5.4)
On the other hand, for eadh< ¢ < ¢. the measur@ql5 has an exponential tail.

If the jump rateg;(k) are non-decreasing ik, thenp, = co.

Proof. The first part is shown irf4], Lemma 2.3.3. The tail behavior of _follows directly
from assumptionq.3), since with £.1)

k
1 1 .
% logW (k) = ~ ; log g(i) . (5.5)
This ensures existence of the limi.4), which vanishes by the definition gf. For¢ < ¢.
the asymptotic behavior is given in Chaptel.emmad.2 If ¢(i) is a non-decreasing func-
tion of i, theng, = lim, .., (i) € (0, c0] exists andV (k) ¢ = [+, % > 1forallk € N.
ThusZ(¢.) diverges and necessarjy = oo by the first statement. O

Thus a condensation transition, which is definegby. oo in Section2.1.3 is only possible
if the jump rates are not non-decreasing (see e.g. the model studied in Se8}ioim this
case we havé®, = |0, ¢.] with ¢. < oo, and the inverse of the density,: [0, p.] — [0, ¢.]
is not defined fop > p.. We extend its definition for ap € [0, co) in the following way,

)

() = {(I)(p) , forp < p. (inverse ofR(¢) givenin(2.67)) _ (5.6)

¢. , forp>p,

Consider the ZRP on;, with p. < oo and supercritical canonical measuyes;,) with

p > p.. The heuristic picture developed i@1] and [40], is that for largeL most sites of
the system are distributed according/tp with homogeneous density, calledbackground
phaseor simplybulk The(p — p.) L excess particles presumably condense in a region with
vanishing volume fraction, theondensed phasa condensatelf so, locally one observes
the grand-canonical ensemble with= ¢., justifying the above definition. Consequently,
we define the asymptotic bulk density as

- ,if p < pe
pouts(p) = R(P(p)) = {50 it Z > ﬁc , (5.7)

which serves as an order parameter for the condensation transition (cf. Bigure the
following sense. Fop > p., peur IS iINdependent gf and gives the density of the background
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phase in large, finite systems. For< p. there is no condensate and the whole system is
homogeneously distributed with density,. = p.

These considerations are made precise in Corofié@and the next theorem, where we
use the relative entropy (see appendix7()) as a convenient characterization of the distance
between canonical and grand canonical measuredd). [

Theorem 5.2 Let ®(p) be defined as in5(6). Then the relative entropy of the-point
marginals/vcz’w and Z asymptotically vanishes, i.e.

lim H (,/gw \ag(p)) ~0, (5.8)

L—oo

for everyn € Z* andp € [0, o). The canonical partition function®(69 converge as

lim - log Z(L, [pL]) = log Z(8(s)) ~ plog () = ~5(p) (5.9)

L—oo

whereS(p) is the thermodynamic entropy defined 4n1(7).
Proof. The proof is given in Sectioh.2.3

Remarks. For everyx = (z1,...,x,) € A} with z; # z; for i # j, then-point marginal

is defined au} y(k) == prn({Ney = Fk1,-. . 7, = ku}). Since the measurgy, v is
permutation invariant, the marginals do not depend on the sjteslividually, but only on
their numbem. The same is of course true for the translation invariant product measyres
which are uniquely determined by the one-point margﬁ;al

Note that the thermodynamic entropy is defineddri() by the Legendre transform

S(p) = sup (ploge —log Z(9)) . (5.10)

¢ED¢

Equality on the right hand side 06.0) holds even forp. < oo andp > p., where the
supremum is attained at the boundarynf. This connection will be used in Sectiém for
two-component systems to get a proper definitiod @nalogous t0%.6).

There are different definitions for the notion ’equivalence of ensembles’ in the literature (see
e.g. b5]), one of which corresponds to the convergence of the partition functions as given in
(5.9. A direct consequence of the first stateméng)is the equivalence of ensembles in the
following (probabilistic) sense.

Corollary 5.3 (Equivalence of ensembles)
Under the assumptions of Theorén?, for all p € [0,00) the canonical measure$.Q)
weakly converge to the product measusel),

KL [pL] = D@(p) , for L — oo , (511)

for all bounded cylinder test functions @ , (X, R).
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Proof. Pointwise convergence of finite dimensional marginals follows directly frord) (
and positivity of the relative entropyA(8), and this is equivalent to weak convergence for
bounded, local test functions. O

In the subcritical casey;, , has some finite exponential moments due to Lendnia A
direct application of the relatlve entropy inequaliy.{1) ensures convergence also for un-
bounded cylinder functions, which grow at most linearly, such as the particle density. With
a different, more complex argumet®q] the class of functions can be further generalized.

Proposition 5.4 For subcritical densitiep € [0, p.) the canonical measures, [, weakly
converge to the product measurg, in the limit L — oo as in 6.11) for cylinder test
functionsf € Cy(X, R) with finite second moment?),,,

Proof. See B4], Appendix 2.1.

This ensures weak convergence for basically all local observables. But in the supercriti-
cal case > p. a weak limit of the canonical measures in this generality does not exist. With
Corollary5.3the only candidate would b, . But this is clearly only the limit for bounded
observables, since for instane®0)),., ., = p > pe for everyL ¢ Z*. In this sense our
result is a generalization of the statement for the subcritical case.

5.2.2 Typical configurations

Corollary 5.3 ensures that the volume fraction of the condensed phase vanishes in the limit
L — oo. In principle the condensate phase could still consist of an infinite number of sites,
and the question remains, how many such cluster sites exist in a typical configuration for
large lattice sizel.. The answer depends on the lafgé&ehavior of the critical one-point
marginalﬂ(}bc(k;), which has a subexponential dec&y4. If it is a power law, one can show

that the excess particles condense on a single, randomly located site. This was first done in
[79] for exponentsh > 3 and we give a straightforward extension of this resulk to 2.
However, we believe that the result holds also for other subexponential decays, and there is
some hope to extend the proof to a wider class of distributions. For a detailed description
and results on subexponential distributions we refer the readé#t6().

Theorem 5.5 Letr, (k) ~ k™" have a monotonic decreasing power law tail with> 2
and finite first momenp.. Then for everyp > p. the normalized maximum occupation
number satisfies a weak law of large numbers, namely it converges in probability as

1
max 7)(z) G , forL — oco. (5.12)

(p— pe)L seir

Remarks. By Corollary5.3we already know that the condensed phase typically contains of
order(p — p.)L + o(L) particles in the limitL. — oo, since almost all sites are distributed
according tav,, . Theoremb.5ensures, that all these excess particles are located on a single
site, which is thus the typical volume of the condensed phase.
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This interpretation is only valid for typical configurations of large but finite systems. For
the process on the infinite latti&' the canonical measures are not defined and statements
like Theoremsb.2 and5.5 are not possible. But we could ask for the ergodic behavior of
the infinite system with initial distributiom,, p > p., and we expect,S(t) — v,, for

t — oo with bounded local test functions, analogous to Corol&aB/ However it is far from
obvious how one could prove such a statement. Ergodic theorems proved by Liggett, such
as Theoren8.1in Chapter3, used coupling techniques based on attractivity of the process
(cf. AppendixA.2). But the ZRP is attractive if and only if the ratgS:) are non-decreasing

(see B4], Theorem 2.5.2), so this method cannot be used in case of a condensation transition
according to Lemmé&.1 Moreover, an ergodic statement similar to TheofeBcannot be

true after all. Although reducing due to the coarsening process, the number of cluster sites is
certainly infinite for all times and the system does not saturate (cf. Ch@pter

Theorem5.5 does not give information on the order of the fluctuations of the condensate.
Since this is closely related to the fluctuations of the number of particles in the bulk (dis-
cussed in SectioB.3.2), we expect it to be of the order'/~Y for 2 < b < 3 and L'/?

for b > 3 (whereb is the power law exponent in Theoresb). In principle one could re-

fine the statement of the theorem to get a rigorous bound on the rate of convergence which
determines the fluctuations. However, for the proof we present below the expected behavior
stated above cannot be shown due to technical reasons. So we stick to the weaker but concise
formulation which covers the basic behavior in a general setting.

The proof of Theorerb.5uses large deviation results on the asymptotic distributiaty¢f)
for L — oo, which we summarize in the following Lemma for our purpose.

Lemma 5.6 Letw;,w,,... € Z be i.i.d. random variables with mean and probability
distribution7 (k) ~ k~* with b > 2. Then for every > p. and some constant

7TL<{ Zwi > pL}) ~La({w > (p—p)L}),
'l ({ Zwi = [pL]}) ZeLm({w =[(p—pe)L]}) for L — oo . (5.13)

Proof of Lemma 5.6 The first statement is shown in36 Chapter 1, Corollary 1.1.1 to
1.1.3, the second ir¥p], Theorem 2.2.

The first line states that under the distributiorthe rare even{ >°"  w;, > pL} in the
limit L — oo is typically realized by the deviation of a single variable. Note that this has
been shown for general subexponential distributions with integrateﬂ(t{azi;l| n > k}) 2z
exp[—k®], a € (0,1/2) and finite second moment in4], indicating a possible generaliza-
tion of the Theorem.

Proof of Theorem 5.5. The proof follows closely the one given iiig], Theorem 2.2 and
we only sketch the mostimportant steps. In the following we dehfien) = max,ca, n(z).
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For convergence in probabilityp (12 we have to show that
Jim pur oy ({[M2/L = (0= po)| > }) =0 (5.14)

for everye > 0. By Corollary5.3we already know thaty, ,.)({M/L > p—p.+€}) — 0,
since the bulk contains of ordgrL particles. So it remains to show that for every 0

17;0<{ML <rl,S = mu})
vk ({Z0 = [pL]})

where we use the shorthand= p — p. — € and @.16) to write the canonical measure in the
conditional form.We split the event

L=, (5.15)

prjon ({Mrp <rl}) =

{M, <r.L} ={[L7] < M, <r.L}U{M, <[L°]} (5.16)

for someo € (0, 1) which is chosen below. A basic estimate 5] shows that the proba-
bility of the second event on the right hand side vanishes far all(0, 1), whereas the first
one is the crucial part. Using asymptotic monotonicit)ﬁgfwe obtain with somé&' € R

vk ({17 < My < vk, 3 =[] }) <
<L (17]) vt ({EL 1> (pe+e)(L - 1)}) . (5.17)
With the first statement of Lemnfa6the right hand side is of order
C L’ ([L7]) 75, ({n = (p. + €)L}) = O(L*0+)) (5.18)

On the other hand the denominator &6f15 is at least of orded.'~* due to the second
statement of the lemma. Thus if we choese (2/b,1), (5.15 vanishes fol, — oo which
finishes the proof. O

5.2.3 Proof of Theorem 5.2

We recall the shorthanfin [ X.(n) = N} = {¥; = N} and thati.(n) = > .4, n(®)
denotes the number of particles. By definiti@g8 of the canonical measure, one has for
everyn € Xy andN € N

Wkh(n)é§(SL(n), N)

prn(n) = 2N ; (5.19)

whereW" denotes the product measu#€”(n) = [[,.,, W(n(x)). Thus, usingA.7), for
everyo € [0, ¢.], the relative entropy takes the form

Wh(n)
neXrp,N ¢ n ’
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sincey, v Is absolutely continuous with respectitg. From .65 and .69 we conclude

vy(m) Z(¢)h =Wht(m)¢®  forallpe X,y and

7E({SL = N}) Z(¢)" = Z(L,N) ¢" . (5.21)
Inserting in 6£.20 this yields

H (ury |7E) = —log 7k ({21 = N}). (5.22)
At this point we use the sub-additivity @f givenin (A.9) to get

H (i | 73) < =177 / log7g ({51 = N) (5.23)

foreveryn € {1,...,L} and¢ € [0, ¢.].

Now we setN = [pL] with p € [0, 00). The key point is to maximize} ({~, = [pL]})
by appropriately adjusting = ®(p) as defined ing.6). To ensure that the right hand side of
(5.23 vanishes we need a subexponential lower bound, which we identify in the following
depending on the criticality of.

« In the subcritical casep < p., we have®(p) = ®(p) < ¢. and according to
Lemmab5.1 vg(,) has exponential moments. Then the varianéeof Uy is finite

and the limit dlstrlbutlon of(, — (pL))/(ov/L) is given by the normal distribu-
tion N(0, 1) (cf. (5.40). By the local limit theorem (see e.g> ], Chapter 9) we get
g, ({EL = [pL]}) ~ 1/VL for largeL.

* Forp = p. the decay ofy,;, is subexponential (Lemm&.1), so its second moment
could be infinite, leading to a non-normal limit distribution (&.41)). Since the first
moment ofy,, is p. < oo, by the local limit theorem for non-normal limit distributions
(see also§7], Chapter 9) we obtain the lower bound ({X. = [p.L]}) = 1/L.

« The supercritical case > p., where®(p) = ¢., can be reduced to the critical one via

vk ({50 = lo1l}) 2 7k ({n(0) = [pL] = [pe(L=1)], S1s = [pu(L-1)]}) =
=73 (1) = o2 =1)]) 72 ({301 = [e(2-1)]}) - (5.24)

Both terms decay subexponentially, the first one using) @nd the second one as in.
Thus in all cases we have a subexponential lower boungon({>;, = [pL]}) and the first
part 6.8) of the theorem follows for alp € [0 oo) from (5.23,

lim H(ug[pmﬂg@) - Jim / ]logy¢ ({Z0=[pL]}) = 0. (5.25)

To establish%.9) we use the second line d§.@1) and immediately get
Tlog Z(N, L) ~ 1 log 7k ({S = N}) = log 2(6) — ~ log (5.26)

forall N,L. With N = [pL] and¢ = ®(p) we can use the above estimates, so that the
second term on the left vanishes in the limhit— co and assertiony(9) follows. a
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In this proof we basically exploit the permutation invariance of the measures so that the
relative entropy takes the simple for22), which was first noticed in the context of infor-
mation theory 25]. In the supercritical case > p. this is the negative logarithm of a large
deviation probability. In contrast to the proof of TheorBrf, we only need a subexponential
lower bound, which can be obtained without restrictions/gn

5.3 Analysis of a generic example

In this section we analyze and apply the previous results to the generic model introduced in
[40]. The jump rates are

g(k) =O(k)(1+b/k") , (5.27)
where©(0) = 0 andO(k) = 1 for k > 0.

5.3.1 Stationary measures and the phase diagram

The stationary weight for this process is given by

k
Wk =1 LI (k:!)v/ [T +v) (5.28)

-1 9(d)

The radius of convergence of the grand canonical partition funcfioh = >, W (k)¢*
(2.60 is ¢. = limj_,o g(k) = 1. Thus the critical grand canonical measuge(k) is just
given byW (k) modulo normalization.

For~ = 1 the weight can be written as

K KIT(14b)

W = a0, T 0 58

~T(1+b) k™", fork— oo, (5.29)

where(a), = [[-, (a + i) is the Pochhammer symbol. Thus for laiges,, (k) decays like

a power law with exponerit The grand canonical partition function is given by

> k
Z(¢) = 2Fi(L ;14 b;¢) ==Y E?fii:% : (5.30)
k=0 ’

where, F; denotes the hypergeometric function (see el. [The particle densityd.67) is
given by

¢ 2F1(2,2;2 + b; )
(140)2F1(1,1;1 4 b; ¢)

and the critical density can be calculated exactly (cf. next subsection) to be

R(¢) = for ¢ < 1, (5.31)

. 00 , forb <2
pc:}sl_{riR(gb) N {1/(6—2) ,forb>2 - (5.32)
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Figure 5.1: Condensation transition for the proce52(). Top left: Phase diagram for

~ = 1. The red region denotes the set of grand canonical product measures (homogeneous
phase) bounded by the critical density(b) for b > 2. For canonical measures in the white
region withp > p. the background density is given by = p. (5.7) and the excess
particles condensateTop right: Density R(¢), setting the range of the homogeneous
phase for several values afBottom: Critical densityp.(b) for several values of.

Thus forb > 2 the system exhibits a condensation transition and the phase diagram is given
in Figure5.1 (left).
For~ # 1 the asymptotic behavior of the critical measurefor oo is

1—y

vy, (k)= % exp[—i 1og(1+b/m] ~ exp[_i b/ﬂ} - exp[_ blk

i=ko i=ko o

] (5.33)

with some arbitrary constagg > 1. Fory € (0, 1) this corresponds to a stretched exponen-
tial decay, leading to a finite critical densjy < oo for all b > 0, and the system exhibits a
condensation transition. On the other handy it 1 or b < 0 there is no asymptotic decay
and therefore no condensation.

In principle the stretched exponential te#l.83 is not covered by Theore® 5. Never-
theless we expect condensation on a single site as ferl, and the restriction should be
only due to technical reasons. This is confirmed in Chatey a numerical study of the
condensation dynamics. In contrast to the case 1, the critical density cannot be deter-
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mined explicitly for generaly. The approximation in§.33 gives the correct behavior of

v, (k) for largek but rather poor results for the critical density. Especially i close to 1
andb < 2 the results are also qualitatively wrong. On the other hand it is straightforward to
computep,. numerically with good precision which is plotted in Figurel (bottom). Using
(5.28 itis easy to see that. is monotonic increasing in and monotonic decreasing bn

5.3.2 Stationary properties near criticality

Our goal in this section is to study the properties of the invariant measures of the process
with v = 1 for anyb > 0. In the previous subsection the partition function and the density
are expressed in terms of the hypergeometric functigngiven in (.30, (5.31). Around

¢ = 1 it has the expansion

T(k + b)T(k — b)
T(k)?

T(k + B)T(b — k) 2
() Ry —

oFi(k ki k+b;0) =

(-9l [1+00-¢)|+

(1—¢)+0(1— ¢)2} . (5.34)

We analyze the grand canonical single site measgriem the limit ¢ 7 1, i.e. near the
critical densityp.. According to 6.28 the largek behavior ofz] is given by the power
law W (k) ~ T'(1 + b) k=°, which determines the background phase for supercritical sys-
tems. These distributions have moments up to obderl and thus different scenarios are
encountered under variation afwhich we discuss in the following.

Thecase 0 < b <1

Forb € (0, 1) the leading order in the asymptotic expansionZg¢p) and R(¢) is given by

Z(@)~T(1+bI'(1—-0b)(1-¢)""' — o0,
¢ 1

as¢ " 1. ThusR(¢) has full rangeD, = [0,00) and for every density there exists a
grand canonical product measuTgp) (see Figureb.2 (left)). The probability of having a
fixed number of particles on a given site vanishes with increasing density, as is shown for
the example of an empty site in Figuse2 (right). Thus in the limitp ~ 1 the number
of particles per site diverges with probability one, as one might expect for homogeneous
systems withp — oo.

Forb = 1 this picture does not change qualitatively, but there are logarithmic corrections

_log(1—9)
¢
¢

~ (60— 1)log(1 - ¢)

— 00,
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Figure 5.2: Stationary properties of the processZ?) for v = 1 and several values 6f
Left: Fugacity®(p) as a function of the particle density. Note that this is proportional to the
currentj(p) = m(p) ®(p) as given in 2.73. Right: Probability of an empty Sitéé)(p)(O)

as a function of the density.

Thecase 1 <b<2

For1 < b < 2 the terms of leading order change, and

2(0)~ g AT+ DT =D (1= 9 = 2(1) = 2

R(@)~¢(b-1DIG)TE2-0)(1-9¢)""  — p.=00, (5.37)

as¢ ' 1. As before, forb = 2 the first order terms have logarithmic corrections but
the qualitative behavior does not change. In particulyy,= [0, co) and there is a grand
canonical stationary measure for every density (see Figargeft)).

However, somewhat surprisingly, the character of this distribution for ladyers from
the casé < 1. SinceZ(1) < oo, v~ is well defined and there is a non-zero probability of
having a fixed number of particles at a given site,

1 b1
v (0) = Z0 - b
) (k)= MZ/—%) ~T(b)(b—1)k" forlargek. (5.38)

For example the probability of an empty site, given @yp)(o) = 1/Z(¢(p)), decreases
monotonic with increasing densipy In contrast to the cade< 1, it does not vanish in the
limit p — oo, but approaches the non-zero valyé€0) = (b — 1) /b (see Figure.2 (right)).
So no matter how large the density is, the fraction of empty sites in a typical configuration is
always greater thatb — 1) /b.

This is a well known phenomenon for distributions with power law tails (see Esfahd
references therein). A typical configuratign= (1(z)) A, for this distributionz] is known

to have a hierarchical structure. Theth largest value ofy scales agl'(b — 1)L/n)'/(=b),
which holds for everyy > 1. In this particular case, < b < 2, it means that the particle
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numberX;(n) also scales as!/(*~!) and thus grows faster than the number of summands

L. Therefore the average particle densify;),: /L diverges ad.*~"/(*~1) and the highest
occupied site contains a non-zero fraction of the particles in the system. This hierarchical
structure of typical configurations can be understood as a precursor for the condensation
phenomenon to be discussed in the next part.

The case b > 2

In this casé is large enough such that besides the normalization also the first moment of the
grand canonical distribution converges in the ligit” 1,

20~ 571~ == 1 9) - 2=
R(8)~ 55 +6(b — DT~ (1~ ) — po=y (5.39)

We note that forb > 3 also the second moment of the distribution; exists and the
number of particles satisfies the usual central limit theorem

. —L EL - ch ¢
i of (< 22l <) e i (5.40)
whereG denotes the Gaussian probability density with zero mean and unit variance. The
density forb > 3 is of orderR(¢) = 1/(b — 2) + O(1 — ¢) and its first derivative is finite at
¢ = 1 leading to a kink in the functio®(p), as can be seen in Figuse2 (left) for b = 3.5.

As explained already above the highest occupied site contains of brder") particles,
and forb < 3 this fluctuation is larger thag'L. Therefore the scaling limit leads to a self-
similar distribution, which is given by the completely asymmetréo/i. distributionL,_+)
(for details seel5] or [57]),

S Y, — p.L &2
Jmot| 62— < | = [Tren©de (541)
(bF(b—l)L) &

With (5.39 we haveR'(1) = oo for b < 3, leading to a differentiable functiof(p), as
shown in Figures.2 (left).

5.4 Generalization to two-component systems

As explained in the introduction, critical phenomena in systems with two or more species of
particles are of particular interest. In this context a ZRP with two different kinds of particles
has been introduced i@, 66] to study condensation for this process. This is a special case
of the n-component system introduced in Chaptewith state spac&X = (N x N)Z. The
dynamics is defined by the jump rates ¢> : N x N — [0, 00), which should fulfill the
conditions &.1) to (4.5) given in Sectior.2.1 In the following, we generalize the rigorous
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equivalence result of Sectidn2 on the condensation transition to the two component sys-
tem. To prepare this we first review the most important properties of the stationary product
measures and introduce the notion of condensation for two-component systems.

To concentrate on the main issues, we formulated the following results only for two
particle species, but the main ideas can readily be generalizeddmponent systems.

5.4.1 Properties of the condensation transition

We consider the process on the periodic latfige= (Z/LZ) where the state space is given
by X; = (N x N)*z, It was shown in Sectiod.2.2 that there exist stationary product
measures if the jump rates fulfill

91(7€1, kz) 92(7% kz)

(ki ks — 1) golkr — 1, k) (5.42)
for all k1, k, > 1, and in this case the stationary weight can be written as
ky ke
Wk k) = T (9201, 0)] " T [g2(kr,iz)] " (5.43)

i1=1 i2=1

Unlike in Chapter4, we only use the chemical potentials within some of the proofs to
simplify the notation. But the main parts of this chapter are formulated using the fugacity
variablesp; = explu;] and the one-point marginals of the grand canonical measures are

_1 1 k1 1ko

V¢(k1,/€2) = Z(¢1’¢2)W(k’1,k’2) 1 9" (544)
where¢ = (¢4, ¢-) are the fugacities for each species. The grand canonical partition func-
tionis given byZ (¢p) = >°07 W (ky, k2) ¢} ¢5?, and we recall the definitior2(67) of the
densitiesR;(¢) = ¢,0,, log Z(¢). In contrast to Chaptet we are especially interested in
the behavior at the boundary b¥;, the domain of definition aR.(¢). The range of densities
is denoted byD, := R(D,) C [0, c0)?.

Definition. Analogous to the criterion for single species systems in Se€tib/§ we say
that the two-component ZRP exhibiteandensation transitioif D, C [0, o).

The canonical measures for the two-component systems are given by

BLN N (M) = m llw(m(x)ﬂh(x)) §(X5(n),N1) 6(57(n),N2) , (5.45)

where the number of particles; (n) = >~ ., 7n:(v) is locally conserved for each species
In this framework it is possible to fix any pair of densities= [0, c0)? and investigate the
equivalence ofiy, |, 1),(,,] 10 the corresponding product measure with fugadity) in the
limit L — oo. Here® : D, — D, is the inverse ofR(¢), analogous taVI(p) used
in Chapter4. In case of condensation it has to be extendeftoc)? as it was done in
Section5.2for a single species. There, the boundarie®gfand D, were just single points
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leading to a rather obvious extension. But for two species the situation is more complicated
and it turns out that one has to use the thermodynamic entropy definddLi) {0 get a
unique extension.

Lemma 5.7 In case of a phase transition we haigg C [0, 00)* with D4 N Dy # 0 and
0D, =R(0Dgs N D,). For everyp € [0, 00)? there exists a unique maximizé(p) € D,
for the thermodynamic entrop¥.(L7),

S(p) = sup p-log¢ —log Z(¢p) = p-log ®(p) — log Z(®(p)) , (5.46)

¢€D¢

and R;(®(p)) < pi, i = 1,2. ® is a continuous function gb, where forp € D, we have
®(p) = ®(p) andforp ¢ D, itis ®(p) € dDy. Moreover,® ([0, 00)*\D,) = 0Dy N Ds.

Proof. The first statement is a direct generalization of Lemma 2.3.84hfpr the single
species case. Sinde, C [0,00)?, there has to be @* € 9D, with limg_4 Ri(¢p) < oo
for i = 1,2, and thus by continuity of itis Z(¢") < co anddD, N D, # (). Due to the
regularity ofR(®), D, is diffeomorphic toD,, and thus)D, = R(9Ds N D).

Forp € D, (5.49 is obvious with®(p) = ®(p), as already given in the definition
(4.17) of the thermodynamic entropy. Fpr¢ D, we switch to the notation with chemical
potentials in order to use regularity propertiedpffrom Lemmad.2, such as convexity. By
slight abuse of notation we write

F(p)=p-p—logZ(p) (5.47)

for the function to be maximized irb(46). It is strictly convex, i.e D*F is negative definite,
and the level setér(c) = {p € D, | F(p) > ¢} are convex and closed relative £g,. For
fixed p the derivatives

O F(p) = pi — Ri(p) (5.48)

are both positive for small| and so the level sets are also bounded for everyR. For
¢ small enough.x(c) is non-empty and sincg' is continuous it has a maximuii on D,,.
Since we considep ¢ D,, there is no local maximum in the interior @i, and thusF’
is obtained at the bounda®yD, N D,,. SoLp(F) C 0D, N D, but it is also convex by

definition. Moreover, sincé”’ is strictly convexLy(F) cannot be a straight line and thus
there exists a unique € oD, N D, with Lp(F) = {a}.

At p the derivatives of” are nonnegative, i.é), F'(r) = p; — R;(;) > 0. Otherwise,
using the structure oD, given in Lemma4.2, this would be in contradiction to the maxi-
mality of F'(fx). By strict convexity and continuity of’, its maximizerg is a continuous

function of p, and with this andM(0D,) = 0D, N D,, the last statement follows. 0

In the next subsection we will see that the choiegp) is the right one in the sense of the
equivalence of ensembles. So far Lemfajust ensures thak (®(p)) is a well defined,
continuous projection of any density pair= (p1, p2) € [0, c0)? onto densities irD,,. If one
of them is smaller than its original valyg, this indicates a condensation of this species.
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Definition. For everyp ¢ D,, p.(p) = R(®(p)) € 9D, is called thecritical (back-
ground) densityWe say thaspecies condensates p.;(p) < p;.

Note that the critical density depends pnin contrast to single species systems where there
is only one critical density,. defined in Sectior2.3.2 Analogous to %.7) the asymptotic
bulk density is given by

(A B p ,ifpeD,

pualp) =R(2(p) = { 0 O D 5.49)

which can be considered as the order parameter of the condensation.
With the previous definition0, co)?\ D, can be partitioned into sets, B andC', where

only specied, only specie® or both species condensate. Depending on the specific model,
each of these regions might also be empty, but in case of a condensation transition at least one
has to be non-empty. For the images undlare have®(A) U ®(B) U ®(C) = 0D, N Dy.
SinceD,, is convex the boundaf§D, is continuous, and furthermore we assume that

0D, is a piecewise differentiable curve (5.50)

Under this natural regularity condition we summarize some generic properties of the above
partitions and their images und®rin the next Lemma. An example illustrating these fea-
tures is given in Sectioh.4.3

Lemma 5.8 Supposeq.50. If A # 0, ®(A) is a straight line parallel to the)-axis, i.e.

Fpor50 P(A) = {(Pe1,92)[0 < ¢ < 2} for somep, € (0,00] (5.51)
and in particula@(A) is a simply connected subsetdd? ;N D,. If p € Athen(p}, p2) € A
and®(py, p2) = ®(p) for all pj > pi. We can writep,(p) = (pc1(p2), p2) and

A= U {(01732(¢c,1,¢2)) p1 > R1(¢c,1,¢2)} . (5.52)
0<¢2<do
In particular A is simply connected and bounded below by the critical densities
p.(A) = 0AN D,. Analogous statements hold for g&t
If p € C thenp* € C for all p* > p. ®(C) cannot be parallel to one of the axes but it is
still simply connected, as well &sis.

Remarks. If ¢, < oo the range in%.51) might also be given by < ¢, < &,, namely if
regimeC is non-empty (cf. examples of Secti&®.3. p* > p has the obvious meaning
thatp; > p; fori=1,2.

Proof. We return to the notation of the proof of Lemria with chemical potentials. Let
wu(t),t € T be a parametrization @fD,,. Then forp ¢ D, the maximize of () defined
in (5.47) is characterized by

VL E () ()], = 0. (5.53)
Forp € Aitis 9,,F(p) = p1 — Ri(p) > 0andd,, F(r) = 0 according to .48 and
thus necessarilyi; (1) = 0. This (local) property together with the regularity bf, shown
in Lemma4.2 implies the global statemen$.61). With this and §.47) an increase op;
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corresponds to a constant increasefobn ®(A) and thuspx does not change, and still
p € Awhich follows immediately from%.48. (5.52) is a direct consequence of the previous
statements and the regularity of the functi®fp). An analogous proof works fgs € B.

Forp € C'itis 0,,F (i) > 0 for both species = 1,2 and thus %.53 implies that either
ti;(t) both vanish such thab(C) is only a single point (cf. SectioB.4.3, or they are non-
zero and have different sign. Agaif.48 implies that allp* € C with p* > p andp € C.
SinceA, B andD, are simply connected al€g is, and thusp(C) by continuity of®. O

5.4.2 Equivalence of ensembles

According to @.14) and @.19 the covariance matriXCov(¢) of the bivariate one-point
distributionz, is given by

Cov; j(¢) = <77i77j>,§é = 00, (010, l0g Z()) = ((Dzs)l(R(@))m . (5.59)

In particular it is given by the inverse of the second derivative matrix of the thermodynamic

entropysS. Since:?é, has finite exponential moments fgr € 10)¢,, Couv is finite onf)d,. To
prove the theorem below we have to assume that it is finite alstym D, i.e.

Cov(¢p) € R**? forall¢p € 9D, N D, . (5.55)

This ensures that we have central limit theorems for a sum of E@,dandom variables
towards a bivariate Gaussian distribution, which are needed for the proof. This assumption
Is not necessary for the one-component case in Seéti@nsince there are central limit
theorems towardsévy distributions in the casg¢ = ¢., which we are not aware of for the
bivariate case.

Analogous to %.3) we assume existence of the Cesaro limits

lim —Zloggl i1, k) € (—o0,00]  forall k, € N and

lim —Zlog92 ki,is) € (—o0,00] forallky € N, (5.56)

k2~>oo )
=1

which could also be infinite. This includes regularity properties of the stationary weight
W (k1, ko), which are necessary for the proof of LemtaOformulated below.

Theorem 5.9 (Equivalence of ensembles)
Let®(p) be defined as in Lemnta7 and assumes(55), (5.56). Then for every € [0, co0)?
the canonical distributionH.45 weakly converges to the product measi&l{),

WL Ll psL] — Va(p) » fOr L — 00, (5.57)

for all bounded cylinder test functions ifl, ,(.X,R). The canonical partition functions
converge as

lim z log Z(L, [p1, L], [p2L]) = log Z(®(p)) — p1log ®1(p) — p2log 2(p) . (5.58)

L—oo
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Remarks. Unfortunately, we are not able to prove a result similar to Thedsesof Sec-

tion 5.2.2 which would ensure that in a typical stationary configuration of a large finite
system each species condensates only on a single site. However, we expect that such a
statement holds and this intuition is supported by simulation results presented in Ghapter
Moreover, in case of simultaneous condensation, both condensates can be on the same site
under certain conditions, which we discuss further in the next subsection.

In analogy to Lemm&.1for a single species, we need a certain subexponential dec@y of
ondD, N D, for the proof of Theorend.9, which we summarize in the following lemma.

Lemma 5.10 Assumeg.56). For ¢ € ®(A4) U ®(C), i.e. specied condensates, we have

1
v€>0 ElkgeN khm _k;_ lOg ﬂ¢(l€1, kg) < €. (559)
1—00 1

Analogously, forp € ®(B) U ®(C) we have

1
V€>0 ElkleN kllm _k‘_ log ﬂqg(k'l, kfg) <E€E. (560)
2—00 2

Proof of Lemma 5.10. Take¢ € ®(A4) U ®(C) with chemical potentialg = log ¢» and
define

1,
a(ks) = — k}{{l)o k log 7, (K1, k2) =
. 1 ky 1
— lim (- ~log W (ky, ks) — ji1 — pa—2 + — log Z(p,)) >0, (5.61)
k1—o00 ]{31 /{71 /{71

where the limit exists for alt; € N due to assumptiorb(56). Thus there exist& € N such
that for allk; > K

log Z(p) = (a(kQ)/Q + ,ul) kv + pio ko +log W (ke ka) . (5.62)

Suppose now by contradiction thatk,) > 2a for all k&, € N and somex > 0, i.e. itis
uniformly bounded away from zero. Then for every v, € (0, 1) itis

e~ aki—y2 iz k2 Z(p) > er+(1=1) @) ki+(1=72) 2 k2 W (ky, k) (5.63)

Summing both sides ovér andk, we get with some constant > 0

Z((m+ (1 =)a), (1= ) < CZ(w) < o0 (5.64)

This is in contradiction t@p € ®(A) for every choice ofy;, v, using the properties ab(A)
given in Lemmab.8. With this lemma, §.64) is also in contradiction tep € ®(C) by choos-

ing ~; and~, sufficiently small. Thusy(k,) has to get arbitrarily close to zero and statement
(5.59 follows. (5.60 can be shown analogously. O
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Proof of Theorem 5.9. Using the same technique as for the one-component case pre-
sented in Sectiob.2 it is enough to show that the relative entropy of the finite dimensional
marginals vanishes. For the full measures it can be written as

H(prvns | 7g) = —logvg({n | SL(n) =Ny, () =Na}) | (5.65)
analogous tog.22. With definitions 6.44) and 6.45 we have
vg({ZL(m) =N, X (n)=Na}) Z(d)" = Z(L, N1, No) 67" 0" (5.66)

analogous tog.21). Using 6.46), where the thermodynamic entropyp) is defined by a
Legendre transform, we immediately get fromgb

¢1en£ H(prnN, | 7g) =—1log Z(L,Ni,N3) — LS(N1/L,N3/L) =

= H (prn,ns | P v, nvagm)) - (5.67)

We fix a pair of densitiep and setN; = [p;L]. Then®(N;/L, N,/L) converges tab(p)
for L — oo by continuity of®, showing that this choice as defined in LemB&@minimizes
the relative entropyH.65).
It remains to show that the relative entropy of finite dimensional marginals indeed van-
ishes in the limitL, — oco. Analogous to%.23) it is bounded by

H(Mz,[mLszL} ‘Dg(p)) < - [L/ ] IOg ({El =[p1 L], E%(n):[mu}) (5.68)

foreveryn € {1,...,L} and¢ € D,, and we have to find a subexponential lower bound to
the probability on the right hand side.

Forp € D, we have®(p) = ®(p) € D, and uq, ) has finite covarianc&ov by
assumptionq.55. The limit distribution of(21 (n), 2 (n)) |s a bivariate Gaussian centered
at(p1L, poL). Thus we getk ({1 (n) = Ny, £2(n) = No}) ~ 1/V/L for L — oo by the
multivariate local limit theorem.

For p € A we split the right hand side 05(68 analogous t0H.24) and get the bound

n —n 1 _
i (ML i tlieat) | Zae) < o] %8 V$<p>([P1L] = [pealp)(L = 1)], kz)

[L/ Tl %87k ({Ztam=[pea ()@=, SE i) =[pLl~kz} ) (5.69)

for all k&, < [poL]. With Lemma5.10we can choosé, such that the first term is smaller
than an arbitrary > 0 in the limit L — oo. Sincek, depends only om the second term
vanishes due to the local limit theorem for multivariate Gaussians like above. Thus for every
e > 0 we have

Jim H (17, 1,1y | P3(0) < € (5.70)

and the relative entropy vanishes.
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The casep € B follows analogously. Fop € C we split

n -n 1 —
H (WL o) o) | P () < —mbg Vé(p)([plL] — [pea(p)(L = 2)] kz)

~ 7 o8P (b1 [T = [pea(o)( ~2)])
~ o oa 7 ({Eh = (s (o2~ 2)) — b
23 ()= [pea(P)(L = 2)] — k2 ) (5.71)
and apply Lemm&.10to the first two expressions. O

5.4.3 Generic examples

We close this chapter by applying the above results to some generic examples of two com-
ponent systems. We mainly concentrate on the model introducé@®,i6 ] with rates

g1 (kr, ko) = O(ky) (%ﬁ)k (1+c/ki)

9o (k1 k2) =O(k2) (1 + b/ (k1 + 1)) , (5.72)

whereb,c > 0. Itis easy to check that these rates fulfill conditi®¥@), so there exists a
stationary product measure. Moreoygrs independent of, andlog g; is monotonic ink,
so that 6.56) also holds and Theorem 9 applies. Following 43, 66] the grand canonical
partition function and the densities can be calculated to be

=N 14k +b Ky !
A= T 1y (T

Go(1+ k1 + ) k!
[(1—2)(k1+ 1)+ b2 (1+¢),

1+ ky) (5.73)

(
1 i 1 + k?l + b kll
Z(¢ — 1—¢2)(l<;1+1)+b(1+c) ’
1 i
Obviously itis¢.; = ¢.2 = 1 (cf. Lemma5.8) and D, takes a particularly simple form. For
¢2 = 1 we get for the corresponding densities

R2(¢1, ) (1 —+ R1 (bl, )/b < 0 (574)

for all ¢, € [0,1). So specieg condensates for abl ¢ > 0if py > pea(p1) = (1 + p1)/b,
as was already noted idJ]. This corresponds to the st as defined in Sectiob.4.1and
the respective part of the bounda,, ®(B), is given by¢, = 1 as shown in Figuré.3,
Sinceg; is actually independent @f, the condensation is induced by particles of spetjes
leading to interesting dynamical phenomena discussed in Séctidh
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Figure 5.3: Critical behavior of the two-component systeth??. Top: The structure
of Dy if only species2 condensates (left), speci¢sand?2 condensate but only separately
(middle), specied and2 can condensate also simultaneously (rigiBpttom: Density
phase diagram fab = 1 andc = 3, 2.5 (left), ¢ = 4 (right). RegionA: condensation of
specied, regionB: condensation of speci@sregionC’: condensation of specidsand?.

If o = 1 and¢, < 1 the expressions irb(73 only converge for > 2, analogously
to the one component model studied in SectioB For the corresponding line of critical
densities we only have the parametric express{iﬁm, ¢2) \ 0 < ¢y < 1}. This gives the
boundary betwee, and regionA, which is shown in red in Figurg.3. For¢, = ¢, =1
convergence in.73 is given only forc > 3 and in this case the intersection pol1, 1)
of p.2(p1) andp.1(p2) is found to be

c(24b) — 2 — 3b (c=1)(b(c=3) + ¢ —1)
(c=3)(b(c—2) +c—1) b(c—3)(b(c—2) + ¢ —1)

This scenario is plotted in Figuie3 on the right. Condensation of both species takes place
in regionC (green), which does not exist for< 3 as can be seen on the left.
As mentioned after Theoref9we expect the condensates to occupy only a single lattice
site. Moreoverygs, is obviously monotonically decreasing in and thus als@; in k5, since
both dependencies are linked B42). So in regionC' it is favorable for both condensates to
be on the same lattice site, which is supported by simulation results given in Caaptbile
in this case the condensates 'attract’ each other, their positions are of course independent if
the rates have no mutual dependence, such as

g1 =0(k)(1+0b/k1), g2=0(ks)(1+c/ks) Withb,c>2. (5.76)

R1<17 1) = ) R2(17 1) = : (575)
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Figure 5.4: Critical behavior of the two-component system77) with b = 3 andc = 4
where all regionsd, B andC' are non-emptylLeft: The structure ofD,. Right: Density
phase diagram. For independent jump rateg6) p.2(p1) would be a straight horizontal
andp.1(p2) a vertical line.

On the other hand, if we consider rates like
g1 = @(kl)(l + b/kl) (kz + 1) y 92 = @(/fz)(l + C/kz) (1 + 1//€2)k1 ) (5.77)

g1 Is increasing irk; and vice versa. Sinc&42 is fulfilled the analysis can be carried out
completely analogously to the one above, and we find a phase diagram given inFgure
which indicates that both species condensate simultaneoustyif 2. But with rates $.77)
a double condensate is now less stable than two separate condensates ofl spetesnd
SO we expect them to be on different lattice sites.

In fact whenever, is not decreasing ik,, condensation of speciéshas to be induced
by a decreasing dependencefgrand vice versa. So the mechanism in this case is the same
as for independent speciés 6. With respect to condensation one observes just two copies
of a single species system, with the only difference that the condensates cannot be on the
same lattice site. This is of course much less interesting than the exabnpBe gtudied
before, where condensation of spedas induced by the presence of particles of speties

In all the above exampleB, has a very simple, rectangular structure. This considerably
simplifies the analysis and suggests that there might be a simpler way of studying the phe-
nomenon than described in the previous sections. It is, however, not obvious how to prove
general statements more easily, since the fori p€an also be more complicated. Consider
for example the rates

. ky ka o ko
=007 ) (Lrbk). = (5.78)
which obey b.42) and the partition function is found to be
o N~ k!
Z(p)=e Z meXp [(¢2 + log ¢1) k1] - (5.79)

k1=0
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Figure 5.5: Critical behavior of the two-component systeB48 for arbitraryb > 2,
where both species condensate simultaneoukéft: Structure ofDy where the corre-
spondingD,, would be convex.Right: Density phase diagram with.; = 1/(b — 2).
Arrows denote the projectiop..(p) on the critical (background) densities.

ThusD, = {¢ € [0,00)% | ¢ < exp[—¢»]} for b > 2 and according to Lemm#&.8 both
species condensate simultaneously and regibasid B are empty. D, is shown in Fig-
ure5.5 (left) and is not even convex, whereas the corresponding domain of chemical poten-
tials D, is (not shown). As seen in Figuge5 (right) D, has a rather simple structure and
pe1 = 1/(b—2) is a constant, whereas(p) = (1 + p.1)p2/(1 + p1) is not. This example
illustrates thajp, can depend nontrivially op and the theory of Sectioris4.1and5.4.2is

really necessary to understand the coarsening transition. Just by lookingaaste would
presumably think that only speciésondensates.

5.5 Discussion

With Theorem5.2 we provide a rigorous proof for the condensation transition in the ZRP
which has been studied non-rigorously #1[40]. As a new result, we show in Theoresrb

that the condensed phase typically consists only of a single, randomly located site. This
requires some technical assumptions on the tail behavior of the jump rates. These conditions
should be not essential for the validity of the statement, and there are indications that a
generalization is possible without substantial changes of the proof.

The analysis of the condensation in two-component systems reveals an interesting con-
nection between the critical fugacities and the thermodynamic entropy of the system given
in Lemmab.7. We establish a rigorous result on the condensation in Thebréomder mild
assumptions on the jump rates. A statement on the volume of the condensed phase would re-
quire large deviation estimates analogous to LerbrBdor multivariate distributions, which
we are not aware of so far. In contrast to one-component systems, where our results give a
fairly complete picture, the two-component case is only partially understood. In particular
we have only heuristic arguments but no rigorous statements concerning the structure of the
condensed phase.
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In comparison to previous chapters we would like to note that in contrast to boundary
induced critical phenomena the condensation transition of the ZRP cannot be captured on
a hydrodynamic level. Moreover, the description of the system with a hydrodynamic con-
servation law fails in case of condensation. On a macroscopic scale the particle density is
no more a conserved quantity, since a non-zero fraction of the particles condensates on a
region with vanishing volume fraction. This is consistent with the fact that the existence of
a finite critical density contradicts the conditions of Sec#o8.1for the derivation of the
macroscopic equation.

Given the correspondence between the single-species ZRP and two-species exclusion
processes/6], our results also provide new information on the stability of domain walls in
such systems. As explained in Sectib2.3 domain wall stability is a key ingredient in the
theory of boundary induced phase transitions in one-component systems, and thus may shed
light on steady state selection in the case of two particle species.



Chapter 6

Relaxation dynamics of the
Zero range process

6.1 Introduction

So far we investigated the condensation transition on the level of the stationary distribution,
which carries no information on the kinetics of the phenomenon. A natural set-up is to start
with particles uniformly distributed at some supercritical dengity p. on a large periodic
lattice. The stationary measure determines the long-time behavior of the system, where a
typical configuration consists of a uniform background phase at demsétgd one conden-

sate site, containing the excess particles.

How does the system with uniform initial distribution relax to this configuration?

An intuitive picture can be obtained from computer simulation data for the density pro-
file, shown in Figure5.1 In an initial nucleation process, driven by density fluctuations,
condensates rapidly evolve all over the system. Then a coarsening mechanism sets in, where
the large condensates grow on the expense of smaller ones. The result of this is a typical
stationary configuration with a single condensate site.

Domain coarsening is a well known phenomenon in the context of phase separation. The
most famous example is probably given by domains of opposite magnetization in the Ising
model, mentioned in Sectidh1.3 The coarsening dynamics usually takes place on a slow
time scale, since it is only driven by boundary interactions between the domains, which are
already relaxed to their stationary distribution. Due to this separation of time scales, the
coarsening regime is expected to follow a universal scaling law, which is of particular inter-
est. This has been studied ibg] for a disordered, symmetric ZRP and recently &&][for
the homogeneous, asymmetric case. There the time evolution of the probability distribution
of the number of particles at a single site was analyzed numerically, with particular attention
to the macroscopic component of that distribution. In view of our static result we pursue
a somewhat different approach and investigate the effective dynamics of the condensates,
using random walk arguments supported by Monte Carlo simulations.

99
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Figure 6.1: Configurationn, at different times from simulation data with lattice size=
160, jump ratesg(k) = O(k)(1 + b/k) with b = 2.5 given in (6.27), asymmetric jump
probabilities and uniform initial density = 10. The time scale is normalized such that for
t = 1 the system shows a typical stationary configuration.

In contrast to the stationary results of the previous Chapter, this analysis depends on
the form of the jump rates and in particular on the symmetry of the jump probabilities, i.e.
reversibility of the process. In the next two sections we study this in detail for the generic
example $.27) with ratesg(k) = ©(k)(1 + b/k”), introduced in 0. We concentrate
on one space dimension, with particular attention to the difference between symmetric and
asymmetric jump probabilities. We derive a scaling law for the coarsening regime and an
effective master equation for the late stage of relaxation, governing the occupation numbers
of two remaining condensates. This part of the Chapter has been publishéd.inl
Section6.4 we generalize the analysis to two-component systems and study the effect of
higher space dimensions. Unlike in previous chapters, we use heuristic considerations which
are corroborated through comparison with simulation data instead of giving rigorous proofs.

6.2 Dynamics of the condensation

To describe quantitatively the relaxation dynamics we use the symbbler proportional,
‘~' for equivalent and O (L)’ for terms proportional td., all asymptotically for. — occ.
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6.2.1 Regimes of the relaxation dynamics

As indicated in the introduction, the dynamics leading from a uniform initial distribution
with densityp > p,. to the stationary distribution can be divided into three regimes.

Nucleation: Driven by density fluctuations the excess particles condense in several random
positions, which are called cluster sites. On the remaining lattice, the so-called bulk
sites, the distribution relaxes g, .

Coarsening: The condensates are essentially immobile, but they can exchange particles
through the bulk. With increasing time the larger condensates gain particles at the
expense of the smaller ones. The resulting decrease of the number of cluster sites and
the increase of the mean condensate size are expected to follow a scaling law.

Saturation: Due to the finite system size, eventually only a single cluster site survives,
containing all excess particles. This is a typical stationary configuration for large but
finite systems, as has been discussed in The&rém

Physically most interesting is the coarsening regime and in particular the expected scaling
law and its universal properties, which we investigate in the following. Also of interest is
the saturation regime, especially the case of two remaining condensates for which we find
effective dynamical equations in Secti6r8.2 On the other hand the nucleation process
takes only a very short time and is much harder to analyze since it depends on the initial
condition, so we only discuss its influence on the other regimes very quickly.

In the following, we study these regimes and their dependence on system parameters in
detail for the model with rates

g(k) =0(k)(1+b/k"), (6.1)

introduced in Sectiorb.3. We focus on the one dimensional latticks = Z/LZ with
periodic boundary conditions and on nearest neighbor jumps. These are taken to be either
totally asymmetric where particles only jump to the right, or symmetric, i.e.

pa(y) =61y OF po(y) = (0_1y +01y) /2. (6.2)

There argp — p.)L excess particles in the system and we speak of a condensate if a site
contains a non-zero fractiam of all excess particles. Since the bulk fluctuations grow only
sublinearly withL (cf. Section5.3.2), the cluster sites are well separated from the bulk for
large L. The choice oty is therefore not critical as long as it is a small number in the interval
(0,1). In simulationsy = 1/40 turned out to be a reasonable choice, requiring system sizes
of about 200 sites minimum for the parameter values considered.

Definition. A sitex € A, is called acluster site if 7,(z) > (p — p.)L/40. The set of
cluster sites at a given times denoted by

Co(t) = {z € Ap|mi(x) > (p— pe) L/40} (6.3)

andM(t) = > ¢, ) () gives the total number of particles trapped in condensates.
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Note that these quantities are defined for each realizétjpn-, of the process.
Our analysis is based on two simplifying assumptions, which we found to be good ap-
proximations comparing with numerical simulations.

Assumption (Al). Separation of time scales
The nucleation process is very fast so that at the beginning of the coarsening regime the bulk
is already relaxed to,, .

So each bulk site loses particles at the average(ga;e = ¢. = 1, cf. Sectiorb.3 resulting

in a non-zero current for asymmetric jump probabllltles On top of that excess particles are
exchanged between condensates. The bulk can be seen as a homogeneous medium where
the excess particles move, and the cluster sites as boundaries where they enter and exit. A
condensate of sizes ~ (p — p.)L loses excess particles with ragén) — 1 = b/m” and

gains particles from neighboring condensates. The validity of this picture is confirmed by
simulation data in the next subsection.

Assumption (A2). Independence of excess particles in the bulk
The excess particles can move independently through the bulk on their way to the next con-
densate and do not affect the bulk distributign.

This is a good approximation, since the number of excess particles in the bulk is small com-
pared tol, as shown in the next subsection. So the motion through the bulk does not limit the

coarsening time scale which is thus only determined by the effective rates at which particles
leave cluster sites, as discussed in Sedsi@n

6.2.2 Validity of the basic assumptions

By definition a typical condensate has a size of order a(p — p.)L and so there are of
order|C.| ~ 1/a ~ 1 cluster sites at the end of the nucleation process which have a typical
distance of ordeL. The time scale for the formation of such condensates is expected to be
of the same order as their distance, (L) for asymmetric jump rates, ar@(L?) in the
symmetric case due to diffusive motion of the particles. This is rather a lower bound on this
time scale, but there is no reason to believe that it should be substantially larger. Also the
dependence on the other system parametérsr ~ is not obvious. However, it can be seen

in simulations, that the nucleation process is very fast compared to the other regimes. This is
illustrated in Figures.2 (left) for asymmetric jump rates. The time axis is scaled proportional

to the time scale, = (p—p.)?L?/b of the coarsening regime (cf. Secti6rg). With this, the
normalized ensemble averag¥/, (t))/((p — p.)L) converges td very quickly, indicating

that most excess particles become trapped in a condensate and the bulk relgxeEhe
coarsening regime starts when this number is sufficiently large and ends when the average
number of cluster site§C(¢)|) becomes small (betweénand3) and the saturation regime

sets in. This is plotted in Figuré.2 (right), where we also see that with our definition the
average number of cluster sites is independent of all system parameters. After a short time
of growth, this number starts decreasing as a result of the beginning coarsening process.
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Figure 6.2: Separation of time scalekeft: Average fraction of particles in the condensed
phasefg)ﬁ(;)cé. Right: Average number of cluster sité&(¢)|). Both are plotted as a
function of time in units ofr, = (p — p.)?L?/b (6.1 for v = 1, b = 4, p = 5 and different

values ofL in the asymmetric case. Symbols:= 320(<), 640(A), 1280(0), 2560( ).

Assumption (A.2) on the independence of excess particles, that are exchanged by the
clusters through the relaxed bulk, is approved by showing that the number of such particles
is small compared to bulk volumg. The mobility of excess particles in the bulk is char-
acterized by the average exit rate from a site containing at least one particle, compared to
average sites
1 75, (0)

v = <g(k>|k > 0>17éc <g(kj)>l7qlSc - 1 — %C(O) 1= 1— 77;56(0) > O 9 (64)

as follows from b.28. With this effective rate, the excess particles perform a random walk
in the bulk, which is either biased or unbiased, depending on the first moment of the jump
probabilities. The time it takes to reach the next condensate at a distaftipe- p.) ~ L is

given by the mean first passage time for a random whEH[ For asymmetric jump proba-
bilities in one dimension this is proportional to the distance and we can write the following
balance equation for the number of excess partie(esin the bulk

b v(p—pe)
%n(t) = Tn(t) ) (6.5)
This equation has the stable fixed point
n' = L 1=y b L. (6.6)

= m ~N —
v (p— pe) v (p—pe)
Thus the number of excess particles in the bulk grows sublinearly, so they occupy a vanishing

fraction of the bulk volume fol. — oo. Note that fory = 1 itis n* = O(1), and the smaller
~ the larger is the excess particle density

Poutk — pe =n"/L ~ L77 (6.7)

wherep,,;. IS the total density of particles in the bulk. This results in finite size effects for
simulation results, which is illustrated in Figude3. For~ = 0.4 these effects are already
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Figure 6.3: Independence of excess particles in the buleft: Bulk densitypy,(t) as
a function of time in unitsr, = (p — pc)?L%/b (6.1 for v = 0.4, b = 1.5, p = 10
and L = 512(5%), 1024(A), 1280(M) in the totally asymmetric caseRight: Double
logarithmic plot of the stationary excess particle dengify. — p. as a function of the
system sizd. for b = 1.5, p = 10 and various values of, confirming the scaling ofg.7).

quite strong, and simulations far = 0.2 would require much larger lattice sizes to give
reasonable results. On the other hand,~for 1 these finite size effects are completely
negligible, as can be seen in Fig@& (left).

In the case of symmetric jump probabilitips, excess particles perform an unbiased
random walk and the mean first passage time to reach the next cluster site is proportional to
the square of the distance, i@(L?). On the other hand, most of the particles return to the
cluster they just left and the probability of crossing the bulk to the next cluster is proportional
to 1/L (see [L3§). Since these are the only relevant events, also the time to enter the bulk
effectively increases by a factor @f So the right hand side 06(5) is just multiplied with
some factor, which does not affect the fixed pothgy.

6.3 The single species system in one dimension

In this section we analyze the coarsening and the saturation regime of the @djel (

6.3.1 Coarsening dynamics

In the coarsening regime, the sizét) of a typical condensate in large systems is expected
to grow according to a scaling law

m(t) ~ 1% (6.8)

with a scaling exponent. Assuming (Al) and (A2) we estimate this exponent and its
dependence on the system parameters in the following. First we note that the driving force
for the exchange of excess particles is given by the derivagitle) — 1)’ = —~b/k'*7 in

the following sense. Imagine two condensates of sizeandm, > m;. The effective rate
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at which condensate 1 loses a patrticle to condensate 2 is given by

b
b/m] —b/m3 = ¢ (ma)(my —my) = % e+ O(e?) . (6.9)
2
The expansion parameter= =2 € (0, 1) is a small number if both condensate sizes
are similar, i.eom;/my < 1. So the time scale of exchanging single excess particles is

proportional tom? /(v b). But the coarsening time scale is determined by the time it takes to
exchange of order: particles, which is thus given by

m Iy 1+
t:/ ™ g = (6.10)
o b (L +7)b

Insertingm ~ (p — p.)L for the size of a typical condensate, this gives the expected coars-
ening time scale for asymmetric systems

_ 1+~
= PP (6.12)
Y(1+7)b

By inverting (6.10 we obtain the expected scaling law for the normalized condensate size

m(t)
(p—pe)L

For a symmetric system there is an additional point. In contrast to the asymmetric case, it
is very likely that particles return to the cluster site they just left, causing only fluctuation
in the condensate size (see also Secigh?. Particles which just left a condensate return

to the same one with probability— (p — p.)/m close to one. Thus on average only every
m/(p— p.)-th excess particle reaches the next cluster, enlarging the time scale of exchanging
single particles ton'™/((p — p.)yb). After integration analogous t& (10 we obtain the
coarsening time scale

Ba , 1
~ hB, = ——. 12
(t/m)™ o with o = 1 (6.12)

(p - pe>1+7 2+
=1 [P 6.13
(2 +7)b (613)

The scaling law in this case is given by

(ﬁ% ~ (/)" with B, = ﬁ . (6.14)

These predictions agree well with simulation data, shown in Figude The typical
cluster size is measured by the ensemble avefage of the mean cluster size(t) =
My (t)/|CL(t)]. Using the time scales, and 7, respectively, and normalizingn) by the
number of excess particlés — p.) L the data for different system sizes collapse. The mea-
sured growth exponents from these data agree well with the above predictions. Indepen-
dently, these exponents have been obtained numericalgjridr v = 1.
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Figure 6.4: Verification of the predicted scaling law§.02), (6.14 denoted by straight
lines in a double logarithmic plot of the normalized average cIusterﬁT%gp%. The pre-
dicted scaling exponents are given in parentheses written in blagk. Totally asymmetric
case with time scale, (6.11) for several values of. Symbols: L = 512(<), 1024(A),
2048(0). Bottom: The same plot withy = 1 for asymmetric (left) and symmetric systems
(right) and time scales, (6.11) and7, (6.13), respectively. Symbols: (lef) = 320(<),
640(A\), 1280(0); (right) L = 160(<), 320(A), 640(0).
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6.3.2 Saturation

Eventually all condensates except for two disappeared and finite size effects become domi-
nant. The scaling lawg(8) is no longer valid in this regime, since the mean condensate size

m saturates towards its limiting value. The two condensates exchange particles until one of
them vanishes or becomes very small, and the system has reached a typical stationary con-
figuration, where all excess particles are concentrated at a single cluster site. In@=tgure

we plot the average size of the three largest condensatés)), : = 1,2, 3 normalized by

the number of excess particlés — p.)L. Note that the coarsening regime ends at latest
when the third largest condensate has disappeared, and thus takes only about a tenth of the
total equilibration time. In the following, we focus on the totally asymmetric jump proba-
bilities with v = 1 for simplicity of notation. Symmetric jump probabilities would lead to

an effective evolution equation of the same form and also thecasé leads to no further
difficulties.

Let M = m!' + m? be the total number of particles at the two largest cluster sites. In
the following we switch to the time scaté = ¢/ ((p — p.)L/b) on which the condensates
exchange single particles with effective rafps— p.)L/m’ = O(1), according to the dis-
cussion in the previous subsection. The fluctuationd/odn this time scale are oni9(1).
ThusitisM = (p — p.)L + O(1), since the bulk is relaxed tg and all other condensates
have disappeared. Letm,t*) be the probability of having: = 0, ..., M particles at one
cluster site and// — m at the other one. The dynamics is then governed by the effective
master equation

O(m)  O(M —m)
m/M 1 —m/M
6(m)
1—(m—-1)/M

Op=q(m, t*) = —q(m, t*)

O(M —m)
(m+1)/M "

+q(m —1,t%) +g(m+1,t) (6.15)

The exchange rates on the right hand side depend only on the rescaled varidbland
not on the system parametess L andb. For largeM, m/M varies on the time scale
t*/ M ~t/((p— p.)?L*/b), confirming that, (6.11) is also the appropriate time scale for
the saturation regime. Therefore the plots in Figbireare independent of the system pa-
rameters. However, in the following discussion we stick to the time staed the discrete
variablem.

For any initial condition the solution oB(15 tends to the inverse binomial distribution
g*(m) ~ 1 /(). Itis symmetric aroundn = M /2 and for smallm we haveg*(m) =
O(M~™). Thus the two extreme occupation numbers= 0 andm = M are the most
probable ones and in the limit — oo both have probability /2, consistent with the results

M
of Section4.2 Form = aM, o € (0,1) it is ¢*(m) = O(W(aa(l - a)1*0‘> )

using Stirling’s formula. Thus, for the stationary process the typical time for a macroscopic
fluctuation of the condensate size diverges exponentially with the systerh.size
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Figure 6.5: Normalized average size of the three largest condeni%é%%, 1=1,2,3
as a function of timeLeft: Asymmetric case with time scaig (6.11). Symbols:p = 20,
L = 80(<), 160(A), andp = 40, L = 80(0O), 160(x ). Right: Symmetric case with time
scalers (6.13. Symbols:p = 20, L = 40(<), 80(A), andp = 40, L = 40(0), 80(x).

To study the saturation dynamics, we wrig1® in the canonical form, using the dis-
crete derivativeV,,, f(m) := f(m+ 1) — f(m),

Or-a(m, ) = =V (a(m) qlm.t) ) + V2 (d(m) g(m. "))
1 M 2m/M-1
(1—m/M) m  m/M(1—m/M)
1 1 M 1
dim) =3 ((1 v E) = S M1 = /)

a(m) =

(6.16)

For ease of notation, we take< m < M and ignore the boundary termsmat= 0, M. Note
that 6.16) is symmetric aroundn = M /2. It describes diffusive motion in a double well
potential with drifta(m) and diffusion coefficiend(m), with the slightly unusual feature that
the minima of the potential are located close to the boundaries-atl andm = M — 1.

The master equatior6(16) must be supplied with a suitable initial conditigfin, 0),
which, since resulting from a complex coarsening process, is not readily available. A rough
estimate can be found by noting thatn, 0) is roughly proportional to the lifetime of the
two-condensate configuratidm, M — m). It is determined by the inverse exit rate taken
from equation §.15, and thus we expegtm, 0) ~ 6m/M (1 — m/M). This is a symmet-
ric single hump distribution with meai/ /2 and standard deviatioh//(2v/5) ~ 0.22M.
Comparing with the simulation data at the time when the third largest condensate has just
disappearedy?(t)/M < 0.01, we indeed find a single hump distribution with mebfy2
and standard deviatian166//. When solving equatior5(16) with this initial distribution,
the expectation of the larger condensate size, givelyBy- (|m /M —1/2|)¢m.0), is indistin-
guishable fromm!(¢)) in Figure6.5. Note that, except for the time scales, the asymmetric
(left) and symmetric plots (right) are almost identical, confirming that the effective master
eqguation for the symmetric case is of the same forn6dss|.
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6.4 Generalizations

6.4.1 Coarsening in the two-component system

In the following we extend the analysis of the coarsening regime to the two component zero
range process introduced in Sect®A. The jump ratesy.72) are given by

gl(kl,@):(%WfZ(Hc/kl), golk, ko) = 14+ b/(ky +1) . (6.17)

We concentrate on asymmetric, nearest neighbor jump probabilities, but the symmetric case
could be treated analogously. The phase diagram of this model given in Bilozensists
of three regimes.

In regime A, which exists forc > 2, only the first species condensates. Thus on cluster
sitesk is of orderL and the rates up to first order are given by

gl<k1,k'2) ~ 1+ C/kl s gg(l{ll,/{?2> ~ 1+ b/kl . (618)

Thus the particles of speci@sdo not influence the effective cluster dynamics of speties
and we have

((p1 = per)L)” m (t)
c , (101 - pql)L

This is completely analogous to the one component cade&)(with v = 1, wherem,(t)
denotes the typical size of a condensate of spécidswever, on the cluster site the average
jump rate of the second species has to be compatible with the bulka&ata€0, 1), because
on the coarsening time scale the system is already stationary except for the cluster dynamics.
Thus the distribution on this site, denotediyis slightly changed since
G2 = <92>D;S = (1+b/k1) oo ({k2 > 0}) , (6.20)

and thus for largé;, 72(0) >~ 1—¢9 > ,/(11@2)72(0)_ We suspecis (ks) = (1 — ¢g)¢52.

Regime B of the phase diagram (Figuie3) exists for allb,¢ > 0 and shows more
interesting behavior for the condensation of spegjesnceg, depends only on the number
of particles of species. On a cluster site it ig, ~ L and for fixedk; the rateg; vanishes in
the limit L — oo (see 6.17)). But its average has to be equal to the bulk vatyeand thus

k, has to be of ordey/k, ~ /L, as was first noticed ind3]. With this the rates on a cluster
site are given by

gl(k‘l, ]{32) ~exp [ — bk‘z/k’ﬂ (1 + C//'{?l)
v —blog ¢,
T (6.21)

where the last identity is due to the compatibility relation= (g,) = exp[—bks/k?]. This
ratio of k; andk, is stable, since on a cluster site

~ (t/ra)"*. (6.19)

TA =

gg<k1,]€2)’11 —|—b/k’1 =1+

9] 21
01 _ 2log oy “) >0, (6.22)

8klgl(kl7k2) = ¢1< kl k%
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Thus fluctuations ok, are balanced by inflow and outflow of particles from the bulk. Since
Ok, 92(k1, ko) ~ —b/k?, this mechanism is one order of magnitude faster than the dynamics
of the condensate. So the coarsening is driven by the exchange of particles of 8ptmes
particles of species quickly adjust on the cluster sites. WitB.21) the expected scaling law

is of type 6.11), (6.12 with v = 1/2, leading to

3/2
o 4((p2 = pe2)L) ma(t) ~ (t/TB)2/3 ‘ (6.23)

3vV=bloggy ' (p2— pe2)L

The predictions for regiongl and B coincide with preliminary simulation data shown in
Figure6.6 (top).

In regimeC, which exists only for: > 3, both species condensate. Sig¢és decreasing
with k, and vice versa, a site which contains both condensates of speaied 2 loses
particles much more slowly than a single condensate site. Thus these double condensates
are more stable and we expect that in a typical stationary configuration there is one cluster
site containing both condensates. This intuition is supported by looking at the compatibility
relation of regimeB which has to hold in regimé€’, too. But here als@; = 1 and thus on
a cluster site of speciek &, has to scale larger thayfk,. In turn also the distribution of
2-particles on a cluster site dfparticles 6.20 would become degenerate. The jump rates
for a double condensate are of the order

c—b(ka/k
M) gk ) o1 4+ W) (6.24)
k1 ks
ko /K1 is a number of order unity and close({® — p.2)/(p1 — pe1). Thus both clusters grow
at the same time scale and we expect
ma (t) - mg(t)
(pl - pa,l)L (pQ - pc,Q)L

which is confirmed by simulation data given in Fig@® (bottom). The dependence on the
other system parameters appears to be more complicated and we could not yet identify it.

g1 (ki ko) ~ 1+ b(k2/ k1)

o~ L2 ~ (t)7e)"? (6.25)

6.4.2 Comments on higher space dimension

We consider a typical configuration in the coarsening regime, with a relaxed bulk and con-
densates on thé-dimensional torus\; = (Z/LZ)%. The space dimension influences the
motion of excess particles in the bulk. As has been discussed in Sécfichthey per-

form a random walk which is biased or unbiased, depending on the symmetry of the jump
probabilities. The properties of a biased random walk are largely independent of the space
dimension, in particular the expected number of distinct sites vigiigdl is proportional

to the timet. In the symmetric case the behavior changes qualitatively with the dimension
(see e.g.139), where

VvVt oo ford=1
(Ry) ~  t/logt , ford=2 . (6.26)
t ,ford>3
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Figure 6.6: Verification of the predicted scaling laws.(9, (6.23 and 6.25 denoted by
straight lines in a double logarithmic plot of the normalized average cIuste%é?g% for

b = 1 and different values fot, p; andp,. The predicted scaling exponents are given in
parentheses written in blacRop: RegimesA and B with different time scales, andrg
respectively, and symbols = 512(<), 1024(A). The dotted line marks the end of the
coarsening regime where the exponents are meas@ettom: RegimeC with symbols

L = 256(<), 512(A) for speciedl and filled symbols for speciexs
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Figure 6.7: Comparison of symmetric and asymmetric jump probabilities for dimension

d = 2 in a double logarithmic plot of the normalized average cluster ﬁ%é%. The
predicted scaling§.27) with 3 = 1/2 is denoted by a straight line and compared to the
symmetric scalingg = 1/3 in dimensiond = 1 given by a dashed line. The dotted line
marks the beginning of the coarsening regime where the exponents are measured. Symbols:
L? = 256(<), 1024(A) for symmetric jumps and filled symbols for asymmetric jumps.

For d = 1, the range is only proportional t¢/t, leading to a large probability of excess
particles to return to the condensate they left. This yields a coarsening scaling law which is
different from the asymmetric case, as discussed in Se6tha However, for dimensions

d > 3, unbiased random walkers show the same qualitative behavior as biased ones. The
borderline case is given by dimensidn= 2, where we expect the same behavior as for
higher dimensions, up to logarithmic corrections. The above phenomenon is closely related
to the question of recurrence and transience of random walks on infinite lattices.

Since the derivation of the scaling law in Sect®8.1is otherwise independent of space
dimension, §.12) should be valid for symmetric and asymmetric systems. Note that also the
validity of the Assumptions (A1) and (A2) as discussed in Sedii@i2is not affected. So
the typical condensate size is expected to grow as

m(t) 8 . 1
— ~(t , with f = —— . 6.27

(p — pe) LA (t/73) =1 (6.27)
But since a condensate consists now of ofger p.) L¢ particles, the coarsening time scale
changes and is given by

1+
- M L,A0+y) (6.28)
(L + )b
This significantly increases the simulation time for systems in higher space dimension and
data for reasonable system sizes are very hard to get. We have some preliminary results for
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d = 2 shown in Figures.7, indicating the validity of the above conjecture. For the accessible
system sizes, the quality of the data is slightly affected by the logarithmic corrections, and
simulations ford = 3 are clearly exceeding our resources.

6.5 Discussion

The arguments used in Sectiér3.1to derive the coarsening scaling law are applicable
in a very general context, since they are only based on assumptions (A1) and (A2), which
are rather generic in case of condensation phenomena. This leads to conjectures for the
coarsening behavior of systems in higher space dimensions and with two species of particles.
These statements are supported by preliminary simulations, but still have to be confirmed by
thorough numerical data. In particular, simultaneous condensation in case of two particle
species requires further analysis. To test the generality of our technique, one could also try
to apply it to systems with different jump rates that also exhibit a condensation transition.

For the single species ZRP with ratésZ7) in one dimension our analysis given in
Section6.3is largely complete. This process is an effective model for domain wall dynamics
in multi-species exclusion modelgq], and the condensation transition corresponds to phase
separation in such systems. Thus our analysis provides new information on the coarsening
behavior and the fluctuations in typical stationary configurations. Together with the static
results of Chapteb, this contributes to the understanding of phase transitions in systems
with several particle species, which is currently a topic of major interest.






Appendix

A.1 Semigroup and generator

In the following we summarize some facts about the characterization of a Markov process
using the Markov semigroup, used in Chafteihe material is taken fron®p], Chapter I,
and we refer the reader to this reference for more details.

Assume thatX is a compact metric space with measurable structure given by the
o-algebra of Borel sets. L&t(X,R) be the set of continuous functioris X — R consid-
ered as a Banach space with nofifj| = sup, . | f(n)].

Definition. A Markov semigrougs a collection of linear operator§S(¢),t > 0} on
C'(X,R) with the following properties:

a) S(0) = I, the identity operator otv'( X, R).

b) The mapping — S(t) f is right continuous for every € C(X,R).
c) S(t+s)f=S5()S(s) fforall f € C(X,R)andalls,t > 0.

d) S(t)1=1forallt> 0.

e) S(t) f > 0 for all nonnegativef € C(X,R).

The operators$(t) determine the time evolution of observables. The importance of Markov
semigroups lies in the fact that each one corresponds to a Markov process, as is formulated
in the following theorem.

Theorem A.1 SupposdS(t),t > 0} is a Markov semigroup o€'(X, R). Then there exists
a unique Markov procesgP”, n € X'} such that

S(t) f(n) =E"f () (A.1)
forall f € C(X,R),n € X, andt > 0. On the other hand, fP",n € X} is a Feller
Markov process oiX, then the linear operator§S(t),¢ > 0} defined via2.2) are a Markov
semigroup.

Proof. See pP9|, Theorem 1.1.5.
Feller Markov processes have the additional property $iatf € C(X,R) for arbitrary
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f € C(X,R) andt > 0. This is not clear for general Markov processes but the ones we
study here have this property. Thus the problem of constructing a Feller Markov process
is reduced to the construction of the corresponding semigroup, which is done using their
generators.

Definition. A Markov generatoiis a linear, closed operatét on C'(X,R) with domain
Dq which satisfies the following conditions:

a) 1 € Dy andQ1 = 0.

b) Dg is dense irC'(X,R).

c) If f € Dg, A>0,andf — A\Q f = g, thenmin,cyx f(n) > min,ex g(n).
d) TherangeR (I — A\Q2) = C(X, R) for all sufficiently smallx > 0.

Theorem A.2 (Hille-Yosida) There is a one-to-one correspondence between Markov
generators and semigroups 6f( X, R) given by:

a) Dq = {f € C(X,R): R%M exists} , and
sz%i\né%forfeDg,
b) S(t)f=lim (I—tQ/n)"f for feC(X,R)andt>0. (A.2)

n—oo

For f € Dqitisu(t) = S(t) f € Dgq for all t > 0, given by the unique solution of the
backward equation

d

%u(t) =Qu(t), u(0)=f. (A.3)

Proof. See P9, Theorem 1.2.9.

Supposd? is a Markov generator o@'(.X, R) with domainDg,. A linear subspac® C Dq,

is said to be @orefor €, if 2 is the closure of its restriction tB. Thus(2 is uniquely deter-

mined by its values on a core. The next theorem addresses the convergence of sequences of
semigroups, which can be used for example to characterize processes on infinite lattices.

Theorem A.3 (Trotter Kurtz) LetQ and(2,, n € Z* be generators of the Markov semi-
groupsS(t) andsS,,(t). If there is a coreD for Q2 suchthatD C Dg,, forall nand2, f — Qf
forall f € D, then

Sn(t)f — S(t)f (A.4)

forall f € C(X,R) uniformly for t in compact sets.

Proof. See pP9|, Theorem 1.2.12.
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A.2 Monotonicity and coupling

The state spac& of an interacting particle system is a partially ordered set with ( if
n(x) < ((z) for all x € A. Atest functionf € C(X,R) is calledincreasingif n < ¢
implies f(n) < f(¢). This induces a partial order on the set of probability measB(es),
namelyu, < po if (f),, < (f),, for all increasingf € C(X,R). This property is called
stochastic monotonicitgnd we say that; dominates., from below andu, dominatesu,
from above.

A coupling(n, ¢) € X x X of two random variableg, ¢ € X is a joint construction of
them on a common probability space. The marginals of the coupling mea$aee to be
the distributions:; andp, of n and( respectively.

Theorem A.4 For two probability measures,, 1, € P(X) we haveu; < ps if and only if
there is a couplingn, ¢) such thatnp has distributionu;, ¢ has distributionu,, andn < ¢
a.s., i.e. the coupling measyrec P(X x X) concentrates on the sé{n,¢) |n < ¢}.

Proof. See P9|, Theorem 2.4 page 72.

The coupling concept can also be applied to procegseg, with generatorsC,; and £,

and common state spacé. The coupled proces3),, ¢,) with state spac& x X has to

be such that the marginal processgsand(, are Markovian and have generatais and

L, respectively. Due to the construction on the same probability space, the marginal pro-
cesses), and ¢, have the same Poisson times for transitions. The idea of the so-called
basic couplingin the context of interacting particle systems is that particleg,imand ¢,

move together whenever they can. There are many other ways of coupling two processes
which are not used in this thesis, a comprehensive survey can be found.irf-pr exclu-

sion models the basic coupling was first usedif] [see also references therein) and can be
analytically defined by writing down the generator of the coupled process which is done in
[99], Section VIII.2. An alternative probabilistic way is to construct the processes using an
underlying common Poisson process for the transition events. The latter approach is more
intuitive and very much reminiscent of the construction of a single process. It is discussed
in detail in [LOQ, Section 111.3. In the following we just give the jump rates whgnand(,

are two versions of the ASEP on= Z. Writing the configurations on top of each other we
have for the jump rates of the particles

n 10;01 10301 10;01 10;01' (A5)
¢ 10 , 01 01 01 11, 11 00 4, 00

For the( particles the jump rates are analogous by exchanging top and bottom, and all other
rates are equal to zero. It is easy to see that with these rules both marginal processes are
Markovian, i.e. independent of the configuration of the other marginal. Completely anal-
ogously one could specify coupled rates for particle creation and annihilation for systems
with open boundaries (c.f. Secti@3.3. We say thatr € A is a discrepancy at timeif

n(z) # ((z), characterized by a local configurati@mr (1) They can move according to
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the last two rules ofA.5), whereas the first two rules state, that they can only disappear, but
cannot be created. Thus for the ASEP/or- Z if n, < {, we have

n, < forallt>0. (A.6)

This property is calleattractivity.

Stochastic monotonicity may not be conserved when the coupled processes are not the
same, for instance if one of them has a local inhomogeneity, which can be the source of cre-
ation of discrepancies. However, &) is still true, this can be used to dominate (unknown)
stationary measures of the perturbed procgdsy known ones of the unperturbed process
n,. The strategy is to start the coupled procegs¢,) with initial distribution~ concentrat-
ing on {(n,(;) \ n < C}, where the marginat; = p; is a (known) stationary measure of
n,. With (A.6) and the above Theorem, it immediately follows that there exists a stationary
measureu, of the perturbed process wiily < p;. This strategy is used in Secti@3.3
where we couple the ASEP on a semi-infinite lattice with different boundary mechanisms.

A.3 Relative entropy

In the following we summarize a few properties of relative entropy which are used in Chap-
ter 5. Proofs and more detailed information can be foundlia7], [84] Appendix 1.8 or
[25], Chapter |.3.

For two arbitrary probability measur@sy on a countable sét it is defined as

we (A?)
00 , otherwise

> pw)log 44 if p < v
H(u|v)={ V)

whereu < v means that is absolutely continuous with respectiolt has the properties
H(ply) >0, H(ulv) =04 pw) =v(w)forallw e Q. (A.8)

In the proof of Theorenb.2 we use the sub-additivity off, namely if two measureg, v
have marginalg;, v;, i = 1,2, then

H(plv) = H(pa|n) + H(po|re) - (A.9)

The relative entropy can also be written as the solution of a variational problem

H(plv) = o {{f)u—1log(e") }, (A.10)

where(', denotes bounded, continuous functions. A direct consequence is the entropy in-
equality,

(f)u <o '(log <eaf>y + H(plv)) , (A.11)

for all « > 0. This can be used to estimate the expectation of a function with respect to a
probability measure in terms of exponential moments of a second measgure
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